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CONVERSION FACTORS U.S. Customary Units to SI Units

Quantity Converted from U.S. Customary

To

SI Equivalent

(Acceleration)
1 foot/second? (ft/s?)
1 inch/second? (in./s?)

(Area)
1 foot? (ft?)
1 inch? (in.?)

(Density, mass)
1 pound mass/inch® (Ibm/in.?)
1 pound mass/foot® (Ibm/ft*)

(Energy, Work)

1 British thermal unit (BTU)
1 foot-pound force (ft-1b)

1 kilowatt-hour

(Force)
1 kip (1000 Ib)
1 pound force (1b)

(Length)

1 foot (ft)

1 inch (in.)

1 mile (mi), (U.S. statute)

1 mile (mi), (international nautical)

(Mass)

1 pound mass (Ibm)

1 slug (Ib-sec?/ft)

1 metric ton (2000 Ibm)

(Moment of force)
1 pound-foot (Ib-ft)
1 pound-inch (Ib-in.)

(Moment of inertia of an area)
1 inch?

(Moment of inertia of a mass)
1 pound-foot-second?(Ib- ft-s%)

(Momentum, linear)
1 pound-second (Ib-s)

(Momentum, angular)
pound-foot-second (Ib-ft-s)
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meter/second” (m/s)
meter/second” (m/s?)

meter® (m?)
meter” (m?)

kilogram/meter® (kg/m°)
kilogram/meter® (kg/m?)

Joule (J)
Joule (J)
Joule (J)

kilogram (kg)
kilogram (kg)
kilogram (kg)

Newton-meter (N-m)
Newton-meter (N-m)

meter* (m*)

kilogram-meter® (kg-m?)

kilogram-meter/second (kg-m/s)

Newton-meter-second (N-m-s)

0.3048 m/s”
0.0254 m/s?

0.0929 m?
645.2 mm?>

27.68 Mg/m?
16.02 kg/m*

1055 J
1356 J
3.60 x 10°]

4.448 kN
4.448 N

0.3048 m
254 mm
1.609 km
1.852 km

0.4536 kg
14.59 kg
907.2 kg

1.356 N-m
0.1130 N-m

0.4162 x 107¢ m*

1.356 kg-m?>

4448 N-s

1.356 N-m-s



PROPERTIES OF SOLIDS Notes: p = mass density, m = mass, I = mass moment of inertia.
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CONVERSION FACTORS U.S. Customary Units to SI Units (Continued )

Quantity Converted from U.S. Customary To SI Equivalent
(Power)

1 foot-pound/second (ft-1b/s) Watt (W) 1.356 W

1 horsepower (550 ft-1b/s) Watt (W) 745.7 W
(Pressure, stress)

1 atmosphere (std)(14.7.1b/in.?) Newton/meter® (N/m? or Pa) 101.3 kPa
1 pound/foot® (Ib/ft?) Newton/meter” (N/m? or Pa) 47.88 Pa

1 pound/inch? (Ib/in.? or psi) Newton/meter® (N/m? or Pa) 6.895 kPa
1 kip/inch?(ksi) Newton/meter” (N/m?” or Pa) 6.895 MPa
(Spring constant)

1 pound/inch (Ib/in.) Newton/meter (N/m) 175.1 N/m
(Temperature)

T(°F) = 1.8T(°C) + 32

(Velocity)

1 foot/second (ft/s) meter/second (m/s) 0.3048 m/s
1 knot (nautical mi/h) meter/second (m/s) 0.5144 m/s
1 mile/hour (mi/h) meter/second (m/s) 0.4470 m/s
1 mile/hour (mi/h) kilometer/hour (km/h) 1.609 km/h
(Volume)

1 foot® (ft*) meter® (m?) 0.02832 m*

1 inch? (in.?)

meter® (m?)

16.39 x 10° m?
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This is an electronic version of the print textbook. Due to electronic rights restrictions,
some third party content may be suppressed. Editorial review has deemed that any suppressed
content does not materially affect the overall learning experience. The publisher reserves the right
to remove content from this title at any time if subsequent rights restrictions require it. For
valuable information on pricing, previous editions, changes to current editions, and alternate
formats, please visit www.cengage.com/highered to search by ISBN#, author, title, or keyword for
materials in your areas of interest.

Important Notice: Media content referenced within the product description or the product
text may not be available in the eBook version.
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PREFACE TO THE SI EDITION

This edition of A First Course in the Finite Element Method, Enhanced Sixth Edition has
been adapted to incorporate the International System of Units (Le Systéme International
d’Unités or SI) throughout the book.

Le Systéme International d’Unités

The United States Customary System (USCS) of units uses FPS (foot—pound—second) units
(also called English or Imperial units). SI units are primarily the units of the MKS (meter—
kilogram—second) system. However, CGS (centimeter—gram—second) units are often accepted
as SI units, especially in textbooks.

Using Sl Units in this Book

In this book, we have used both MKS and CGS units. USCS (U.S. Customary Units) or
FPS (foot-pound-second) units used in the US Edition of the book have been converted to SI
units throughout the text and problems. However, in case of data sourced from handbooks,
government standards, and product manuals, it is not only extremely difficult to convert all
values to SI, it also encroaches upon the intellectual property of the source. Some data in
figures, tables, and references, therefore, remains in FPS units. For readers unfamiliar with
the relationship between the USCS and the SI systems, a conversion table has been provided
inside the front cover.

To solve problems that require the use of sourced data, the sourced values can be con-
verted from FPS units to SI units just before they are to be used in a calculation. To obtain
standardized quantities and manufacturers’ data in SI units, readers may contact the appropriate
government agencies or authorities in their regions.

Instructor Resources

The Instructors’ Solution Manual in ST units is available through your Sales Representative
or online through the book website at http://login.cengage.com. A digital version of the ISM,
Lecture Note PowerPoint slides for the SI text, as well as other resources are available for
instructors registering on the book website.

Feedback from users of this SI Edition will be greatly appreciated and will help us improve
subsequent editions.
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Features and Approach

The purpose of this enhanced edition is to provide an introductory approach to the finite
element method that can be understood by both undergraduate and graduate students without
the usual prerequisites (such as structural analysis and upper level calculus) required by many
available texts in this area. The book is written primarily as a basic learning tool for the under-
graduate student in civil and mechanical engineering whose main interest is in stress analysis
and heat transfer, although material on fluid flow in porous media and through hydraulic
networks and electrical networks and electrostatics is also included. The concepts are presented
in sufficiently simple form with numerous example problems logically placed throughout the
book, so that the book serves as a valuable learning aid for students with other backgrounds, as
well as for practicing engineers. The text is geared toward those who want to apply the finite
element method to solve practical physical problems.

General principles are presented for each topic, followed by traditional applications of
these principles, including longhand solutions, which are in turn followed by computer appli-
cations where relevant. The approach is taken to illustrate concepts used for computer analysis
of large-scale problems.

The book proceeds from basic to advanced topics and can be suitably used in a two-
course sequence. Topics include basic treatments of (1) simple springs and bars, leading to
two- and three-dimensional truss analysis; (2) beam bending, leading to plane frame, grid, and
space frame analysis; (3) elementary plane stress/strain elements, leading to more advanced
plane stress/strain elements and applications to more complex plane stress/strain analysis;
(4) axisymmetric stress analysis; (5) isoparametric formulation of the finite element method;
(6) three-dimensional stress analysis; (7) plate bending analysis; (8) heat transfer and fluid
mass transport; (9) basic fluid flow through porous media and around solid bodies, hydraulic
networks, electric networks, and electrostatics analysis; (10) thermal stress analysis; and
(11) time-dependent stress and heat transfer.

Additional features include how to handle inclined or skewed boundary conditions, beam
element with nodal hinge, the concept of substructure, the patch test, and practical consider-
ations in modeling and interpreting results.

The direct approach, the principle of minimum potential energy, and Galerkin’s residual
method are introduced at various stages, as required, to develop the equations needed for
analysis.

Appendices provide material on the following topics: (A) basic matrix algebra used
throughout the text; (B) solution methods for simultaneous equations; (C) basic theory of elas-
ticity; (D) work-equivalent nodal forces; (E) the principle of virtual work; and (F) properties
of structural steel shapes.
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Preface

More than 100 solved examples appear throughout the text. Most of these examples are
solved “longhand” to illustrate the concepts. More than 570 end-of-chapter problems are pro-
vided to reinforce concepts. The answers to many problems are included in the back of the
book to aid those wanting to verify their work. Those end-of-chapter problems to be solved
using a computer program are marked with a computer symbol.

Additional Features

Additional features of this edition include updated notation used by most engineering instruc-
tors, chapter objectives at the start of each chapter to help students identify what content is
most important to focus on and retain summary equations for handy use at the end of each
chapter, additional information on modeling, and more comparisons of finite element solutions
to analytical solutions.

New Features

Over 140 new problems for solution have been included, and additional design-type prob-
lems have been added to chapters 3, 5, 7, 11, and 12. Additional real-world applications from
industry have been added to enhance student understanding and reinforce concepts. New space
frames, solid-model-type examples, and problems for solution have been added. New examples
from other fields now demonstrate how students can use the Finite Element Method to solve
problems in a variety of engineering and mathematical physics areas. As in the 5% edition,
this edition deliberately leaves out consideration of special purpose computer programs and
suggests that instructors choose a program they are familiar with to integrate into their finite
element course.

Resources for Instructors

To access instructor resources, including a secure, downloadable Instructor’s Solution
Manual and Lecture Note PowerPoint Slides, please visit our Instructor Resource Center at
http://login.cengage.com.
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Digital Resources

Digital Resources

7+ CENGAGE | WEBASSIGN

New Digital Solution for Your Engineering Classroom

WebAssign is a powerful digital solution designed by educators to enrich the engineering
teaching and learning experience. With a robust computational engine at its core, WebAssign
provides extensive content, instant assessment, and superior support. WebAssign’s powerful
question editor allows engineering instructors to create their own questions or modify exist-
ing questions. Each question can use any combination of text, mathematical equations and
formulas, sound, pictures, video, and interactive HTML elements. Numbers, words, phrases,
graphics, and sound or video files can be randomized so that each student receives a different
version of the same question. In addition to common question types such as multiple choice,
fill-in-the-blank, essay, and numerical, you can also incorporate robust answer entry palettes
(mathPad, chemPad, calcPad, physPad, Graphing Tool) to input and grade symbolic expres-
sions, equations, matrices, and chemical structures using powerful computer algebra systems.

WebAssign Offers Engineering Instructors the Following

e The ability to create and edit algorithmic and numerical exercises.

e The opportunity to generate randomized iterations of algorithmic and numerical
exercises. When instructors assign numerical WebAssign homework exercises
(engineering math exercises), the WebAssign program offers them the ability
to generate and assign their students differing versions of the same engineering
math exercise. The computational engine extends beyond and provides the
luxury of solving for correct solutions/answers.

e The ability to create and customize numerical questions, allowing students to
enter units, use a specific number of significant digits, use a specific number of
decimal places, respond with a computed answer, or answer within a different
tolerance value than the default.

Visit www.webassign.com/instructors/features/ to learn more. To create an account,
instructors can go directly to the signup page at www.webassign.net/signup.html.

WebAssign Features for Students

Review Concepts at Point of Use

Within WebAssign, a “Read It” button at the bottom of each question links students
to corresponding sections of the textbook, enabling access to the MindTap Reader
at the precise moment of learning. A “Watch It” button allows a short video to play.
These videos help students understand and review the problem they need to complete,
enabling support at the precise moment of learning.
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Digital Resources
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Determine the midspan deflection and the reactions and draw the shear force and bending moment
diagrams for the simply supported beam subjected to the uniformly distributed load w shown
in the figure. Assume El constant throughout the beam.
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4.4 Distributed Loading

Beam members can support distributed loading as well as concentrated nodal loading.
Therefore, we must be able to account for distributed loading. Consider the fixed-fixed beam
subjected to a uniformly distributed loading w shown in Figure 4-21. The reactions, determined

from structural analysis theory [2] - , are shown in Figure 4-22. These reactions are called

fixed-end reactions. In general, fixed-end reactions are il
element if the ends of the element are assumed to be fixy
rotations are prevented. (Those of you who are unfamili
structures should assume these reactions as given and prjil
we will develop these results in a subsequent presentaticls

Add Flashcard

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Digital Resources

Flexibility at their fingertips

With access to the book’s internal glossary, students can personalize their study expe-
rience by creating and collating their own custom flashcards. The ReadSpeaker feature
reads text aloud to students, so they can learn on the go—wherever they are.

2 of 4| Hide Card | Flip Card

fixed-end reactions

4 Create a Card

The Cengage Mobile App B

Available on iOS and Android smartphones, the Cengage Mobile App provides conve-
nience. Students can access their entire textbook anyplace and anytime. They can take notes,
highlight important passages, and have their text read aloud whether they are online or off.

To learn more and download the mobile app, visit www.cengage.com/mobile-app/.

A First Course in the

Finite Element Mathod

Enhancad Guth Edition
31 Editian

Daryi L Logan

——
Downioad Book

i N

s cencage  All-You-Can-Learn Access with Cengage Unlimited

L
UNLIMITED Cengage Unlimited is the cost-saving student plan that includes access to our entire
library of eTextbooks, online platforms and more —in one place, for one price. For just
$119.99 for four months, a student gets online and offline access to Cengage course
materials across disciplines, plus hundreds of student success and career readiness
skill-building activities. To learn more, visit www.cengage.com/unlimited.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Digital Resources

Suggested Topics

Following is an outline of suggested topics for a first course (approximately 44 lectures,
52 minutes each) in which this textbook is used.
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Appendix A
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Chapter 1
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Chapter 3, Sections 3.1-3.11, 3.14 and 3.15
Exam 1

Chapter 4, Sections 4.1-4.6
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Chapter 6

Chapter 7
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Chapter 9

Chapter 10

Chapter 11

Chapter 13, Sections 13.1-13.7
Chapter 15
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NOTATION

English Symbols

a;

A
(B]

[C]

Cxa Cys CZ
{d}

{d'}

D

(D]
[D']

{f
(o}
{/fn}
{fq}
{fo}
{fs}
{F}
{F.}
{F}
{Fo}
{g}

i, j,m
V1
k

(k]
[kc]

(k']
[kn ]
(K]
K., Ky,

L

generalized coordinates (coefficients used to express displacement in general
form)

cross-sectional area

matrix relating strains to nodal displacements or relating temperature
gradient to nodal temperatures

specific heat of a material

matrix relating stresses to nodal displacements

direction cosine in two dimensions

direction cosines in three dimensions

element and structure nodal displacement matrix, both in global coordinates
local-coordinate element nodal displacement matrix

bending rigidity of a plate

matrix relating stresses to strains

operator matrix given by Eq. (10.2.16)

exponential function

modulus of elasticity

global-coordinate nodal force matrix

local-coordinate element nodal force matrix

body force matrix

heat transfer force matrix

heat flux force matrix

heat source force matrix

surface force matrix

global-coordinate structure force matrix

condensed force matrix

global nodal forces

equivalent force matrix

temperature gradient matrix or hydraulic gradient matrix

shear modulus

heat-transfer (or convection) coefficient

nodes of a triangular element

principal moment of inertia

Jacobian matrix

spring stiffness

global-coordinate element stiffness or conduction matrix
condensed stiffness matrix, and conduction part of the stiffness matrix in
heat-transfer problems

local-coordinate element stiffness matrix

convective part of the stiffness matrix in heat-transfer problems
global-coordinate structure stiffness matrix

thermal conductivities (or permeabilities, for fluid mechanics) in the x and y
directions, respectively

length of a bar or beam element
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Notation

m maximum difference in node numbers in an element

m(x) general moment expression

My, My, My, ~ Moments in a plate

[m'], [m] local element mass matrix

[m!] local nodal moments

[M] global mass matrix

[M*] matrix used to relate displacements to generalized coordinates for a
linear-strain triangle formulation

[M'] matrix used to relate strains to generalized coordinates for a linear-strain
triangle formulation

ny bandwidth of a structure

ng number of degrees of freedom per node

[N] shape (interpolation or basis) function matrix

N; shape functions

P surface pressure (or nodal heads in fluid mechanics)

Dr, Dz radial and axial (longitudinal) pressures, respectively

P concentrated load

[P] concentrated local force matrix

q heat flow (flux) per unit area or distributed loading on a plate

q rate of heat flow

q* heat flow per unit area on a boundary surface

0 heat source generated per unit volume or internal fluid source

o* line or point heat source

0., 0, transverse shear line loads on a plate

r, 0,z radial, circumferential, and axial coordinates, respectively

R residual in Galerkin’s integral

Ry body force in the radial direction

R, Riy nodal reactions in x and y directions, respectively

s, 1,7 natural coordinates attached to isoparametric element

S surface area

t thickness of a plane element or a plate element

listj,ty nodal temperatures of a triangular element

T temperature function

T free-stream temperature

[T] displacement, force, and stiffness transformation matrix

[T:] surface traction matrix in the i direction

U, v, w displacement functions in the x, y, and z directions, respectively

Ui, Vi, Wi X, y, and z displacements at node i, respectively

U strain energy

AU change in stored energy

v velocity of fluid flow

\%4 shear force in a beam

w distributed loading on a beam or along an edge of a plane element

74 work

Xi, Vi, Zi nodal coordinates in the x, y, and z directions, respectively

XY, 7 local element coordinate axes

XV, 2 structure global or reference coordinate axes

[X] body force matrix

Xp, Yy body forces in the x and y directions, respectively

Zy body force in longitudinal direction (axisymmetric case)

or in the z direction (three-dimensional case)
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Notation

Greek Symbols

« coefficient of thermal expansion

a;, Bi, Vi, &; used to express the shape functions defined by Eq. (6.2.10) and
Eqgs. (11.2.5) through (11.2.8)

o spring or bar deformation
normal strain

{er} thermal strain matrix

ki, ky, kyy curvatures in plate bending

v Poisson’s ratio

b; nodal angle of rotation or slope in a beam element

T functional for heat-transfer problem

™) total potential energy

p mass density of a material

Pw weight density of a material

® angular velocity and natural circular frequency

Q potential energy of forces

o) fluid head or potential, or rotation or slope in a beam

o normal stress

{or} thermal stress matrix

T shear stress and period of vibration

0 angle between the x axis and the local x’ axis for two-dimensional
problems

0, principal angle

0., 0, 0, angles between the global x, y, and z axes and the local x’ axis,
respectively, or rotations about the x and y axes in a plate

[¥] general displacement function matrix

Other Symbols

dQ) derivat o

o erivative of a variable with respect to x

dt time differential

) the dot over a variable denotes that the variable is being differentiated
with respect to time

[1] denotes a rectangular or a square matrix

{} denotes a column matrix

(@) the underline of a variable denotes a matrix

)] the prime next to a variable denotes that the variable is being described
in a local coordinate system

[1! denotes the inverse of a matrix

[17 denotes the transpose of a matrix

%x) partial derivative with respect to x

% partial derivative with respect to each variable in {d}

X
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CHAPTER

Introduction

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Present an introduction to the finite element method.

m Provide a brief history of the finite element method.
m Introduce matrix notation.
m Describe the role of the computer in the development of the finite element method.
m Present the general steps used in the finite element method.
m lllustrate the various types of elements used in the finite element method.
m Show typical applications of the finite element method.
m Summarize some of the advantages of the finite element method.
Prologue

The finite element method is a numerical method for solving problems of engineering and
mathematical physics. Typical problem areas of interest in engineering and mathematical
physics that are solvable by use of the finite element method include structural analysis, heat
transfer, fluid flow, mass transport, and electromagnetic potential.

For physical systems involving complicated geometries, loadings, and material proper-
ties, it is generally not possible to obtain analytical mathematical solutions to simulate the
response of the physical system. Analytical solutions are those given by a mathematical
expression that yields the values of the desired unknown quantities at any location in a body
(here total structure or physical system of interest) and are thus valid for an infinite number of
locations in the body. These analytical solutions generally require the solution of ordinary or
partial differential equations, typically created by engineers, physicists, and mathematicians
to eliminate the need for the creation and testing of numerous prototype designs, which may
be quite costly. Because of the complicated geometries, loadings, and material properties, the
solution to these differential equations is usually not obtainable. Hence, we need to rely on
numerical methods, such as the finite element method, that can approximate the solution to
these equations.

The finite element formulation of the problem results in a system of simultaneous algebraic
equations for solution, rather than requiring the solution of differential equations. These numerical
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M Figure 1-1 Two-dimensional models of (a) discretized dam and (b) discretized bicycle wrench
(Applied loads are not shown.) All elements and nodes lie in a plane.

Fixed nodes along bottom of dam (b)

methods yield approximate values of the unknowns at discrete numbers of points in the contin-
uum. Hence, this process of modeling a body by dividing it into an equivalent system of smaller
bodies of units (finite elements) interconnected at points common to two or more elements (nodal
points or nodes) and/or boundary lines and/or surfaces is called discretization. Figure 1—1 shows
a cross section of a concrete dam and a bicycle wrench, respectively, that illustrate this process
of discretization, where the dam has been divided into 490 plane triangular elements and the
wrench has been divided into 254 plane quadrilateral elements. In both models the elements are
connected at nodes and along inter element boundary lines. In the finite element method, instead
of solving the problem for the entire body in one operation, we formulate the equations for each
finite element and then combine them to obtain the solution for the whole body.

Briefly, the solution for structural problems typically refers to determining the displace-
ments at each node and the stresses within each element making up the structure that is sub-
jected to applied loads. In nonstructural problems, the nodal unknowns may, for instance, be
temperatures or fluid pressures due to thermal or fluid fluxes.

This chapter first presents a brief history of the development of the finite element method.
You will see from this historical account that the method has become a practical one for
solving engineering problems only in the past 60 years (paralleling the developments asso-
ciated with the modern high-speed electronic digital computer). This historical account is
followed by an introduction to matrix notation; then we describe the need for matrix methods
(as made practical by the development of the modern digital computer) in formulating the
equations for solution. This section discusses both the role of the digital computer in solving
the large systems of simultaneous algebraic equations associated with complex problems and
the development of numerous computer programs based on the finite element method. Next, a
general description of the steps involved in obtaining a solution to a problem is provided. This
description includes discussion of the types of elements available for a finite element method
solution. Various representative applications are then presented to illustrate the capacity of the
method to solve problems, such as those involving complicated geometries, several different
materials, and irregular loadings. Chapter 1 also lists some of the advantages of the finite
element method in solving problems of engineering and mathematical physics. Finally, we
present numerous features of computer programs based on the finite element method.
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1.1 Brief History

m Brief History

This section presents a brief history of the finite element method as applied to both structural
and nonstructural areas of engineering and to mathematical physics. References cited here are
intended to augment this short introduction to the historical background.

The modern development of the finite element method began in the 1940s in the field of
structural engineering with the work by Hrennikoff [1] in 1941 and McHenry [2] in 1943,
who used a lattice of line (one-dimensional) elements (bars and beams) for the solution of
stresses in continuous solids. In a paper published in 1943 but not widely recognized for many
years, Courant [3] proposed setting up the solution of stresses in a variational form. Then he
introduced piecewise interpolation (or shape) functions over triangular subregions making up
the whole region as a method to obtain approximate numerical solutions. In 1947 Levy [4]
developed the flexibility or force method, and in 1953 his work [5] suggested that another
method (the stiffness or displacement method) could be a promising alternative for use in
analyzing statically redundant aircraft structures. However, his equations were cumbersome
to solve by hand, and thus the method became popular only with the advent of the high-speed
digital computer.

In 1954 Argyris and Kelsey [6, 7] developed matrix structural analysis methods using
energy principles. This development illustrated the important role that energy principles
would play in the finite element method.

The first treatment of two-dimensional elements was by Turner et al. [8] in 1956.
They derived stiffness matrices for truss elements, beam elements, and two-dimensional
triangular and rectangular elements in plane stress and outlined the procedure commonly
known as the direct stiffness method for obtaining the total structure stiffness matrix.
Along with the development of the high-speed digital computer in the early 1950s, the
work of Turner et al. [8] prompted further development of finite element stiffness equa-
tions expressed in matrix notation. The phrase finite element was introduced by Clough
[9] in 1960 when both triangular and rectangular elements were used for plane stress
analysis.

A flat, rectangular-plate bending-element stiffness matrix was developed by Melosh [10]
in 1961. This was followed by development of the curved-shell bending-element stiffness
matrix for axisymmetric shells and pressure vessels by Grafton and Strome [11] in 1963.

Extension of the finite element method to three-dimensional problems with the develop-
ment of a tetrahedral stiffness matrix was done by Martin [12] in 1961, by Gallagher et al. [13]
in 1962, and by Melosh [14] in 1963. Additional three-dimensional elements were studied by
Argyris [15] in 1964. The special case of axisymmetric solids was considered by Clough and
Rashid [16] and Wilson [17] in 1965.

Most of the finite element work up to the early 1960s dealt with small strains and small
displacements, elastic material behavior, and static loadings. However, large deflection and
thermal analysis were considered by Turner et al. [18] in 1960 and material nonlinearities by
Gallagher et al. [13] in 1962, whereas buckling problems were initially treated by Gallagher
and Padlog [19] in 1963. Zienkiewicz et al. [20] extended the method to visco elasticity prob-
lems in 1968.

In 1965 Archer [21] considered dynamic analysis in the development of the consistent-mass
matrix, which is applicable to analysis of distributed-mass systems such as bars and beams in
structural analysis.
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With Melosh’s [14] realization in 1963 that the finite element method could be set up
in terms of a variational formulation, it began to be used to solve nonstructural applications.
Field problems, such as determination of the torsion of a shaft, fluid flow, and heat conduction,
were solved by Zienkiewicz and Cheung [22] in 1965, Martin [23] in 1968, and Wilson and
Nickel [24] in 1966.

Further extension of the method was made possible by the adaptation of weighted resid-
ual methods, first by Szabo and Lee [25] in 1969 to derive the previously known elasticity
equations used in structural analysis and then by Zienkiewicz and Parekh [26] in 1970 for
transient field problems. It was then recognized that when direct formulations and variational
formulations are difficult or not possible to use, the method of weighted residuals may at
times be appropriate. For example, in 1977 Lyness et al. [27] applied the method of weighted
residuals to the determination of magnetic field.

In 1976, Belytschko [28, 29] considered problems associated with large-displacement
nonlinear dynamic behavior and improved numerical techniques for solving the resulting sys-
tems of equations. For more on these topics, consult the texts by Belytschko, Liu, Moran [58],
and Crisfield [61, 62].

A relatively new field of application of the finite element method is that of bioengineering
[30, 31]. This field is still troubled by such difficulties as nonlinear materials, geometric non-
linearities, and other complexities still being discovered.

From the early 1950s to the present, enormous advances have been made in the appli-
cation of the finite element method to solve complicated engineering problems. Engineers,
applied mathematicians, and other scientists will undoubtedly continue to develop new appli-
cations. For an extensive bibliography on the finite element method, consult the work of Kard-
estuncer [32], Clough [33], or Noor [57].

m Introduction to Matrix Notation

Matrix methods are a necessary tool used in the finite element method for purposes of simpli-
fying the formulation of the element stiffness equations, for purposes of longhand solutions of
various problems, and, most important, for use in programming the methods for high-speed
electronic digital computers. Hence matrix notation represents a simple and easy-to-use nota-
tion for writing and solving sets of simultaneous algebraic equations.

Appendix A discusses the significant matrix concepts used throughout the text. We will
present here only a brief summary of the notation used in this text.

A matrix is a rectangular array of quantities arranged in rows and columns that is
often used as an aid in expressing and solving a system of algebraic equations. As exam-
ples of matrices that will be described in subsequent chapters, the force components
(Fy, Ry, R, By, Bay Fos, oo By, By, Fy;) acting at the various nodes or points (1,2, ... ,n) on
a structure and the corresponding set of nodal displacements (u;, vi, Wi, U2, V2, Wa, .. ., Up, Vi, Wy)
can both be expressed as matrices:
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1.2 Introduction to Matrix Notation

Fix u
Fly V1
Flz wq
F2x up
F. v
(Fy=1"" {d} = 2 (1.2.1)

FZz w»
F Up
Fny Vn
F. Wn

The subscripts to the right of F identify the node and the direction of force, respectively. For
instance, Fj, denotes the force at node 1 applied in the x direction. The x, y, and z displace-
ments at a node are denoted by u, v, and w, respectively. The subscript next to u, v, and w
denotes the node. For instance, u;, v;, and w; denote the displacement components in the
X, v, and z directions, respectively, at node 1. The matrices in Eqgs. (1.2.1) are called column
matrices and have a size of n X 1. The brace notation {} will be used throughout the text to
denote a column matrix. The whole set of force or displacement values in the column matrix
is simply represented by {F'} or {d}.

The more general case of a known rectangular matrix will be indicated by use of the
bracket notation [ ]. For instance, the element and global structure stiffness matrices [k] and
[K], respectively, developed throughout the text for various element types (such as those in
Figure 1-2 on page 11), are represented by square matrices given as

ki ki kin
ky kyy o ko

k)= | "2 7% 2 (1.2.2)
knl an knn

and

Ky K K,
K1 Kb - K

k1=| ' °F o (1.2.3)
Knl Kn2 Krm

where, in structural theory, the elements k; and Kj; are often referred to as stiffness influence
coefficients.
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You will learn that the global nodal forces { F'} and the global nodal displacements {d} are
related through use of the global stiffness matrix [K] by

{F}=[K|{d} (1.2.4)

Equation (1.2.4) is called the global stiffness equation and represents a set of simultane-
ous equations. It is the basic equation formulated in the stiffness or displacement method of
analysis.

To obtain a clearer understanding of elements K;; in Eq. (1.2.3), we use Eq. (1.2.1) and
write out the expanded form of Eq. (1.2.4) as

F, Ky K - Ky, u
Fly _ Ky Ky - Ky Vi (1.2.5)
Fnz Kn Kppo -+ K Wn

Now assume a structure to be forced into a displaced configuration defined by
up = 1,vi =w; = ---w, = 0. Then from Eq. (1.2.5), we have

F.=Kn  F,=Ks,....,F, =Ky (1.2.6)

Equations (1.2.6) contain all elements in the first column of [K]. In addition, they show that
these elements, K, K»i,...,K,, are the values of the full set of nodal forces required to
maintain the imposed displacement state. In a similar manner, the second column in [K] rep-
resents the values of forces required to maintain the displaced state v; =1 and all other nodal
displacement components equal to zero. We should now have a better understanding of the
meaning of stiffness influence coefficients.

Subsequent chapters will discuss the element stiffness matrices [k] for various element
types, such as bars, beams, plane stress, and three-dimensional stress. They will also cover the
procedure for obtaining the global stiffness matrices [K] for various structures and for solving
Eq. (1.2.4) for the unknown displacements in matrix {d}.

Using matrix concepts and operations will become routine with practice; they will be
valuable tools for solving small problems longhand. And matrix methods are crucial to the
use of the digital computers necessary for solving complicated problems with their associated
large number of simultaneous equations.

m Role of the Computer

As we have said, until the early 1950s, matrix methods and the associated finite element
method were not readily adaptable for solving complicated problems. Even though the finite
element method was being used to describe complicated structures, the resulting large number
of algebraic equations associated with the finite element method of structural analysis made
the method extremely difficult and impractical to use. However, with the advent of the com-
puter, the solution of thousands of equations in a matter of minutes became possible.

The first modern-day commercial computer appears to have been the UNIVAC, IBM 701,
which was developed in the 1950s. This computer was built based on vacuum-tube technology.
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1.4 General Steps of the Finite Element Method

Along with the UNIVAC came the punch-card technology whereby programs and data were
created on punch cards. In the 1960s, transistor-based technology replaced the vacuum-tube
technology due to the transistor’s reduced cost, weight, and power consumption and its higher
reliability. From 19609 to the late 1970s, integrated circuit-based technology was being devel-
oped, which greatly enhanced the processing speed of computers, thus making it possible to
solve larger finite element problems with increased degrees of freedom. From the late 1970s
into the 1980s, large-scale integration as well as workstations that introduced a windows-type
graphical interface appeared along with the computer mouse. The first computer mouse
received a patent on November 17, 1970. Personal computers had now become mass-market
desktop computers. These developments came during the age of networked computing, which
brought the Internet and the World Wide Web. In the 1990s the Windows operating system was
released, making IBM and IBM-compatible PCs more user friendly by integrating a graphical
user interface into the software.

The development of the computer resulted in the writing of computational programs.
Numerous special-purpose and general-purpose programs have been written to handle various
complicated structural (and nonstructural) problems. Programs such as [46-56] illustrate the
elegance of the finite element method and reinforce understanding of it.

In fact, finite element computer programs now can be solved on single-processor machines,
such as a single desktop or laptop personal computer (PC) or on a cluster of computer nodes.
The powerful memories of the PC and the advances in solver programs have made it possible
to solve problems with over a million unknowns.

To use the computer, the analyst, having defined the finite element model, inputs the
information into the computer. This information may include the position of the element nodal
coordinates, the manner in which elements are connected, the material properties of the ele-
ments, the applied loads, boundary conditions, or constraints, and the kind of analysis to be
performed. The computer then uses this information to generate and solve the equations nec-
essary to carry out the analysis.

m General Steps of the Finite Element Method

This section presents the general steps included in a finite element method formulation and
solution to an engineering problem. We will use these steps as our guide in developing solu-
tions for structural and nonstructural problems in subsequent chapters.

For simplicity’s sake, for the presentation of the steps to follow, we will consider only
the structural problem. The nonstructural heat-transfer, fluid mechanics, and electrostatics
problems and their analogies to the structural problem are considered in Chapters 13 and 14.

Typically, for the structural stress-analysis problem, the engineer seeks to determine dis-
placements and stresses throughout the structure, which is in equilibrium and is subjected to
applied loads. For many structures, it is difficult to determine the distribution of deformation
using conventional methods, and thus the finite element method is necessarily used.

There are three primary methods that can be used to derive the finite element equations
of a physical system. These are (1) the direct method or direct equilibrium method for struc-
tural analysis problems, (2) the variational methods consisting of among the subsets energy
methods and the principle of virtual work, and (3) the weighted residual methods. We briefly
describe these three primary methods as follows, and more details of each will be described
later in this section under step 4.
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Direct Methods

The direct method, being the simplest and yielding a clear physical insight into the finite ele-
ment method, is recommended in the initial stages of learning the concepts of the finite element
method. However, the direct method is limited in its application to deriving element stiffness
matrices for one-dimensional elements involving springs, uniaxial bars, trusses, and beams.

There are two general direct approaches traditionally associated with the finite element
method as applied to structural mechanics problems. One approach, called the force, or flexi-
bility, method, uses internal forces as the unknowns of the problem. To obtain the governing
equations, first the equilibrium equations are used. Then necessary additional equations are
found by introducing compatibility equations. The result is a set of algebraic equations for
determining the redundant or unknown forces.

The second approach, called the displacement, or stiffness, method, assumes the displace-
ments of the nodes as the unknowns of the problem. For instance, compatibility conditions
requiring that elements connected at a common node, along a common edge, or on a common
surface before loading remain connected at that node, edge, or surface after deformation takes
place are initially satisfied. Then the governing equations are expressed in terms of nodal
displacements using the equations of equilibrium and an applicable law relating forces to
displacements.

These two direct approaches result in different unknowns (forces or displacements) in the
analysis and different matrices associated with their formulations (flexibilities or stiffnesses).
It has been shown [34] that, for computational purposes, the displacement (or stiffness)
method is more desirable because its formulation is simpler for most structural analysis prob-
lems. Furthermore, a vast majority of general-purpose finite element programs have incorpo-
rated the displacement formulation for solving structural problems. Consequently, only the
displacement method will be used throughout this text.

Variational Methods

The variational method is much easier to use for deriving the finite element equations for
two- and three-dimensional elements than the direct method. However, it requires the existence
of a functional, that upon minimizing yields the stiffness matrix and related element equations.
For structural/stress analysis problems, we can use the principle of minimum potential energy
as the functional, for this principle is a relatively easy physical concept to understand and has
likely been introduced to the reader in an undergraduate course in basic applied mechanics [35].

It can be used to develop the governing equations for both structural and nonstructural
problems. The variational method includes a number of principles. One of these principles,
used extensively throughout this text because it is relatively easy to comprehend and is often
introduced in basic mechanics courses, is the theorem of minimum potential energy that
applies to materials behaving in a linear-elastic manner. This theorem is explained and used
in various sections of the text, such as Section 2.6 for the spring element, Section 3.10 for
the bar element, Section 4.7 for the beam element, Section 6.2 for the constant strain triangle
plane stress and plane strain element, Section 9.1 for the axisymmetric element, Section 11.2
for the three-dimensional solid tetrahedral element, and Section 12.2 for the plate bending
element. A functional analogous to that used in the theorem of minimum potential energy is
then employed to develop the finite element equations for the nonstructural problem of heat
transfer presented in Chapter 13.
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1.4 General Steps of the Finite Element Method

Another variational principle often used to derive the governing equations is the prin-
ciple of virtual work. This principle applies more generally to materials that behave in a
linear-elastic fashion, as well as those that behave in a nonlinear fashion. The principle of
virtual work is described in Appendix E for those choosing to use it for developing the general
governing finite element equations that can be applied specifically to bars, beams, and two-
and three-dimensional solids in either static or dynamic systems.

Weighted Residual Methods

The weighted residual methods [36] allow the finite element method to be applied directly to
any differential equation without having the existence of a variational principle. Section 3.12
introduces the Galerkin method (a very well-known residual method) for deriving the bar ele-
ment stiffness matrix and associated element equations. Section 3.13 introduces other residual
methods for solving the governing differential equation for the axial displacement along a bar.

The finite element method involves modeling the structure using small interconnected
elements called finite elements. A displacement function is associated with each finite ele-
ment. Every interconnected element is linked, directly or indirectly, to every other element
through common (or shared) interfaces, including nodes and/or boundary lines and/or sur-
faces. By using known stress/strain properties for the material making up the structure, one
can determine the behavior of a given node in terms of the properties of every other element in
the structure. The total set of equations describing the behavior of each node results in a series
of algebraic equations best expressed in matrix notation.

We now present the steps, along with explanations necessary at this time, used in the
finite element method formulation and solution of a structural problem. The purpose of setting
forth these general steps now is to expose you to the procedure generally followed in a finite
element formulation of a problem. You will easily understand these steps when we illustrate
them specifically for springs, bars, trusses, beams, plane frames, plane stress, axisymmetric
stress, three-dimensional stress, plate bending, heat transfer, fluid flow, and electrostatics in
subsequent chapters. We suggest that you review this section periodically as we develop the
specific element equations.

Keep in mind that the analyst must make decisions regarding dividing the structure or
continuum into finite elements and selecting the element type or types to be used in the anal-
ysis (step 1), the kinds of loads to be applied, and the types of boundary conditions or sup-
ports to be applied. The other steps, 2 through 7, are carried out automatically by a computer
program.

Step 1 Discretize and Select the Element Types

Step 1 involves dividing the body into an equivalent system of finite elements with associ-
ated nodes and choosing the most appropriate element type to model most closely the actual
physical behavior. The total number of elements used and their variation in size and type
within a given body are primarily matters of engineering judgment. The elements must be
made small enough to give usable results and yet large enough to reduce computational effort.
Small elements (and possibly higher-order elements) are generally desirable where the results
are changing rapidly, such as where changes in geometry occur; large elements can be used
where results are relatively constant. We will have more to say about discretization guide-
lines in later chapters, particularly in Chapter 7, where the concept becomes quite significant.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



1 | Introduction

The discretized body or mesh is often created with mesh-generation programs or preprocessor
programs available to the user.

The choice of elements used in a finite element analysis depends on the physical makeup
of the body under actual loading conditions and on how close to the actual behavior the
analyst wants the results to be. Judgment concerning the appropriateness of one-, two-, or
three-dimensional idealizations is necessary. Moreover, the choice of the most appropriate
element for a particular problem is one of the major tasks that must be carried out by the
designer/analyst. Elements that are commonly employed in practice—most of which are con-
sidered in this text—are shown in Figure 1-2.

The primary line elements [Figure 1-2(a)] consist of bar (or truss) and beam elements.
They have a cross-sectional area but are usually represented by line segments. In general,
the cross-sectional area within the element can vary, but throughout this text it will be con-
sidered to be constant. These elements are often used to model trusses and frame structures
(see Figure 1-3 on page 17, for instance). The simplest line element (called a linear ele-
ment) has two nodes, one at each end, although higher-order elements having three nodes
[Figure 1-2(a)] or more (called quadratic, cubic, etc., elements) also exist. Chapter 10 includes
discussion of higher-order line elements. The line elements are the simplest of elements to
consider and will be discussed in Chapters 2 through 5 to illustrate many of the basic concepts
of the finite element method.

The basic two-dimensional (or plane) elements [Figure 1-2(b)] are loaded by forces in
their own plane (plane stress or plane strain conditions). They are triangular or quadrilateral
elements. The simplest two-dimensional elements have corner nodes only (linear elements)
with straight sides or boundaries (Chapter 6), although there are also higher-order elements,
typically with midside nodes [Figure 1-2(b)] (called quadratic elements) and curved sides
(Chapters 8 and 10). The elements can have variable thicknesses throughout or be constant.
They are often used to model a wide range of engineering problems (see Figures 1-4 and 1-5
on pages 17 and 18).

The most common three-dimensional elements [Figure 1-2(c)] are tetrahedral and hexa-
hedral (or brick) elements; they are used when it becomes necessary to perform a three-
dimensional stress analysis. The basic three-dimensional elements (Chapter 11) have corner
nodes only and straight sides, whereas higher-order elements with midedge nodes (and
possible midface nodes) have curved surfaces for their sides [Figure 1-2(c)].

The axisymmetric element [Figure 1-2(d)] is developed by rotating a triangle or quad-
rilateral about a fixed axis located in the plane of the element through 360°. This element
(described in Chapter 9) can be used when the geometry and loading of the problem are
axisymmetric.

Step 2 Select a Displacement Function

Step 2 involves choosing a displacement function within each element. The function is
defined within the element using the nodal values of the element. Linear, quadratic, and cubic
polynomials are frequently used functions because they are simple to work with in finite
element formulation. However, trigonometric series can also be used. For a two-dimensional
element, the displacement function is a function of the coordinates in its plane (say, the x-y
plane). The functions are expressed in terms of the nodal unknowns (in the two-dimensional
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(a) Simple two-noded line element (typically used to represent a bar or beam element) and the
higher-order line element
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(b) Simple two-dimensional elements with corner nodes (typically used to represent plane stress/strain)
and higher-order two-dimensional elements with intermediate nodes along the sides
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Tetrahedrals Regular hexahedral Trregular hexahedral

(c) Simple three-dimensional elements (typically used to represent three-dimensional stress state) and
higher-order three-dimensional elements with intermediate nodes along edges

Quadrilateral ring

Triangular ring r
(d) Simple axisymmetric triangular and quadrilateral elements used for axisymmetric problems

M Figure 1-2 Various types of simple lowest-order finite elements with corner nodes only and higher-
order elements with intermediate nodes
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problem, in terms of an x and a y component). The same general displacement function can
be used repeatedly for each element. Hence the finite element method is one in which a con-
tinuous quantity, such as the displacement throughout the body, is approximated by a discrete
model composed of a set of piecewise-continuous functions defined within each finite domain
or finite element.

For the one-dimensional spring and bar elements, the displacement function is a function of
a single coordinate (say x, along the axis of the spring or bar). For the spring and bar elements one
can then skip step 2 and go directly to step 3 to derive the element stiffness matrix and equations.
This will be explicitly demonstrated in Chapters 2 and 3 for the spring and bar, respectively.

Step 3 Define the Strain/Displacement and Stress/Strain Relationships

Strain/displacement and stress/strain relationships are necessary for deriving the equations for
each finite element. In the case of one-dimensional deformation, say, in the x direction, we
have strain &, related to displacement u by

_au (1.4.1)

for small strains. In addition, the stresses must be related to the strains through the stress/
strain law—generally called the constitutive law. The ability to define the material behavior
accurately is most important in obtaining acceptable results. The simplest of stress/strain laws,
Hooke’s law, which is often used in stress analysis, is given by

o, = E¢, (1.4.2)

where o, = stress in the x direction and E = modulus of elasticity.

Step 4 Derive the Element Stiffness Matrix and Equations

Initially, the development of element stiffness matrices and element equations was based on the
concept of stiffness influence coefficients, which presupposes a background in structural analysis.
We now present alternative methods used in this text that do not require this special background.

Direct Equilibrium Method

According to this method, the stiffness matrix and element equations relating nodal forces
to nodal displacements are obtained using force equilibrium conditions for a basic element,
along with force/deformation relationships. Because this method is most easily adaptable to
line or one-dimensional elements, Chapters 2, 3, and 4 illustrate this method for spring, bar,
and beam elements, respectively.

Work or Energy Methods

To develop the stiffness matrix and equations for two- and three-dimensional elements, it is
much easier to apply a work or energy method [35]. The principle of virtual work (using vir-
tual displacements), the principle of minimum potential energy, and Castigliano’s theorem are
methods frequently used for the purpose of derivation of element equations.
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1.4 General Steps of the Finite Element Method

The principle of virtual work outlined in Appendix E is applicable for any material behav-
ior, whereas the principle of minimum potential energy and Castigliano’s theorem are appli-
cable only to elastic materials. Furthermore, the principle of virtual work can be used even
when a potential function does not exist. However, all three principles yield identical element
equations for linear-elastic materials; thus which method to use for this kind of material in
structural analysis is largely a matter of convenience and personal preference. We will present
the principle of minimum potential energy—probably the best known of the three energy
methods mentioned here—in detail in Chapters 2 and 3, where it will be used to derive the
spring and bar element equations. We will further generalize the principle and apply it to the
beam element in Chapter 4 and to the plane stress/strain element in Chapter 6. Thereafter, the
principle is routinely referred to as the basis for deriving all other stress-analysis stiffness
matrices and element equations given in Chapters 8, 9, 11, and 12.

For the purpose of extending the finite element method outside the structural stress anal-
ysis field, a functional' (a function of another function or a function that takes functions as
its argument) analogous to the one to be used with the principle of minimum potential energy
is quite useful in deriving the element stiffness matrix and equations (see Chapters 13 and 14
on heat transfer and fluid flow, respectively). For instance, letting 7 denote the functional and
f(x,y) denote a function f of two variables x and y, we then have 7 = 7(f(x,y)), where mis a
function of the function f. A more general form of a functional depending on two independent
variables u(x,y) and v(x,y), where independent variables are x and y in Cartesian coordinates,
is given by

70 = [[F Q6 Yl Vol sy Vo 3 Vi sl Vg Yelx dy (1.4.3)

where the comma preceding the subscripts x and y denotes differentiation with respect to x or

Ju

v, 1.e., Uy, = .

, etc.

Weighted Residuals Methods

The weighted residuals methods are useful for developing the element equations; particularly
popular is Galerkin’s method. These methods yield the same results as the energy methods
wherever the energy methods are applicable. They are especially useful when a functional
such as potential energy is not readily available. The weighted residual methods allow the
finite element method to be applied directly to any differential equation.

Galerkin’s method, along with the collocation, the least squares, and the subdomain
weighted residual methods are introduced in Chapter 3. To illustrate each method, they will
all be used to solve a one-dimensional bar problem for which a known exact solution exists for
comparison. As the more easily adapted residual method, Galerkin’s method will also be used
to derive the bar element equations in Chapter 3 and the beam element equations in Chapter 4

! Another definition of a functional is as follows: A functional is an integral expression that implicitly contains differential
equations that describe the problem. A typical functional is of the form /(«) = |F (x,u,u")dx where u(x), x, and F are real so
that I(u) is also a real number. Here u’ = du/dx.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



1 | Introduction

and to solve the combined heat-conduction/convection/mass transport problem in Chapter 13.
For more information on the use of the methods of weighted residuals, see Reference [36]; for
additional applications to the finite element method, consult References [37] and [38].

Using any of the methods just outlined will produce the equations to describe the behav-
ior of an element. These equations are written conveniently in matrix form as

fi ki ki kizooo ki d
f kot kop koz - ko d>
Hor = kst kan ko - k3, d3 (1.4.4)
fn kn] e kﬂl’l dﬂ

or in compact matrix form as

{r}=1Kk1{d} (1.4.5)

where {f} is the vector of element nodal forces, [£] is the element stiffness matrix (normally
square and symmetric), and {d} is the vector of unknown element nodal degrees of freedom
or generalized displacements, n. Here generalized displacements may include such quantities
as actual displacements, slopes, or even curvatures. The matrices in Eq. (1.4.5) will be devel-
oped and described in detail in subsequent chapters for specific element types, such as those
in Figure 1-2.

Step 5 Assemble the Element Equations to Obtain the Global or Total
Equations and Introduce Boundary Conditions

In this step the individual element nodal equilibrium equations generated in step 4 are assembled
into the global nodal equilibrium equations. Section 2.3 illustrates this concept for a two-spring
assemblage. Another more direct method of superposition (called the direct stiffness method),
whose basis is nodal force equilibrium, can be used to obtain the global equations for the whole
structure. This direct method is illustrated in Section 2.4 for a spring assemblage. Implicit in
the direct stiffness method is the concept of continuity, or compatibility, which requires that the
structure remain together and that no tears occur anywhere within the structure.
The final assembled or global equation written in matrix form is

{F}=[KW{d} (1.4.6)

where {F} is the vector of global nodal forces, [K] is the structure global or total stiffness
matrix, (for most problems, the global stiffness matrix is square and symmetric) and {d} is now
the vector of known and unknown structure nodal degrees of freedom or generalized displace-
ments. It can be shown that at this stage, the global stiffness matrix [K] is a singular matrix
because its determinant is equal to zero. To remove this singularity problem, we must invoke
certain boundary conditions (or constraints or supports) so that the structure remains in place
instead of moving as a rigid body. Further details and methods of invoking boundary condi-
tions are given in subsequent chapters. At this time it is sufficient to note that invoking bound-
ary or support conditions results in a modification of the global Eq. (1.4.6). We also emphasize
that the applied known loads have been accounted for in the global force matrix {F}.
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Step 6 Solve for the Unknown Degrees of Freedom (or Generalized
Displacements)

Equation (1.4.6), modified to account for the boundary conditions, is a set of simultaneous
algebraic equations that can be written in expanded matrix form as

R Ky Kpp - Ky, d
F- K K - K d
R I R (1.4.7)
Fn Knl Kn2 Knn dn

where now # is the structure total number of unknown nodal degrees of freedom. These equa-
tions can be solved for the ds by using an elimination method (such as Gauss’s method) or
an iterative method (such as the Gauss-Seidel method). These two methods are discussed in
Appendix B. The ds are called the primary unknowns, because they are the first quantities
determined using the stiffness (or displacement) finite element method.

Step 7 Solve for the Element Strains and Stresses

For the structural stress-analysis problem, important secondary quantities of strain and stress
(or moment and shear force) can be obtained because they can be directly expressed in terms
of the displacements determined in step 6. Typical relationships between strain and displace-
ment and between stress and strain—such as Eqgs. (1.4.1) and (1.4.2) for one-dimensional
stress given in step 3—can be used.

Step 8 Interpret the Results

The final goal is to interpret and analyze the results for use in the design/analysis process.
Determination of locations in the structure where large deformations and large stresses occur
is generally important in making design/analysis decisions. Postprocessor computer programs
help the user to interpret the results by displaying them in graphical form.

m Applications of the Finite Element Method

The finite element method can be used to analyze both structural and nonstructural problems.
Typical structural areas include

1. Stress analysis, including truss and frame analysis (such as pedestrian walk bridges, high
rise building frames, and windmill towers), and stress concentration problems, typically
associated with holes, fillets, or other changes in geometry in a body (such as automotive
parts, pressures vessels, medical devices, aircraft, and sports equipment)

2. Buckling, such as in columns, frames, and vessels

Vibration analysis, such as in vibratory equipment

4. Impact problems, including crash analysis of vehicles, projectile impact, and bodies fall-
ing and impacting objects

bl
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Nonstructural problems include

1. Heat transfer, such as in electronic devices emitting heat as in a personal computer micro-
processor chip, engines, and cooling fins in radiators

2. Fluid flow, including seepage through porous media (such as water seeping through
earthen dams), cooling ponds, and in air ventilation systems as used in sports arenas, etc.,
air flow around racing cars, yachting boats, and surfboards, etc.

3. Distribution of electric or magnetic potential, such as in antennas and transistors

Finally, some biomechanical engineering problems (which may include stress analysis) typ-
ically include analyses of human spine, skull, hip joints, jaw/gum tooth implants, heart, and eye.

We now present some typical applications of the finite element method. These applica-
tions will illustrate the variety, size, and complexity of problems that can be solved using the
method and the typical discretization process and kinds of elements used.

Figure 1-3 illustrates a control tower for a railroad. The tower is a three-dimensional
frame comprising a series of beam-type elements. The 48 elements are labeled by the circled
numbers, whereas the 28 nodes are indicated by the uncircled numbers. Each node has three
rotation and three displacement components associated with it. The rotations (6s) and dis-
placements (i, v, w) are called the degrees of freedom. Because of the loading conditions to
which the tower structure is subjected, we have used a three-dimensional model.

The finite element method used for this frame enables the designer/analyst quickly to
obtain displacements and stresses in the tower for typical load cases, as required by design
codes. Before the development of the finite element method and the computer, even this rela-
tively simple problem took many hours to solve.

The next illustration of the application of the finite element method to problem solving
is the determination of displacements and stresses in an underground box culvert subjected to
ground shock loading from a bomb explosion. Figure 1-4 shows the discretized model, which
included a total of 369 nodes, 40 one-dimensional bar or truss elements used to model the
steel reinforcement in the box culvert, and 333 plane strain two-dimensional triangular and
rectangular elements used to model the surrounding soil and concrete box culvert. With an
assumption of symmetry, only half of the box culvert need be analyzed. This problem requires
the solution of nearly 700 unknown nodal displacements. It illustrates that different kinds of
elements (here bar and plane strain) can often be used in one finite element model.

Another problem, that of the hydraulic cylinder rod end shown in Figure 1-5, was mod-
eled by 120 nodes and 297 plane strain triangular elements. Symmetry was also applied to the
whole rod end so that only half of the rod end had to be analyzed, as shown. The purpose of
this analysis was to locate areas of high stress concentration in the rod end.

Figure 1-6 shows a chimney stack section that is four form heights high (or a total of
9.75 m high). In this illustration, 584 beam elements were used to model the vertical and
horizontal stiffeners making up the formwork, and 252 flat-plate elements were used to model
the inner wooden form and the concrete shell. Because of the irregular loading pattern on the
structure, a three-dimensional model was necessary. Displacements and stresses in the con-
crete were of prime concern in this problem.

Figure 1-7 shows the finite element discretized model of a proposed steel die used in a
plastic film-making process. The irregular geometry and associated potential stress concentra-
tions necessitated use of the finite element method to obtain a reasonable solution. Here 240
axisymmetric elements were used to model the three-dimensional die.
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1.5 Applications of the Finite Element Method

Figure 1-8 illustrates the use of a three-dimensional solid element to model a swing cast-
ing for a backhoe frame. The three-dimensional hexahedral elements are necessary to model
the irregularly shaped three-dimensional casting. Two-dimensional models certainly would
not yield accurate engineering solutions to this problem.

Figure 1-9 illustrates a two-dimensional heat-transfer model used to determine the tem-

perature distribution in earth subjected to a heat source—a buried pipeline transporting a hot
gas.
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M Figure 1-3 Discretized railroad control tower (28 nodes, 48 beam elements) with typical
degrees of freedom shown at node 1, for example (By Daryl L. Logan)
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M Figure 1-4 Discretized model of an underground box culvert (369 nodes, 40 bar elements,
and 333 plane strain elements) [39]

Figure 1-10 shows a three-dimensional model of human pelvis which can be used to
study stresses in the bone and the cement layer between the bone and the implant.

Figure 1-11 shows a three-dimensional model of a 710G bucket, used to study stress
throughout the bucket.

More recently, mechanical event simulation (MES), including nonlinear behavior and
contact, such as in roll forming processes, has been studied using finite element analysis [46],
as shown in Figure 1-12 and wind mill generator stress analysis under various loading con-
ditions, including wind, ice, and earthquake while the blades are rotating has been performed
[46], as shown in Figure 1-13.
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1.5 Applications of the Finite Element Method

> ——
* AFixed nodes

M Figure 1-5 Two-dimensional analysis of a hydraulic cylinder rod end (120 nodes, 297
plane strain triangular elements)

\— Applied loads

Concrete shell (plate elements)

Inner form (plate elements)
Rigid rods Vertical stiffener (beam elements)

Adjustable rod
Angle ring
Sling cable

Whaler
(beam
elements)

Derrick

Concrete shell
(plate elements)

M Figure 1-6 Finite element model of a chimney stack section (end view rotated 45°) (584
beam and 252 flat-plate elements) (By Daryl L. Logan)
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M Figure 1-7 (a) Model of a high-strength steel die (240 axisymmetric elements) used in the
plastic film industry (By Daryl L. Logan) and (b) the three-dimensional visual of the die as the
elements in the plane are rotated through 360° around the z-axis of symmetry (See the full-
color insert for a color version of this figure.) (By Daryl L. Logan)
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M Figure 1-8 Three-dimensional solid element model of a swing casting for a backhoe frame

Finally, the field of computational fluid dynamics (CFD) using finite element analysis has
recently been used to design ventilation systems, such as in large sports arenas, and to study
air flow around race cars and around golf balls when suddenly struck by a golf club [63].

These illustrations suggest the kinds of problems that can be solved by the finite element
method. Additional guidelines concerning modeling techniques will be provided in Chapter 7.

m Advantages of the Finite Element Method

As previously mentioned, the finite element method has been applied to numerous problems,
both structural and nonstructural. This method has a number of advantages over conventional
approximate methods, such as presented by traditional courses in mechanics of material and
heat transfer, and for modeling and determining physical quantities, such as displacements,
stresses, temperatures, pressures, and electric currents that have made it very popular. They
include the ability to

1. Model irregularly shaped bodies quite easily

2. Handle general load conditions without difficulty

3. Model bodies composed of several different materials because the element equations are
evaluated individually

4. Handle unlimited numbers and kinds of boundary conditions

5. Vary the size of the elements to make it possible to use small elements where necessary
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MW Figure 1-9 Finite element model for a two-dimensional temperature distribution in the
earth

M Figure 1-10 Finite element model of a human
pelvis (© Studio MacBeth/Photo Researchers,
Inc.)

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



1.6 Advantages of the Finite Element Method

>
—
=
%]
[
g
o
L
©
c
©
c
o
(8]
jun
2
=
1]
o
o
O
-
[}
(O]
_C
a0
c
L
c
.80
%]
[
a
‘©
—
jun}
2
(S}
jun )
2
=
n
-
(<]
£
o
=
2]
3
>
=
o
>
%]
[}
g
~
>
o
S
«
X
<
(<]
o
>
eTy]
o
c
©
-
o
(]
©
£
=
(&)
£
£
©
o
=
o
IS
£
©
o
&

IS
o
)
IS
©
1)
Q
AN
—
AN
o]
c
©
5
Q
A
%]
o
a
)
=
=
o
°
)
IS
o
2
%)
£
c
o)
IS
Qo
)
=
)
=
a
L
©
o)
=
=
©
wn
<
o
—
™M
00
-
Qo
[=%
IS)
o
=]
c
©
—
Q
X~
)
>
a
)
=
=
=
S
L
%)
2
c
)
IS
Qo
[5)
©
S
9]
et
)
=
o
©
>
S
NS
©
o)
=

Division, John Deere Dubuque Works) (See the full-color insert for a color version of this figure.)
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1 | Introduction

M Figure 1-12 Finite element model of contour roll forming or cold roll forming process (Courtesy of
Valmont West Coast Engineering) (See the full-color insert for a color version of this figure.)

a

Alter the finite element model relatively easily and cheaply
Include dynamic effects
8. Handle nonlinear behavior existing with large deformations and nonlinear materials

.

The finite element method of structural analysis enables the designer to detect stress,
vibration, and thermal problems during the design process and to evaluate design changes
before the construction of a possible prototype. Thus confidence in the acceptability of the
prototype is enhanced. Moreover, if used properly, the method can reduce the number of pro-
totypes that need to be built.

Even though the finite element method was initially used for structural analysis, it has
since been adapted to many other disciplines in engineering and mathematical physics, such
as fluid flow, heat transfer, electromagnetic potentials, soil mechanics, and acoustics [22-24,
27, 42-44].
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Time Step: 176 of 5000 Q
M Figure 1-13 Finite element model showing the von Mises stress plot of a wind mill tower
at a critical time step using a nonlinear finite element simulation (Courtesy of Valmont West

Coast Engineering)

Computer Programs for the Finite Element Method

There are two general computer methods of approach to the solution of problems by the finite
element method. One is to use large commercial programs, many of which have been con-
figured to run on personal computers (PCs); these general-purpose programs are designed to
solve many types of problems. The other is to develop many small, special-purpose programs
to solve specific problems. In this section, we will discuss the advantages and disadvantages
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of both methods. We will then list some of the available general-purpose programs and discuss
some of their standard capabilities.
Some advantages of general-purpose programs:

1. The input is well organized and is developed with user ease in mind. Users do not need
special knowledge of computer software or hardware. Preprocessors are readily available
to help create the finite element model.

2. The programs are large systems that often can solve many types of problems of large or
small size with the same input format.

3. Many of the programs can be expanded by adding new modules for new kinds of prob-
lems or new technology. Thus they may be kept current with a minimum of effort.

4. With the increased storage capacity and computational efficiency of PCs, many
general-purpose programs can now be run on PCs.

5. Many of the commercially available programs have become very attractive in price and
can solve a wide range of problems [45-56].

Some disadvantages of general-purpose programs:

[

. The initial cost of developing general-purpose programs is high.

2. General-purpose programs are less efficient than special-purpose programs because the
computer must make many checks for each problem, some of which would not be neces-
sary if a special-purpose program were used.

3. Many of the programs are proprietary. Hence the user has little access to the logic of the

program. If a revision must be made, it often has to be done by the developers.

Some advantages of special-purpose programs:

The programs are usually relatively short, with low development costs.

Small computers are able to run the programs.

Additions can be made to the program quickly and at a low cost.

The programs are efficient in solving the problems they were designed to solve.

Ealt ol M

The major disadvantage of special-purpose programs is their inability to solve different
classes of problems. Thus one must have as many programs as there are different classes of
problems to be solved. A list of special-purpose, public-domain finite-element programs is
given in the website [60].

There are numerous vendors supporting finite element programs, and the interested user
should carefully consult the vendor before purchasing any software. However, to give you
an idea about the various commercial personal computer programs now available for solving
problems by the finite element method, we present a partial list of existing programs.

Autodesk Simulation Multiphysics [46]
Abaqus [47]

ANSYS [48]

COSMOS/M [49]

GT-STRUDL [50]

LS-DYNA [59]

MARC [51]

MSC/NASTRAN [52]

A S e
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9. NISA [53]

10. Pro/MECHANICA [54]
11. SAP2000 [55]

12. STARDYNE [56]

Standard capabilities of many of the listed programs are provided in the preceding refer-
ences and in Reference [45]. These capabilities include information on

Element types available, such as beam, plane stress, and three-dimensional solid

Type of analysis available, such as static and dynamic

Material behavior, such as linear-elastic and nonlinear

Load types, such as concentrated, distributed, thermal, and displacement (settlement)

Data generation, such as automatic generation of nodes, elements, and restraints (most

programs have preprocessors to generate the mesh for the model)

6. Plotting, such as original and deformed geometry and stress and temperature contours
(most programs have postprocessors to aid in interpreting results in graphical form)

7. Displacement behavior, such as small and large displacement and buckling

8. Selective output, such as at selected nodes, elements, and maximum or minimum values

AW =

All programs include at least the bar, beam, plane stress, plate-bending, and three-
dimensional solid elements, and most now include heat-transfer analysis capabilities.

Complete capabilities of the programs and their cost are best obtained through program
reference manuals and websites, such as References [46-56, 59].
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PROBLEMS

1.1 Define the term finite element.

1.2 What does discretization mean in the finite element method?

1.3 In what year did the modern development of the finite element method begin?
14 In what year was the direct stiffness method introduced?

1.5 Define the term matrix.

1.6 What role did the computer play in the use of the finite element method?

1.7 List and briefly describe the general steps of the finite element method.

1.8 What is the displacement method?

1.9 List four common types of finite elements.

1.10  Name three commonly used methods for deriving the element stiffness matrix and
element equations. Briefly describe each method.

1.11 To what does the term degrees of freedom refer?

1.12 List five typical areas of engineering where the finite element method is applied.

1.13 List five advantages of the finite element method.
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CHAPTER

Introduction to the Stiffness
(Displacement) Method

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Define the stiffness matrix.
m Derive the stiffness matrix for a spring element.
m Demonstrate how to assemble stiffness matrices into a global stiffness matrix.
[ |

[llustrate the concept of direct stiffness method to obtain the global stiffness matrix
and solve a spring assemblage problem.

Describe and apply the different kinds of boundary conditions relevant for spring
assemblages.

m Show how the potential energy approach can be used to both derive the stiffness
matrix for a spring and solve a spring assemblage problem.

Introduction

This chapter introduces some of the basic concepts on which the direct stiffness method is
founded. The linear spring is introduced first because it provides a simple yet generally instruc-
tive tool to illustrate the basic concepts. We begin with a general definition of the stiffness
matrix and then consider the derivation of the stiffness matrix for a linear-elastic spring ele-
ment. We next illustrate how to assemble the total stiffness matrix for a structure comprising an
assemblage of spring elements by using elementary concepts of equilibrium and compatibility.
We then show how the total stiffness matrix for an assemblage can be obtained by superimpos-
ing the stiffness matrices of the individual elements in a direct manner. The term direct stiffness
method evolved in reference to this technique.

After establishing the total structure stiffness matrix, we illustrate how to impose bound-
ary conditions—both homogeneous and nonhomogeneous. A complete solution including the
nodal displacements and reactions is thus obtained. (The determination of internal forces is
discussed in Chapter 3 in connection with the bar element.)

We then introduce the principle of minimum potential energy, apply it to derive the spring
element equations, and use it to solve a spring assemblage problem. We will illustrate this
principle for the simplest of elements (those with small numbers of degrees of freedom) so
that it will be a more readily understood concept when applied, of necessity, to elements with
large numbers of degrees of freedom in subsequent chapters.
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M Figure 2-1 (a) Single spring element and (b) three-spring assemblage

XD Definition of the Stiffness Matrix

Familiarity with the stiffness matrix is essential to understanding the stiffness method.
We define the stiffness matrix as follows: For an element, a stiffness matrix [k] is a matrix
such that

{r} =1kl{a} (2.1.1)

where [k] relates nodal displacements {d} to nodal forces { f} of a single element, such as the
spring shown in Figure 2—1a.

For a continuous medium or structure comprising a series of elements, such as shown for
the spring assemblage in Figure 2—1b, stiffness matrix [K] relates global-coordinate (x, y, z)
nodal displacements {d} to global forces {F'} of the whole medium or structure. such that

{F} =[KNd} (2.1.2)

where [K] represents the stiffness matrix of the whole spring assemblage.

¥ Derivation of the Stiffness Matrix
for a Spring Element

Using the direct equilibrium approach, we will now derive the stiffness matrix for a one-
dimensional linear spring—that is, a spring that obeys Hooke’s law and resists forces only in
the direction of the spring. Consider the linear spring element shown in Figure 2-2. Reference
points 1 and 2 are located at the ends of the element. These reference points are called the nodes
of the spring element. The local nodal forces are fi, and f>, for the spring element associated
with the local axis x. The local axis acts in the direction of the spring so that we can directly
measure displacements and forces along the spring. The local nodal displacements are #; and
uy for the spring element.

These nodal displacements are called the degrees of freedom at each node. Positive direc-
tions for the forces and displacements at each node are taken in the positive x direction as
shown from node 1 to node 2 in the figure. The symbol % is called the spring constant or
stiffness of the spring.
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2.2 Derivation of the Stiffness Matrix for a Spring Element

1 k 2
Sio Jaw
- L !

M Figure 2-2 Linear spring element with positive nodal displacement and force conventions

Analogies to actual spring constants arise in numerous engineering problems. In Chapter 3,
we see that a prismatic uniaxial bar has a spring constant k = AE/L, where A represents the
cross-sectional area of the bar, E is the modulus of elasticity, and L is the bar length. Similarly,
in Chapter 5, we show that a prismatic circular-cross-section bar in torsion has a spring constant
k = JG/L, where J is the polar moment of inertia and G is the shear modulus of the material.
For one-dimensional heat conduction (Chapter 13), k = AK,, /L, where K, is the thermal
conductivity of the material, and for one-dimensional fluid flow through a porous medium
(Chapter 14), k = AK /L, where K, is the permeability coefficient of the material.

We will then observe that the stiffness method can be applied to nonstructural problems,
such as heat transfer, fluid flow, and electrical networks, as well as structural problems by sim-
ply applying the proper constitutive law (such as Hooke’s law for structural problems, Fourier’s
law for heat transfer, Darcy’s law for fluid flow, and Ohm’s law for electrical networks) and a
conservation principle such as nodal equilibrium or conservation of energy.

We now want to develop a relationship between nodal forces and nodal displacements for
a spring element. This relationship will be the stiffness matrix. Therefore, we want to relate
the nodal force matrix to the nodal displacement matrix as follows:

flx _ lkll klZ}{ul } (221)
Jox kor ko | |u2
where the element stiffness coefficients k;; of the [k] matrix in Eq. (2.2.1) are to be determined.
Recall from Eqgs. (1.2.5) and (1.2.6) that k;; represent the force F; in the ith degree of freedom
due to a unit displacement d; in the jth degree of freedom while all other displacements are
zero. That is, when we let d; = 1 and d; = 0 for k # j, force F; = kj.

We now use the steps outlined in Section 1.4 to derive the stiffness matrix for the spring
element. However, for the simple one-dimensional spring element, step 2 (selecting a displace-
ment function) may be skipped using the direct method. In Section 3.2 we describe guidelines
for selecting displacement functions and then use step 2 throughout the derivations of stiffness
matrices for beams and two- and three-dimensional elements, as it makes the derivations based
on the steps to follow much easier to obtain. Because our approach throughout this text is to
derive various element stiffness matrices and then to illustrate how to solve engineering prob-
lems with the elements, step 1 now involves only selecting the element type.

Step 1 Select the Element Type

Consider the linear spring element (which can be an element in a system of springs) subjected
to resulting nodal tensile forces 7" (which may result from the action of adjacent springs)
directed along the spring axial direction x as shown in Figure 2-3, so as to be in equilibrium.
The local x axis is directed from node 1 to node 2. We represent the spring by labeling nodes
at each end and by labeling the element number. The original distance between nodes before
deformation is denoted by L. The material property (spring constant) of the element is k.
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2 | Introduction to the Stiffness (Displacement) Method

Step 2 Select a Displacement Function

For the simple one-dimensional spring element, Step 2 may be skipped using the direct method.
In Section 3.2 we describe guidelines for selecting displacement functions and then use step
2 throughout the derivations of stiffness matrices for beams and two- and three-dimensional
elements.

Step 3 Define the Strain/Displacement and Stress/Strain Relationships

The tensile forces T produce a total elongation (deformation) § of the spring. The typical

total elongation of the spring is shown in Figure 2—4. Here u, is a negative value because the

direction of displacement is opposite the positive x direction, whereas u; is a positive value.
The total deformation of the spring is represented by the difference in nodal displacements as

6= Uy — U (222)

For a spring element, we can relate the force in the spring directly to the deformation.
Therefore, the strain/displacement relationship is not necessary here.

The stress/strain relationship can be expressed in terms of the force/deformation relation-
ship instead as

T = ko6 (2.2.3)
Now, using Eq. (2.2.2) in Eq. (2.2.3), we obtain

T =k(up —w) (2.24)

Step 4 Derive the Element Stiffness Matrix and Equations

We now derive the spring element stiffness matrix. By the sign convention for nodal forces and
equilibrium, (see Figures 2-2 and 2-3) we have

S =-T  for =T (2.2.5)
Using Eqgs. (2.2.4) and (2.2.5), we have

T =—fix = k(up —uy)

(22.6)
T =f =k(uy —u)

W Figure 2-3 Linear spring subjected to tensile forces M Figure 2-4 Deformed spring
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2.2 Derivation of the Stiffness Matrix for a Spring Element

Rewriting Egs. (2.2.6), we obtain

fix =k —up)
Sox = k(ua — uy)

Now expressing Eqgs. (2.2.7) in a single matrix equation yields

S| |k —k||m
{fzx}_[—k kHuz} (2.2.8)

This relationship holds for the spring along the x axis. From our basic definition of a stiffness
matrix and application of Eq. (2.2.1) to Eq. (2.2.8), we obtain

[k] = {_k _k} (2.2.9)

(2.2.7)

kK

as the stiffness matrix for a linear spring element. Here [k] is called the local stiffness matrix
for the element. We observe from Eq. (2.2.9) that [k] has the following properties:

1. It is symmetric (that is, k;; = kj; for i 7 j). This is proven by the reciprocal theorem of
Rayleigh and Betti [4].

2. Itis square (the number of rows equals the number of columns in [k]) as it relates the same
number of nodal forces to nodal displacements.

3. Itis singular. That is, the determinant of [k] is equal to zero, so [k] cannot be inverted.

Step 5 Assemble the Element Equations to Obtain the Global Equations
and Introduce Boundary Conditions

The global stiffness matrix and global force matrix are assembled using nodal force equilib-
rium equations, force/deformation and compatibility equations from Section 2.3, and the direct
stiffness method described in Section 2.4. This step applies for structures composed of more
than one element such that

N N
[K1=Y[k@] and {F}=Y{r@} (2.2.10
e=1 e=1

where [k(©)] and { f(©)} are now element stiffness and force matrices expressed in a global ref-
erence frame. This concept becomes relevant for instance when considering truss structures
in Chapter 3. (Throughout this text, the 2 sign used in this context does not imply a simple
summation of element matrices but rather denotes that these element matrices must be assem-
bled properly according to the direct stiffness method described in Section 2.4.)

Step 6 Solve for the Nodal Displacements

The displacements are then determined by imposing boundary conditions, such as support
conditions, and solving a system of equations simultaneously as

{F} =[KN{d} (2.2.11)
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2 | Introduction to the Stiffness (Displacement) Method

Step 7 Solve for the Element Forces

Finally, the element forces are determined by back-substitution, applied to each element, into
equations similar to Egs. (2.2.7).

XD Example of a Spring Assemblage

Structures such as trusses, building frames, and bridges comprise basic structural components
connected together to form the overall structures. To analyze these structures, we must deter-
mine the total structure stiffness matrix for an interconnected system of elements. Before con-
sidering the truss and frame, we will determine the total structure stiffness matrix for a spring
assemblage by using the force/displacement matrix relationships derived in Section 2.2 for
the spring element, along with fundamental concepts of nodal equilibrium and compatibility.
Step 5 will then have been illustrated.

We will consider the specific example of the two-spring assemblage shown in Figure 2-5.%*
This example is general enough to illustrate the direct equilibrium approach for obtaining the
total stiffness matrix of the spring assemblage. Here we fix node 1 and apply axial forces for F3,
atnode 3 and F;, at node 2. The stiffnesses of spring elements 1 and 2 are k; and k», respectively.
The nodes of the assemblage have been numbered 1, 3, and 2 for further generalization because
sequential numbering between elements generally does not occur in large problems.

The x axis is the global axis of the assemblage. The local x axis of each element coincides
with the global axis of the assemblage.

For element 1, using Eq. (2.2.8), we have

(1) _ (1)
O O A 2.3.1)
of Tl k]l
and for element 2, we have
@) _ )
G|l | ke —ka|ju3 (2.3.2)
w2 "l e [

Furthermore, elements 1 and 2 must remain connected at common node 3 throughout the
displacement. This is called the continuity or compatibility requirement. The compatibility
requirement yields

us) =u®P = us (2.3.3)

71 @ 3 @ 2

k, Fy k, Fa

M Figure 2-5 Two-spring assemblage

*Throughout this text, element numbers in figures are shown with circles around them.
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2.3 Example of a Spring Assemblage

1 @ 3 @ 2
: (l); \fxil)/ ZT}EA‘_Z)/ \ \

le f].x‘ fz/\(z) FZX

M Figure 2-6 Nodal forces consistent with element force sign convention

where, throughout this text, the superscripts in parentheses above u refers to the element
number to which they are related. Recall that the subscript to the right identifies the node of
displacement and that u3 is the node 3 displacement of the total or global spring assemblage.

Free-body diagrams of each element and node (using the established sign conventions for
element nodal forces in Figure 2-2) are shown in Figure 2—-6.

Based on the free-body diagrams of each node shown in Figure 2—6 and the fact that exter-
nal forces must equal internal forces at each node, we can write nodal equilibrium equations
at nodes 3, 2, and 1 as

By =f0 + £ (2.3.4)
By, =f2 (2.3.5)
B, =f1 (2.3.6)

where Fj, results from the external applied reaction at the fixed support.
Here Newton’s third law, of equal but opposite forces, is applied in moving from a node
to an element associated with the node. Using Eqs. (2.3.1) through (2.3.3) in Egs. (2.3.4)
through (2.3.6), we obtain
Fi = (ki + k) + (kaus — kouz)
By = —kouz + koup (2.3.7)
F. =k — kus

In matrix form, Egs. (2.3.7) are expressed by

Fx ki thky =k —ki ||us
Py =| —k kry 0 u (2.3.8)
Fix _kl 0 kl u
Rearranging Eq. (2.3.8) in numerically increasing order of the nodal degrees of freedom, we
have
F, e 0 k[
sz = 0 k2 _k2 ur (239)
Fsx —ki —ky ki t+ky||U3

Equation (2.3.9) is now written as the single matrix equation

{F} =[K){d} (2.3.10)
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2 | Introduction to the Stiffness (Displacement) Method

Fiy Uy
where {F} = { B, is called the global nodal force matrix, {d} = 4 u, ; is called the
F;, us

global nodal displacement matrix, and

Kl=| 0 k ko 2.3.11)
-k —ky Ky + ko

is called the total or global or system stiffness matrix.

In summary, to establish the stiffness equations and stiffness matrix, Eqs. (2.3.9) and
(2.3.11), for a spring assemblage, we have used force/deformation relationships Eqgs. (2.3.1)
and (2.3.2), compatibility relationship Eq. (2.3.3), and nodal force equilibrium Eqs. (2.3.4)
through (2.3.6). We will consider the complete solution to this example problem after con-
sidering a more practical method of assembling the total stiffness matrix in Section 2.4 and
discussing the support boundary conditions in Section 2.5.

X8 Assembling the Total Stiffness Matrix
by Superposition (Direct Stiffness Method)

We will now consider a more convenient method for constructing the total stiffness matrix. This
method is based on proper superposition of the individual element stiffness matrices making
up a structure (also see References [1] and [2]).

Referring to the two-spring assemblage of Section 2.3, the element stiffness matrices are
given in Egs. (2.3.1) and (2.3.2) as

up uz us Uy
(kD] = S k@] = ko —ka | us 2.4.1)
—ki k| ou3 ~ky ko | wo

Here the u;s written above the columns and next to the rows in the [k]s indicate the degrees of
freedom associated with each element row and column.

The two element stiffness matrices, Egs. (2.4.1), are not associated with the same degrees
of freedom; that is, element 1 is associated with axial displacements at nodes 1 and 3, whereas
element 2 is associated with axial displacements at nodes 2 and 3. Therefore, the element stiff-
ness matrices cannot be added together (superimposed) in their present form. To superimpose
the element matrices, we must expand them to the order (size) of the total structure (spring
assemblage) stiffness matrix so that each element stiffness matrix is associated with all the
degrees of freedom of the structure. To expand each element stiffness matrix to the order of
the total stiffness matrix, we simply add rows and columns of zeros for those displacements
not associated with that particular element.
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2.4 Assembling the Total Stiffness Matrix by Superposition (Direct Stiffness Method)

For element 1, we rewrite the stiffness matrix in expanded form so that Eq. (2.3.1) becomes

Uy uy us

k Lol u b= D (2.4.2)
1100 o0 2 2x at
-1 0 1 ugl) f3(,1()

where, from Eq. (2.4.2), we see that u$" and f{! are not associated with [k"]. Similarly, for
element 2, we have

4 [
0 0 0 (2) (2)

kz O 1 —1 l/£2 = f2x (243)
0 -1 1 U o)

Now, considering force equilibrium at each node results in

Y 0 Fi,
0+l =1p, (2.4.4)
Y 2) Fix

where Eq. (2.4.4) is really Egs. (2.3.4) through (2.3.6) expressed in matrix form. Using Egs.
(2.4.2) and (2.4.3) in Eq. (2.4.4), we obtain

(1) (2)
1 0 —1|[" 0 0 ofl"n Ix
k| 00 0QRuPt+k|0 1 —1{3u?} =3P, (2.4.5)
-1 0 1 ul) 0 -1 1 ugz) By

where, again, the superscripts on the u’s indicate the element numbers. Simplifying Eq. (2.4.5)

results in
ki 0 —k u Fix
0 k2 —k2 U r = sz (246)
—ky —ky ki tky||U3 B

Here the superscripts indicating the element numbers associated with the nodal displacements
have been dropped because ufl) is really uy, uﬁz) is really uy, and, by Eq. (2.3.3), ugl) = ugz) = u3,
the node 3 displacement of the total assemblage. Equation (2.4.6), obtained through superpo-
sition, is identical to Eq. (2.3.9).
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2 | Introduction to the Stiffness (Displacement) Method

The expanded element stiffness matrices in Egs. (2.4.2) and (2.4.3) could have been added
directly to obtain the total stiffness matrix of the structure, given in Eq. (2.4.6). This reliable
method of directly assembling individual element stiffness matrices to form the total structure
stiffness matrix and the total set of stiffness equations is called the direct stiffness method. It
is the most important step in the finite element method.

For this simple example, it is easy to expand the element stiffness matrices and then
superimpose them to arrive at the total stiffness matrix. However, for problems involving a
large number of degrees of freedom, it will become tedious to expand each element stiffness
matrix to the order of the total stiffness matrix. To avoid this expansion of each element
stiffness matrix, we suggest a direct, or shortcut, form of the direct stiffness method to obtain
the total stiffness matrix. For the spring assemblage example, the rows and columns of each
element stiffness matrix are labeled according to the degrees of freedom associated with them
as follows:

up us us up
ki =k | w ky —ky | us
kD1 = kK271 = 247
e ~k k| w3 e —ky ko | w2 @47

[K] is then constructed simply by directly adding terms associated with degrees of freedom
in [kM] and [k ] into their corresponding identical degree-of-freedom locations in [K] as
follows. The u; row, u; column term of [K] is contributed only by element 1, as only element
1 has degree of freedom u; [Eq. (2.4.7)], that is, k11 = k;. The uz row, uz column of [K] has
contributions from both elements 1 and 2, as the u; degree of freedom is associated with both
elements. Therefore, k33 = k; + ky. Similar reasoning results in [K] as

uj Uus usz
ki 0 k| oy
Kl=1| 0 k —k |w (2.4.8)

—kl —k2 k] + k2 us

Here elements in [K] are located on the basis that degrees of freedom are ordered in
increasing node numerical order for the total structure. Section 2.5 addresses the com-
plete solution to the two-spring assemblage in conjunction with discussion of the support
boundary conditions.

X3 Boundary Conditions

We must specify boundary (or support) conditions for structure models such as the spring
assemblage of Figure 2-5, or [K] will be singular; that is, the determinant of [K] will be zero,
and its inverse will not exist. This means the structural system is unstable. Without our speci-
fying adequate kinematic constraints or support conditions, the structure will be free to move
as arigid body and not resist any applied loads. In general, the number of boundary conditions
necessary to make [K] nonsingular is equal to the number of possible rigid body modes.
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2.5 Boundary Conditions

Boundary conditions relevant for spring assemblages are associated with nodal displace-
ments. These conditions are of two types. Homogeneous boundary conditions—the more
common—occur at locations that are completely prevented from movement; nonhomogeneous
boundary conditions occur where finite nonzero values of displacement are specified, such as
the settlement of a support.

In the mathematical sense in regard to solving boundary value problems, we encounter two
general classifications of boundary conditions when imposed on an ordinary or partial differ-
ential equation or derived upon taking the first variation of a functional as shown in References
[4, 5, 8], but these are avoided in this more basic textbook.

The first type—primary, essential, or Dirichlet—boundary condition [named after Johann
Dirichlet (1805-1859)], specifies the values a solution, such as the displacement, must satisfy
on the boundary of the domain.

The second type—natural or Neumann—boundary condition [named after Carl Neumann
(1832-1925)], specifies the values that the derivatives of a solution must satisfy on the bound-
ary of the domain.

To illustrate the two general displacement types of boundary conditions, let us consider
Eq. (2.4.6), derived for the spring assemblage of Figure 2—5. which has a single rigid body
mode in the direction of motion along the spring assemblage.

Homogeneous Boundary Conditions

We first consider the case of homogeneous boundary conditions. Hence all boundary conditions
are such that the displacements are zero at certain nodes. Here we have u; = 0 because node
1 is fixed. Therefore, Eq. (2.4.6) can be written as

kk 0 —k 0 F.
0 k2 —k2 U ¢ = sz (251)
—ky —ky k +tky||U3 F3x

Equation (2.5.1), written in expanded form, becomes

ki1 (0) + Oux — kjuz = ki,
0(0) + k2u2 - k2u3 = sz (252)
—ki1(0) = kouy + (ki + ko)uz = F3x

where Fj, is the unknown reaction and F,, and F3, are known applied loads.
Writing the second and third of Egs. (2.5.2) in matrix form, we have

ky —ka U _ Py (253)
—ky kit ky ||u3 B3,
We have now effectively partitioned off the first column and row of [K] and the first row of
{d} and {F} to arrive at Eq. (2.5.3).
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2 | Introduction to the Stiffness (Displacement) Method

For homogeneous boundary conditions, Eq. (2.5.3) could have been obtained directly by
deleting the row and column of Eq. (2.5.1) corresponding to the zero-displacement degrees
of freedom. Here row 1 and column 1 are deleted because one is really multiplying column 1
of [K] by u; = 0. However, Fj, is not necessarily zero and can be determined once u; and u3
are solved for.

After solving Eq. (2.5.3) for u; and u3, we have

k b | (E kL +kl I |[F
us _ 2 2 2 [ _ 2 1 1 2x (2.5.4)
us —ky ki +ky B, 1 i F5x
k

Now that u, and u3 are known from Eq. (2.5.4), we substitute them in the first of Egs. (2.5.2)
to obtain the reaction Fj, as

F, = —ku;s (2.5.5)

We can express the unknown nodal force at node 1 (also called the reaction) in terms of the
applied nodal forces F;, and Fi, by using Eq. (2.5.4) for u3 substituted into Eq. (2.5.5). The
result is

le = _FZX - F3x (256)

Therefore, for all homogeneous boundary conditions, we can delete the rows and columns
corresponding to the zero-displacement degrees of freedom from the original set of equations
and then solve for the unknown displacements. This procedure is useful for hand calculations.
(However, Appendix B.4 presents a more practical, computer-assisted scheme for solving the
system of simultaneous equations.)

Nonhomogeneous Boundary Conditions

We now consider the case of nonhomogeneous boundary conditions. Hence one or more of
the specified displacements are nonzero. For simplicity’s sake, let u; = &, where 6 is a known
displacement (Figure 2-7), in Eq. (2.4.6). We now have

kl 0 _kl S le
0 k2 —kz Uus = sz (257)
—kl _kz kl + kz u3 FSx

Equation (2.5.7) written in expanded form becomes

k16 + 0u2 - k1u3 = le
06 + kzuz - k2u3 = sz (258)
—ki0 — koup + (ki + ko)uz = F3,
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2.5 Boundary Conditions

1 3 2
Q—/\/\/\/\/\/_Q_Av[\/\/\/\/_o_._u X
& [=— K Fy, ky Fy,

M Figure 2-7 Two-spring assemblage with known displacement § at node 1

where Fj, is now a reaction from the support that has moved an amount 6. Considering the
second and third of Egs. (2.5.8) because they have known right-side nodal forces F;, and F3,,
we obtain

06 + kzuz - k2u3 = sz

(2.5.9)
—ki8 — kouy + (ki + ko)uz = Fs,
Transforming the known & terms to the right side of Egs. (2.5.9) yields
kauy — kauz = Fay
(2.5.10)

—kour + (ky + ky)uz = +ki6 + F5,

Rewriting Egs. (2.5.10) in matrix form, we have

k  —k Py
: S Pl 2 2.5.11)
—ky ki +ky||u3 kid + F3y

Therefore, when dealing with nonhomogeneous boundary conditions, we cannot initially delete
row | and column 1 of Eq. (2.5.7), corresponding to the nonhomogeneous boundary condi-
tion, as indicated by the resulting Eq. (2.5.11) because we are multiplying each element by
a nonzero number. Had we done so, the k6 term in Eq. (2.5.11) would have been neglected,
resulting in an error in the solution for the displacements. For nonhomogeneous boundary
conditions, we must, in general, transform the terms associated with the known displacements
to the right-side force matrix before solving for the unknown nodal displacements. This was
illustrated by transforming the k6 term of the second of Egs. (2.5.9) to the right side of the
second of Egs. (2.5.10).

We could now solve for the displacements in Eq. (2.5.11) in a manner similar to that used
to solve Eq. (2.5.3). However, we will not further pursue the solution of Eq. (2.5.11) because
no new information is to be gained.

However, on substituting the displacement back into Eq. (2.5.7), the reaction now becomes

F]x = k15 - k1M3 (2512)

which is different than Eq. (2.5.5) for Fi,.

Notice that if the displacement is known at a node (say u; = &), then the force Fj, at the
node in the same direction as the displacement is not initially known and is determined using
the global equation of Eq. (2.5.7) after solving for the unknown nodal displacements.
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2 | Introduction to the Stiffness (Displacement) Method

At this point, we summarize some properties of the global stiffness matrix in Eq. (2.5.7)
that are also applicable to the generalization of the finite element method.

1. [K] is square, as it relates the same number of forces and displacements.

2. [K] is symmetric, as is each of the element stiffness matrices. If you are familiar with
structural mechanics, you will not find this symmetry property surprising. It can be proved
by using the reciprocal laws described in such References as [3] and [4].

3. [K]is singular (its determinant is equal to zero), and thus, no inverse exists until sufficient
boundary conditions are imposed to remove the singularity and prevent rigid body motion.

4. The main diagonal terms of [K] are always positive. Otherwise, a positive nodal force F;
could produce a negative displacement d;—a behavior contrary to the physical behavior
of any actual structure.

5. [K] is positive semidefinite (that is {x}” [K]{x} > 0 for all non-zero vector {x} with real
numbers). (For more about positive semidefinite matrices, see Appendix A.)

In general, specified support conditions are treated mathematically by partitioning the
global equilibrium equations as follows:

[Kii]l [Ki2] @y | | {R}
|: [K71] 1[K22] :| { {dz} } o { {FZ} } (2513)

where we let {d; } be the unconstrained or free displacements and {d, } be the specified dis-
placements. From Eq. (2.5.13), we have

[Knl{di} = {R} — [Kix{da} (2.5.14)

and

(R} =[Kaldi} +[Knlda} (2.5.15)

where { F{ } are the known nodal forces and { > } are the unknown nodal forces at the specified
displacement nodes. { F» } is found from Eq. (2.5.15) after {d, } is determined from Eq. (2.5.14).
In Eq. (2.5.14), we assume that [K;;] is no longer singular, thus allowing for the determination
of {d1 }

To illustrate the stiffness method for the solution of spring assemblages we now present
the following examples.

EXAMPLE 2.1

For the spring assemblage with arbitrarily numbered nodes shown in Figure 2—8, obtain
(a) the global stiffness matrix, (b) the displacements of nodes 3 and 4, (c) the reaction
forces at nodes 1 and 2, and (d) the forces in each spring. A force of 25 kN is applied
at node 4 in the x direction. The spring constants are given in the figure. Nodes 1 and 2
are fixed.
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2.5 Boundary Conditions

k; = 200 N/mm ky = 400 N/mm ky = 600 N/mm
z
I 3 4 P 2

® @ "™ o ¥

M Figure 2-8 Spring assemblage for solution

SOLUTION:
(a) We begin by making use of Eq. (2.2.18) to express each element stiffness matrix as
follows:
1 3 3 4
kD] = 200 =200 1 @)= 400 —400| 3
—200 200 3 —400 400 | 4
(2.5.16)
4 2
[k®] = 600 —600 | 4
—600 600 | 2

where the numbers above the columns and next to each row indicate the nodal degrees of free-
dom associated with each element. For instance, element 1 is associated with degrees of free-
dom u; and u3. Also, the local element x axis coincides with the global x axis for each element.

Using the concept of superposition (the direct stiffness method), we obtain the global stiff-
ness matrix as

(K1 = kO] + k] + (kD]

or
u us us Uy
200 0 —200 0 u
600 0 —600 Uy (2.5.17)
LK1= —200 0 200 + 400 —400 u3
0 —600 —400 400 + 600 | U4

(b) The global stiffness matrix, Eq. (2.5.17), relates global forces to global displacements

as follows:
F. 200 0 —200 0 U
Fo 0 600 0 =600 ||u,
= (2.5.18)
Fs, -200 0 600 —400 ||us3
Fyy 0 —600 —400 1000 | |4

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



2 | Introduction to the Stiffness (Displacement) Method

Applying the homogeneous boundary conditions #; = 0 and u, = 0 to Eq. (2.5.18), sub-
stituting applied nodal forces, and partitioning the first two equations of Eq. (2.5.18) (or
deleting the first two rows of {F} and {d} and the first two rows and columns of [K]
corresponding to the zero-displacement boundary conditions), we obtain

0 600 —400 | |45
= (2.5.19)
2500 —400 1000 | |us
Solving Eq. (2.5.19), we obtain the global nodal displacements

U3 =— — mm Uugs = — mm
T MR

(c) To obtain the global nodal forces (which include the reactions at nodes 1 and 2),
we back-substitute Eqs. (2.5.20) and the boundary conditions #; = 0 and u, = 0 into
Eq. (2.5.18). This substitution yields

. 2000 0 —200 0 0
o 0 600 0 —600]||0

= 250 (2.5.21)
Fiy —200 0 600 —400 ||
Fiy 0 —600 —400 1000 | |38

Multiplying matrices in Eq. (2.5.21) and simplifying, we obtain the forces at each node

- —22
R, = 5(1),1000 N By, = 1'51,000 N P =0
275,000 (2.5.22)
4y = ——— N

11

From these results, we observe that the sum of the reactions Fj, and F>, is equal in mag-
nitude but opposite in direction to the applied force F;,. This result verifies equilibrium of
the whole spring assemblage.

(d) Next we use local element Eq. (2.2.8) to obtain the forces in each element.

Element 1

AP | 200 —200{[ 0 2523
70 —200 200 || o
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2.5 Boundary Conditions

Simplifying Eq. (2.5.23), we obtain

N 2.5.24
¥ 11 3 11 ( )

A free-body diagram of spring element 1 is shown in Figure 2-9(a). The spring is subjected
to tensile forces given by Egs. (2.5.24). Also, fl(;) is equal to the reaction force Fj, given in
Eq. (2.5.22). A free-body diagram of node 1 [Figure 2-9(b)] shows this result.

11 11 F|,<—0—> f](xl)

(a) (b)

M Figure 2-9 (a) Free-body diagram of element 1 and (b) free-body diagram of node 1

Element 2
2) 250
A [_333 jgg} 2.5.25)
f4x 11
Simplifying Eq. (2.5.25), we obtain
@ — 250,000 @ _ 30,000 o (2.5.26)

3x 11 4x 11

A free-body diagram of spring element 2 is shown in Figure 2—10. The spring is subjected
to tensile forces given by Egs. (2.5.26).

50,000 3 4 50,000
- ~“NVVVVVVV™® T

M Figure 2-10 Free-body diagram of element 2

Element 3
| _[ 600 —600]]33 (2527
P —-600 600 || o o

Simplifying Eq. (2.5.27) yields

@ _ 225000 ) _ —225,000

N 2.5.28
4x 11 2x 11 ( )
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2 | Introduction to the Stiffness (Displacement) Method

225,000

11

2
0P,
®

M Figure 2-11 (a) Free-body diagram of element 3 and (b) free-body diagram of node 2

A free-body diagram of spring element 3 is shown in Figure 2—11(a). The spring is sub-
jected to compressive forces given by Eqs. (2.5.28). Also, f,, is equal to the reaction force
F,, given in Eq. (2.5.22). A free-body diagram of node 2 (Figure 2—11b) shows this result.

]

EXAMPLE 2.2

For the spring assemblage shown in Figure 2—12, obtain (a) the global stiffness matrix,
(b) the displacements of nodes 2—4, (c) the global nodal forces, and (d) the local element
forces. Node 1 is fixed while node 5 is given a fixed, known displacement 6 = 20.0 mm.
The spring constants are all equal to k = 200 kN/m.

® ©) ® ®

FSx
M Figure 2-12 Spring assemblage for solution

5 5K
»
SOLUTION:

(a) We use Eq. (2.2.9) to express each element stiffness matrix as

200 —200
(kD] = [kP] = [k®] = [kP] = {_200 200} (2.5.29)
Again using superposition, we obtain the global stiffness matrix as
200 —200 0 0 0
—200 400 —200 0 0
[K]= 0 -—200 400 -—200 0 kN (2.5.30)
0 0 —200 400 -200 "
0 0 0 —-200 200

(b) The global stiffness matrix, Eq. (2.5.30), relates the global forces to the global displace-

ments as follows:

A 200 —200 0 0 0 |u
. 1
Py —200 400 —-200 0 0 |lu
F, b= 0 —200 400 —200 0 |Jus (2.5.31)
Fy, 0 0 —200 400 —200 ||u4
Fsy 0 0 0 —200 200 ||%
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2.5 Boundary Conditions

Applying the boundary conditions #; = 0 and us = 20 mm (= 0.02 m), substituting known
global forces F>, = 0, F3, = 0, and F;, = 0, and partitioning the first and fifth equations
of Eq. (2.5.31) corresponding to these boundary conditions, we obtain

0

0 —200 400 —200 O 0 0y
ol=| 0 —200 400 —200 0 s (2.5.32)

0 0 0 —200 400 —200|| us

0.02m

We now rewrite Eq. (2.5.32), transposing the product of the appropriate stiffness coefficient
(—200) multiplied by the known displacement (0.02 m) to the left side.

0 400 =200 0 |[u,
0 \=|-200 400 —200 |{us (2.5.33)
4kN 0 —200 400 ||u,

Solving Eq. (2.5.33), we obtain

uy = 0.005m uz = 0.0l m uy = 0.015m (2.5.34)

(c) The global nodal forces are obtained by back-substituting the boundary condition dis-
placements and Eqgs. (2.5.34) into Eq. (2.5.31). This substitution yields

Fix = (—200)(0.005) = —1.0 kN

By = (400)(0.005) — (200)(0.01) = 0

Fie = (—200)(0.005) + (400)(0.01) — (200)(0.015) = 0 (2.5.35)
Fix = (—200)(0.01) + (400)(0.015) — (200)(0.02) = 0

Fs, = (—200)(0.015) + (200)(0.02) = 1.0 kN

The results of Eqs. (2.5.35) yield the reaction Fj, opposite that of the nodal force Fs,
required to displace node 5 by 6 = 20.0 mm. This result verifies equilibrium of the whole
spring assemblage.

Remember if the displacement is known at a node in a given direction (in this example,
us = 20 mm), then the force Fs, at that same node and in that same direction is not initially
known. The force is determined after solving for the unknown nodal displacements.

(d) Next, we make use of local element Eq. (2.2.10) to obtain the forces in each element.

Element 1

AL _T 200 —200]) 0 2536
£~ (=200 200 |]0.005 >
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2 | Introduction to the Stiffness (Displacement) Method

Simplifying Eq. (2.5.36) yields

0 =—1.0kN  fi) = LOKN (25.37)
Element 2
) 200 —200](0.005
Yl : (2.5.38)
) 200 200 |]0.01

Simplifying Eq. (2.5.38) yields

D _ kN A2 = 1kN (2.5.39)
Element 3
i 200 —200][0.01
v : (2.5.40)
£ —200 200 []0.015

Simplifying Eq. (2.5.40), we have

3 = _1kN  fO = 1kN (2.5.41)
Element 4
(4)
ax | _ 200 —2001/0.015 (2.5.42)
fs(f) —200 200 110.02

Simplifying Eq. (2.5.42), we obtain
B =—1kN 9 =1kN (2.5.43)

You should draw free-body diagrams of each node and element and use the results of
Eqgs. (2.5.35) through (2.5.43) to verify both node and element equilibria.
|

Finally, to review the major concepts presented in this chapter, we solve the following
example problem.
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2.5 Boundary Conditions

EXAMPLE 2.3

(a) Using the ideas presented in Section 2.3 for the system of linear elastic springs shown
in Figure 2—13, express the boundary conditions, the compatibility or continuity condi-
tion similar to Eq. (2.3.3), and the nodal equilibrium conditions similar to Egs. (2.3.4)
through (2.3.6). Then formulate the global stiffness matrix and equations for solution of
the unknown global displacement and forces. The spring constants for the elements are
ki, ko, and k3; P is an applied force at node 2.

(b) Using the direct stiffness method, formulate the same global stiffness matrix and equa-
tion as in part (a).

7

M Figure 2-13 Spring assemblage for solution

SOLUTION:
(a) The boundary conditions are

w =0 u3=0 uy =0 (2.5.44)
The compatibility condition at node 2 is

W = u® = u = u, (2.5.45)

The nodal equilibrium conditions are

Fix :fl(;)
P=£)+AD 1)
(2.5.46)
Ro=r)
Fyo = 4()3c)

where the sign convention for positive element nodal forces given by Figure 2-2 was
used in writing Eqgs. (2.5.46). Figure 2—14 shows the element and nodal force free body
diagrams.
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2 | Introduction to the Stiffness (Displacement) Method

)y (h |
le 1x flx i\'}
— Q-

1 1 @ 2

MW Figure 2-14 Free-body diagrams of elements and nodes of spring assemblage of
Figure 2-13

Using the local stiffness matrix Eq. (2.2.17) applied to each element and compatibility
condition Eq. (2.5.45), we obtain the total or global equilibrium equations as

Ry =k — ko
P = —k1u1 + k1u2 + kgblz - k2u3 + k3M2 - k3u4

2.5.47
By = —kouy + kous ( )
Fio = —k3up + kauy
In matrix form, we express Eqgs. (2.5.47) as
Fi. ky —k; 0 0 u
P _ —ky ki +ky +hkys —ky —k3 1753
F3x - 0 _kZ k2 0 s (25 48)
Fyx 0 —k3 0 k3 ||ua

Therefore, the global stiffness matrix is the square, symmetric matrix on the right side of
Eq. (2.5.48). Making use of the boundary conditions, Eqs. (2.5.44), and then considering
the second equation of Egs. (2.5.47) or (2.5.48), we solve for u, as

P

= (2.5.49)
ki + ko + ks

up

We could have obtained this same result by deleting rows 1, 3, and 4 in the {F} and {d}
matrices and rows and columns 1, 3, and 4 in [K], corresponding to zero displacement, as
previously described in Section 2.4, and then solving for u,.

Using Eqgs. (2.5.47), we now solve for the global forces as

F, = —ku By = —kous Fyy = —k3uy (2.5.50)

The forces given by Egs. (2.5.50) can be interpreted as the global reactions in this example.
The negative signs in front of these forces indicate that they are directed to the left (opposite
the x axis).
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2.5 Boundary Conditions

(b) Using the direct stiffness method, we formulate the global stiffness matrix. First, using
Eq. (2.2.18), we express each element stiffness matrix as

U up ur us U Uy
kD] = ki —k k] = ky —ky (kO] = ks —k3 (2.5.51)
—k ki —k» k> —ks ks

where the particular degrees of freedom associated with each element are listed in the col-
umns above each matrix. Using the direct stiffness method as outlined in Section 2.4, we
add terms from each element stiffness matrix into the appropriate corresponding row and
column in the global stiffness matrix to obtain

up u us Uy
ki —k 0 0
T e R (2.5.52)
0 —k kry 0
0 —k3 0 k3

We observe that each element stiffness matrix [k] has been added into the location in the
global [K] corresponding to the identical degree of freedom associated with the element
[k]. For instance, element 3 is associated with degrees of freedom u, and u4; hence its
contributions to [K] are in the 2-2, 2-4, 4-2, and 4—4 locations of [K], as indicated in
Eq. (2.5.52) by the k3 terms.

Having assembled the global [K] by the direct stiffness method, we then formulate the
global equations in the usual manner by making use of the general Eq. (2.3.10),{F} = [K]{d}.
These equations have been previously obtained by Eq. (2.5.48) and therefore are not
repeated.

Another method for handling imposed boundary conditions that allows for either homoge-
neous (zero) or nonhomogeneous (nonzero) prescribed degrees of freedom is called the penalty
method. This method is easy to implement in a computer program.

Consider the simple spring assemblage in Figure 2—15 subjected to applied forces F7, and
F;, as shown. Assume the horizontal displacement at node 1 to be forced to be u; = 6.

We add another spring (often called a boundary element) with a large stiffness &, to the
assemblage in the direction of the nodal displacement #; = § as shown in Figure 2—-16. This
spring stiffness should have a magnitude about 10 times that of the largest k;; term.

[~ ® ©

M Figure 2-15 Spring assemblage used to illustrate the penalty method
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2 | Introduction to the Stiffness (Displacement) Method

M Figure 2-16 Spring assemblage with a boundary spring element added at node 1

Now we add the force k;,6 in the direction of u; and solve the problem in the usual manner as
follows.
The element stiffness matrices are

k] _kl k2 _k2
M7 = 2)7 =
(kD] |:_kl Iq] (k@] l:—kz kz] (2.5.53)

Assembling the element stiffness matrices using the direct stiffness method, we obtain the
global stiffness matrix as
ki thky —k 0

(Kl1=| —ki ki +k —k (2.5.54)
0 —kz k>

Assembling the global { F} = [K]{d} equations and invoking the boundary condition u3 = 0,
we obtain

F, + k,6 ki + kp —ky 0 uj
sz = —k] k[ + kz _k2 U (2555)
F3x O _kz k2 uz — O

Solving the first and second of Egs. (2.5.55), we obtain

— (ki +
= B (klk ka Juz (2.5.56)
K]

and

+ + +
4y = it ke)Foy + Fiuki + kodhy (2.5.57)
kpky + kpky + kiks

Now as k;, approaches infinity, Eq. (2.5.57) simplifies to

_ B, + 6k

2.5.58
ki + ko ( )

u
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2.6 Potential Energy Approach to Derive Spring Element Equations

and Eq. (2.5.56) simplifies to
u =6 (2.5.59)

These results match those obtained by setting #; = 6 initially.

In using the penalty method, a very large element stiffness should be parallel to a degree
of freedom as is the case in the preceding example. If k;, were inclined, or were placed within
a structure, it would contribute to both diagonal and off-diagonal coefficients in the global
stiffness matrix [K]. This condition can lead to numerical difficulties in solving the equations
{F} = [K]{d}. To avoid this condition, we transform the displacements at the inclined support
to local ones as described in Section 3.9.

Potential Energy Approach to Derive Spring
Element Equations

One of the alternative methods often used to derive the element equations and the stiffness
matrix for an element is based on the principle of minimum potential energy. (The use of this
principle in structural mechanics is fully described in Reference [4].) This method has the
advantage of being more general than the method given in Section 2.2, which involves nodal
and element equilibrium equations along with the stress/strain law for the element. Thus the
principle of minimum potential energy is more adaptable to the determination of element
equations for complicated elements (those with large numbers of degrees of freedom) such as
the plane stress/strain element, the axisymmetric stress element, the plate bending element,
and the three-dimensional solid stress element.

Again, we state that the principle of virtual work (Appendix E) is applicable for any
material behavior, whereas the principle of minimum potential energy is applicable only
for elastic materials. However, both principles yield the same element equations for linear-
elastic materials, which are the only kind considered in this text. Moreover, the principle of
minimum potential energy, being included in the general category of variational methods
(as is the principle of virtual work), leads to other variational functions (or functionals)
similar to potential energy that can be formulated for other classes of problems, primarily of
the nonstructural type. These other problems are generally classified as field problems and
include, among others, torsion of a bar, heat transfer (Chapter 13), fluid flow (Chapter 14),
and electric potential (Chapter 14).

Still other classes of problems, for which a variational formulation is not clearly defin-
able, can be formulated by weighted residual methods. We will describe Galerkin’s method
in Section 3.12, along with collocation, least squares, and the subdomain weighted residual
methods in Section 3.13. In Section 3.13, we will also demonstrate these methods by solving
a one-dimensional bar problem using each of the four residual methods and comparing each
result to an exact solution. (For more information on weighted residual methods, also consult
References [5-7].)

Here we present the principle of minimum potential energy as used to derive the spring
element equations. We will illustrate this concept by applying it to the simplest of elements in
hopes that the reader will then be more comfortable when applying it to handle more compli-
cated element types in subsequent chapters.
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FA
F, max [T T T T T T T T,
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Xmax
(a) (b)

M Figure 2-17 (a) Spring subjected to gradually increasing force F (b) Force/deformation
curve for linear spring

The total potential energy 7, of a structure is expressed in terms of displacements.
In the finite element formulation, these will generally be nodal displacements such that
n, = n,(di, da,..., d,). When 7, is minimized with respect to these displacements, equilib-
rium equations result. For the spring element, we will show that the same nodal equilibrium
equations [k]{d} = {f} result as previously derived in Section 2.2.

We first state the principle of minimum potential energy as follows:

Of all the geometrically possible shapes that a body can assume, the true one,
corresponding to the satisfaction of stable equilibrium of the body, is identified by
a minimum value of the total potential energy.

To explain this principle, we must first explain the concepts of potential energy and of a
stationary value of a function. We will now discuss these two concepts.
Total potential energy is defined as the sum of the internal strain energy U and the
potential energy of the external forces Q; that is,

m,=U+Q (2.6.1)

Strain energy is the capacity of internal forces (or stresses) to do work through deformations
(strains) in the structure; € is the capacity of forces such as body forces, surface traction forces,
and applied nodal forces to do work through deformation of the structure.

To understand the concept of internal strain energy, we first describe the concept of exter-
nal work. In this section, we consider only the external work due to an applied nodal force. In
Chapter 3, Section 10, we consider work due to body forces (typically self weight) and surface
tractions (distributed forces). External work is done on a linear-elastic behaving member [here
we consider an elastic spring shown in Figure 2—17(a)] by applying a gradually increasing
magnitude force F'to the end of the spring up to some maximum value Fp,,x less than that which
would cause permanent deformation in the spring. The maximum deformation Xy,,x occurs
when the maximum force occurs as shown in Figure 2—17(b). The external work is given by
the area under the force-deformation curve shown in Figure 2—17(b), where the slope of the
straight line is equal to the spring constant k. The external work W, is then given from basic
mechanics principles as the integral of the dot product of vector force F with the differential
displacement dx. This expression is represented by Eq. (2.6.2) as
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2.6 Potential Energy Approach to Derive Spring Element Equations

W, = [F-dx= jo Fmax(i) dx = FoyaxXonax 2 (2.6.2)

max
where F in Eq. (2.6.2) is given by
F = Fmax (x/xmax) (263)

In Eq. (2.6.2), we note that F and dx are in the same direction when expressing the second
integral on the right side of Eq. (2.6.2).

By the conservation of mechanical energy principle, the external work due to the applied
force F is transformed into the internal strain energy U of the spring. This strain energy is then
given by

W =U= Fmaxxmax/2 (2.6.4)

Upon gradual reduction of the force to zero, the spring returns to its original undeformed state.
This returned energy that is stored in the deformed elastic spring is called internal strain energy
or just strain energy. Also

Frnax = kXmax (2.6.5)

By substituting Eq. (2.6.5) into Eq. (2.6.4), we can express the strain energy as
U = kxtay /2 (2.6.6)
The potential energy of the external force, being opposite in sign from the external work
expression because the potential energy of the external force is lost when the work is done by

the external force, is given by

Q = —FraxXmax (2.6.7)

Therefore, substituting Egs. (2.6.6) and (2.6.7) into (2.6.1), yields the total potential
energy as

kxax = FnaxXmax (2.6.8)

1
ﬂp—E

In general for any deformation x of the spring corresponding to force F, we replace X,
with x and Fp,x with F and express U and Q as
U(x) = kx2/2 (2.6.8a)

Q(x) = —Fx (2.6.8b)
Substituting Eq. (2.6.8a) and (2.6.8b) into Eq. (2.6.1), we express the total potential energy as
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o4

Maximum

Neutral

Minimum

X

M Figure 2-18 Stationary values of a function

1 2
mp(x) = Jha® = Fx (2.6.9)

The concept of a stationary value of a function G (used in the definition of the principle of
minimum potential energy) is shown in Figure 2—18. Here G is expressed as a function of the
variable x. The stationary value can be a maximum, a minimum, or a neutral point of G(x). To
find a value of x yielding a stationary value of G(x), we use differential calculus to differentiate
G with respect to x and set the expression equal to zero, as follows:

L) (2.6.10)

An analogous process will subsequently be used to replace G with 7, and x with discrete
values (nodal displacements) d;. With an understanding of variational calculus (see Reference
[8]), we could use the first variation of 7, (denoted by 67, where 6 denotes arbitrary change
or variation) to minimize 7,. However, we will avoid the details of variational calculus and
show that we can really use the familiar differential calculus to perform the minimization of
7. To apply the principle of minimum potential energy—that is, to minimize 77,—we take the
variation of 1, which is a function of nodal displacements d; defined in general as

om, = %5[11 + Sﬂgdz 4o+ 8&561" (2.6.11)
8d, bd, od

n

The principle states that equilibrium exists when the d; define a structure state such that
or, = 0(change in potential energy = 0) for arbitrary admissible variations in displacement
dd; from the equilibrium state. An admissible variation is one in which the displacement
field still satisfies the boundary conditions and interelement continuity. Figure 2—19(a)
shows the hypothetical actual axial displacement and an admissible one for a spring with
specified boundary displacements u; and u,. Figure 2—19(b) shows inadmissible functions
due to slope discontinuity between endpoints 1 and 2 and due to failure to satisfy the right
end boundary condition of u(L) = u,. Here éu represents the variation in u. In the general
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2.6 Potential Energy Approach to Derive Spring Element Equations

Admissible displacement function, u + du

Actual displacement function, u

L
1 I/\/\/\/\/—2—>x

' (a)

Inadmissible slope discontinuity

Inadmissible—does not satisfy
right end boundary condition

L
I 12 L
(b)
M Figure 2-19 (a) Actual and admissible displacement functions and (b) inadmissible displacement

functions

finite element formulation, 6u would be replaced by 6d;. This implies that any of the 6d;
might be nonzero. Hence, to satisfy o7, = 0, all coefficients associated with the 54, must
be zero independently. Thus,

on, . on
—+ = =1,2,3,..., .
d. (@ n) or o

=0 (2.6.12)

where n equations must be solved for the n values of d; that define the static equilib-
rium state of the structure. Equation (2.6.12) shows that for our purposes throughout this
text, we can interpret the variation of 7, as a compact notation equivalent to differenti-
ation of 7, with respect to the unknown nodal displacements for which 7, is expressed.
For linear-elastic materials in equilibrium, the fact that 7, is a minimum is shown, for
instance, in Reference [4].

Before discussing the formulation of the spring element equations, we now illustrate
the concept of the principle of minimum potential energy by analyzing a single-degree-of-
freedom spring subjected to an applied force, as given in Example 2.4. In this example, we
will show that the equilibrium position of the spring corresponds to the minimum potential
energy.
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2 | Introduction to the Stiffness (Displacement) Method

EXAMPLE 2.4

For the linear-elastic spring subjected to a force of 5000 N shown in Figure 2-20, evaluate
the potential energy for various displacement values and show that the minimum potential
energy also corresponds to the equilibrium position of the spring.

F = 5000 N

n

k = 125 N/mm

7

M Figure 2-20 Spring subjected to force; load/displacement curve

SOLUTION:

We evaluate the total potential energy as

w, =U+Q
1
where U = E(kx)x and Q= —Fx

We now illustrate the minimization of 7, through standard mathematics. Taking the
variation of 7, with respect to x, or, equivalently, taking the derivative of 7, with
respect to x (as 7, is a function of only one displacement x), as in Eqs. (2.6.11) and
(2.6.12), we have

o, = %6;;0

or, because Ox is arbitrary and might not be zero,
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2.6 Potential Energy Approach to Derive Spring Element Equations

Using our previous expression for 77,,, we obtain

9T 125¢ — 5000 = 0
X
or x = 40 mm

This value for x is then back-substituted into 77, to yield
T, = 62.5(40)* — 5000(40) = —100,000 N-mm

which corresponds to the minimum potential energy obtained in Table 2—1 by the follow-
ing searching technique. Here U = 5 (kx)x is the strain energy or the area under the load/

displacement curve shown in Figure 2-20, and Q2 = —Fx is the potential energy of load F.
For the given values of F and k, we then have

T, = l(125)x2 — 5000x = 62.5x% — 5000x
2

‘We now search for the minimum value of 7z, for various values of spring deformation x.
The results are shown in Table 2—1. A plot of 7, versus x is shown in Figure 2-21,

M Table 2-1 Total potential energy for various spring deformations

Deformation Total Potential Energy
X, in. 7,, N-m
-80 800
—60 525
—40 300
-20 125
0.00 0
20 =75
40 -100
60 =75
80 0
100 125
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2 | Introduction to the Stiffness (Displacement) Method

4 7,, N-m

- 800
- 600

- 400

- 200

-80 —40 40 80

M Figure 2-21 Variation of potential energy with spring deformation

where we observe that 77, has a minimum value at x = 40 mm. This deformed position
also corresponds to the equilibrium position because (drr, /dx) = 125(40) — 5000 = 0.
]

We now derive the spring element equations and stiffness matrix using the principle of
minimum potential energy. Consider the linear spring subjected to nodal forces shown in
Figure 2-22. Using Eq. (2.6.9) reveals that the total potential energy is

1
ﬂ:pZEk(MZ —w)? = fiam — foyi (2.6.13)

where uy — u is the deformation of the spring in Eq. (2.6.9). The first term on the right in Eq.
(2.6.13) is the strain energy in the spring. Simplifying Eq. (2.6.13), we obtain

T, = —ku3 — 2uouy + uf) — fixn — foxitn (2.6.14)

N | =

The minimization of 77, with respect to each nodal displacement requires taking partial deriv-
atives of 7, with respect to each nodal displacement such that

‘;ﬂ - %k(—Zuz +2u) — fiy = 0

8”1 1 (2.6.15)
p

= Zk@us — 2u) — for = 0

EP Cuy u) —f
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2.6 Potential Energy Approach to Derive Spring Element Equations

k
LA A A A A 2
fr L fax

M Figure 2-22 Linear spring subjected to nodal forces

Simplifying Egs. (2.6.15), we have

k(_u2 + ul) =f1x

(2.6.16)
k(uz —w) = fox

In matrix form, we express Eq. (2.6.16) as

keo—kjJu | _ )i 2.6.17)
—k k uz f2x
Because {f} =[k1{d}> we have the stiffness matrix for the spring element obtained from
Eq. (2.6.17):
k —k

k= 2.6.18
[k] {_ ) k} (2.6.18)

As expected, Eq. (2.6.18) is identical to the stiffness matrix obtained in Section 2.2, Eq. (2.2.9).
We considered the equilibrium of a single spring element by minimizing the total
potential energy with respect to the nodal displacements (see Example 2.4). We also devel-
oped the finite element spring element equations by minimizing the total potential energy
with respect to the nodal displacements. We now show that the total potential energy of an
entire structure (here an assemblage of spring elements) can be minimized with respect to
each nodal degree of freedom and that this minimization results in the same finite element
equations used for the solution as those obtained by the direct stiffness method.

EXAMPLE 2.5

Obtain the total potential energy of the spring assemblage (Figure 2-23) for Example 2.1
and find its minimum value. The procedure of assembling element equations can then be
seen to be obtained from the minimization of the total potential energy.

7

k; = 200 N/mm , = 400 N/mm k5 = 600 N/mm

M Figure 2-23 Spring assemblage
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2 | Introduction to the Stiffness (Displacement) Method

SOLUTION:
Using Eq. (2.6.8a), the strain energy stored in spring 1 is given by

UD = ky(us — up)?/2 (2.6.19)

where the difference in nodal displacements u3 — u; is the deformation x in spring 1.
Eq. (2.6.19) can be written in matrix form as

1 k1 _kl usz
U = =~ =
2[143 ul]|: ko k H " }

We observe from Eq. (2.6.20) that the strain energy U is a quadratic function of the nodal
displacements.

{a}" [K1{d} (2.6.20)

N | =

Similar strain energy expressions for springs 2 and 3 are given by
U(z) = kz(u4 - u3)2/2 and U(3) = k3(u2 - u4)2/2 (2621)

with similar matrix expressions as given by Eq. (2.6.20) for spring 1.

Since the strain energy is a scalar quantity, we can add the energy in each spring to
obtain the total strain energy in the system as

3 e
U= Zi:] U® (2.6.22)

The potential energy of the external nodal forces given in the order of the node numbering
for the spring assemblage is

Q = —(Fuy + Fyuy + Fyug + Foup) (2.6.23)

Equation (2.6.23) can be expressed in matrix form as

Fi,
B,

Q = —[uy u2 u3 1y ] F2 (2.6.24)
3x

F4x

The total potential of the assemblage is the sum of the strain energy and the potential energy
of the external forces given by adding Egs. (2.6.19), (2.6.21) and (2.6.23) together as

I, =U+Q = %k1(u3 —w)* + %kz(u4 —u3)? + %k3(uz —ug)?

— Fixun — Faxuy — Bz — Fylig (2.6.25)
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Summary Equations

Upon minimizing 7, with respect to each nodal displacement, we obtain

8& = —k1u3 +k1u1 —le =0
8141
3ﬂ =k3u2 —k3u4 _sz =0
8”2 (2.6.26)
9 =kiuz — kjuy — kougy + kous — F5, =0
3”3
I7)
ﬂ = k2u4 - k2u3 - k3u2 + k3u4 - F4x =0
<9u4
In matrix form, Egs. (2.6.26) become
ky 0 —k; 0 u A,
0 k3 0 _k3 uy | sz
_k1 0 kl + kz _kz usz F3x (2627)
0 —k;3 —k» ky + k3 || Ua Fyx
Substituting numerical values for kj, k», and k3 into Eq. (2.6.27), we obtain
200 0 —200 0 u F.
0 600 0 —600 | juz | | Fox
—200 0 6000 —400 ||u3 F3x (2.6.28)
0 —600 —400 1000 | | ug Fy,

Equation (2.6.28) is identical to Eq. (2.5.18), which was obtained through the direct stiff-
ness method as described in Section 2.4. Hence the assembled equations using the principle
of minimum potential energy result in the same equations obtained by the direct stiffness
assembly method.

SUMMARY EQUATIONS

Definition of an element stiffness matrix:
{r} = 1ki{d} @2.1.1)
Definition of global or total stiffness matrix for a structure:

{F} =[KHd} (2.1.2)
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2 | Introduction to the Stiffness (Displacement) Method

Basic matrix equation relating nodal forces to nodal displacement for spring element:

S| |k —k||m
{fzx}_{—k kHuz} (2.2.10)

Stiffness matrix for linear spring element:
[k] = [_k k } (2.2.11)

Global equations for a spring assemblage:

[F1=[K){d} (2.2.13)
Total potential energy:
T, =U+Q (2.6.1)
For a system of springs:
1
U= E{d}T (K1{d} (2.6.20)
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PROBLEMS

2.1 a. Obtain the global stiffness matrix [K] of the assemblage shown in Figure P21 by
superimposing the stiffness matrices of the individual springs. Here &y, k;, and k3
are the stiffnesses of the springs as shown.
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Problems

b. If nodes 1 and 2 are fixed and a force P acts on node 4 in the positive x direction,
find an expression for the displacements of nodes 3 and 4.

c. Determine the reaction forces at nodes 1 and 2.
(Hint: Do this problem by writing the nodal equilibrium equations and then making
use of the force/displacement relationships for each element as done in the first part
of Section 2.4. Then solve the problem by the direct stiffness method.)

W Figure P2-1

2.2 For the spring assemblage shown in Figure P2-2, determine the displacement at
node 2 and the forces in each spring element. Also determine the force F;. Given:
Node 3 displaces an amount 6 = 20 mm in the positive x direction because of the
force F5 and k; = ko = 100 N/mm.

— 5 |

M Figure P2-2

2.3 a. For the spring assemblage shown in Figure P2-3, obtain the global stiffness matrix
by direct superposition.
b. If nodes 1 and 5 are fixed and a force P is applied at node 3, determine the nodal
displacements.
¢. Determine the reactions at the fixed nodes 1 and 5.

M Figure P2-3

24 Solve Problem 2.3 with P = 0 (no force applied at node 3) and with node 5 given
a fixed, known displacement of & as shown in Figure P2—4.

M Figure P24
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2 | Introduction to the Stiffness (Displacement) Method

2.5 For the spring assemblage shown in Figure P2-5, obtain the global stiffness
matrix by the direct stiffness method. Let k' = 200 N/mm, £ = 400 N/mm,
k3 = 600 N/mm, k® = 800 N/mm, and k® = 1000 N/mm.

g
ONAAAANAD

1 O NN IL L, .
O—/\/\/\/\/\/\/\O
35 9 oz

W Figure P2-5

2.6 For the spring assemblage in Figure P2-5, apply a concentrated force of 10,000 N
at node 2 in the positive x direction and determine the displacements at nodes 2 and
4.

2.7 Instead of assuming a tension element as in Figure P2-3, now assume a compres-
sion element. That is, apply compressive forces to the spring element and derive the
stiffness matrix.

2.8-2.16 For the spring assemblages shown in Figures P2—-8 through P2-16, determine the
nodal displacements, the forces in each element, and the reactions. Use the direct
stiffness method for all problems.

k=100kN/m & =100 kN/m

2.5kN

H Figure P2-8

k=200 kN/m
S5kN

k= 200kN/m k=200 kN/m

20 kN

M Figure P2-9

k=100 kN/m

Rigid bar — ]

M Figure P2-10

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




Problems

1000 N/m ; 3000N/m3

-

8 = 20mm
M Figure P2-11

10,000 N/m 30,000 N/m 10,000 N/m
450 N

M Figure P2-12

2 60 kN/m 60 kN/m SKN 60 kN/m 60 kN/m
! 3 XNV 3 Xy

M Figure P2-13

) 4000 N/m 100 N 4000 N/m 200 N

2 kN

1000 kN/m

2 kN

H Figure P2-16

2.17 For the five-spring assemblage shown in Figure P2—17, determine the displacements
at nodes 2 and 3 and the reactions at nodes 1 and 4. Assume the rigid vertical bars
at nodes 2 and 3 connecting the springs remain horizontal at all times but are free
to slide or displace left or right. There is an applied force at node 3 of 1000 N to the
right.
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2 | Introduction to the Stiffness (Displacement) Method

M Figure P2-17

Let kM = 500 N/mm, k?® = k® = 300 N/mm, and k¥ = k® = 400 N/mm.

2.18 Use the principle of minimum potential energy developed in Section 2.6 to solve
the spring problems shown in Figure P2—18. That is, plot the total potential energy
for variations in the displacement of the free end of the spring to determine the
minimum potential energy. Observe that the displacement that yields the minimum
potential energy also yields the stable equilibrium position.

5000 N
k = 200 kN/m
5000 N

(a) (b)

\ ~

k = 2000 N/mm k = 400 N/mm

400 kg 100 kg

(c) )
H Figure P2-18

2.19 Reverse the direction of the load in Example 2.4 and recalculate the total potential

energy. Then use this value to obtain the equilibrium value of displacement.
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Problems

2.20  Thenonlinear spring in Figure P2-20 has the force/deformation relationship f = k&2
Express the total potential energy of the spring, and use this potential energy to
obtain the equilibrium value of displacement.

“Z

k = 250 N/mm

2500 N

M Figure P2-20

2.21-2.22  Solve Problems 2.10 and 2.15 by the potential energy approach (see Example 2.5).

2.23 Resistor type elements are often used in electrical circuits. Consider the typical
resistor element shown in Figure P2-23 with nodes 1 and 2. One form of Ohm’s
law says that the potential voltage difference across two points is equal to the
current / through the conductor times the resistance R between the two points.
In equation form, V = IR where I denotes the current in units of amperes (amps)
and V is the potential or voltage drop in units of volts (V) across the conductor
of resistance R in units of ohms (). Use the method in Section 2.2 to derive the
“stiffness” matrix relating potential drop to current at the nodes shown as

il _ 1 -1 I _
{ W }—R[ 11 H I, } or  {V}=I[K|{I}

R
1y, Vé/\/\/\ézv Va

H Figure P2-23
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CHAPTER

Development of Truss
Equations

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:

m Derive the stiffness matrix for a bar element.
[llustrate how to solve a bar assemblage by the direct stiffness method.
Introduce guidelines for selecting displacement functions.

Describe the concept of transformation of vectors in two different coordinate
systems in the plane.

Derive the stiffness matrix for a bar arbitrarily oriented in the plane.
Demonstrate how to compute stress for a bar in the plane.
Show how to solve a plane truss problem.

Develop the transformation matrix in three-dimensional space and show how to use
it to derive the stiffness matrix for a bar arbitrarily oriented in space.

Demonstrate the solution of space trusses.

Define symmetry and describe the use of symmetry to solve a problem.
Introduce and solve problems with inclined supports.

Derive the bar equations using the theorem of minimum potential energy.
Compare the finite element solution to an exact solution for a bar.

Introduce Galerkin’s residual method to derive the bar element stiffness matrix and
equations.

Introduce other residual methods and their application to the one-dimensional bar.

Create a flow chart of a finite element computer program for truss analysis and
describe a step-by-step solution from a commercial program.

Introduction

Having set forth the foundation on which the direct stiffness method is based, we will now
derive the stiffness matrix for a linear-elastic bar (or truss) element using the general steps
outlined in Chapter 1. We will include the introduction of both a local coordinate system,
chosen with the element in mind, and a global or reference coordinate system, chosen to be
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3.1 Derivation of the Stiffness Matrix for a Bar Element in Local Coordinates

convenient (for numerical purposes) with respect to the overall structure. We will also discuss
the transformation of a vector from the local coordinate system to the global coordinate system,
using the concept of transformation matrices to express the stiffness matrix of an arbitrarily
oriented bar element in terms of the global system. We will solve three example plane truss
problems (see Figure 3—1 for a typical railroad trestle plane truss and a lift bridge truss over the
Illinois River) to illustrate the procedure of establishing the total stiffness matrix and equations
for solution of a structure.

Next we extend the stiffness method to include space trusses. We will develop the trans-
formation matrix in three-dimensional space and analyze two space trusses. Then we describe
the concept of symmetry and its use to reduce the size of a problem and facilitate its solution.
We will use an example truss problem to illustrate the concept and then describe how to handle
inclined, or skewed, supports.

We will then use the principle of minimum potential energy and apply it to rederive the
bar element equations. We then compare a finite element solution to an exact solution for
a bar subjected to a linear varying distributed load. We will introduce Galerkin’s residual
method and then apply it to derive the bar element equations. Finally, we will introduce other
common residual methods—collocation, subdomain, and least squares—to merely expose
you to them. We illustrate these methods by solving a problem of a bar subjected to a linear
varying load.

Derivation of the Stiffness Matrix for a Bar Element
in Local Coordinates

We will now consider the derivation of the stiffness matrix for the linear-elastic, constant
cross-sectional area (prismatic) bar element shown in Figure 3-2. The derivation here will
be directly applicable to the solution of pin-connected trusses. The bar is subjected to tensile
forces T directed along the local axis of the bar and applied at nodes 1 and 2.

The bar element is assumed to have constant cross-sectional area A, modulus of elasticity
E, and initial length L. The nodal degrees of freedom are local axial displacements (longitudinal
displacements directed along the length of the bar) represented by u; and u, at the ends of the
element as shown in Figure 3-2.

From Hooke’s law [Eq. (3.1.1)] and the strain/displacement relationship [Eq. (3.1.2) or
Eq. (1.4.1)], we write

oy =Ee&, 3.1.1)
du
& = — 3.1.2
I ( )
From force equilibrium, we have
Ao, =T = constant (3.1.3)

for a bar with loads applied only at the ends. (We will consider distributed loading in
Section 3.10.) Using Eq. (3.1.2) in Eq. (3.1.1) and then Eq. (3.1.1) in Eq. (3.1.3) and
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3 | Development of Truss Equations

(b)

m Figure 3-1 (a) A typical railroad trestle plane truss By Daryl L. Logan; (b) lift bridge truss
over the Illinois River (By Daryl L. Logan)
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3.1 Derivation of the Stiffness Matrix for a Bar Element in Local Coordinates

F—xu
1 L 2

T <— f—T
b up. fix 13, o«

m Figure 3-2 Bar subjected to tensile forces T; positive nodal displacements and forces are
all in the local x direction

differentiating with respect to x, we obtain the differential equation governing the linear-elastic
bar behavior as

i(AE@) =0 3.1.4)
dx dx

where u is the axial displacement function along the element in the x direction and A and E are
written as though they were functions of x in the general form of the differential equation, even
though A and E will be assumed constant over the whole length of the bar in our derivations to
follow.

The following assumptions are used in deriving the bar element stiffness matrix:

1. The bar cannot sustain shear force or bending moment, that is,
ﬁy = O,fzy = O,m1 = Oandmg =0.
2. Any effect of transverse displacement is ignored.
Hooke’s law applies; that is, axial stress oy is related to axial strain &, by o, = E¢,.
4. No intermediate applied loads.

w

The steps previously outlined in Chapter 1 are now used to derive the stiffness matrix for
the bar element and then to illustrate a complete solution for a bar assemblage.

Step 1 Select the Element Type

Represent the bar by labeling nodes at each end and in general by labeling the element number
(Figure 3-2).

As in deriving the spring element stiffness matrix, step 2 can be skipped at this time in
deriving the one-dimensional bar element stiffness matrix. To facilitate the derivation, we can
proceed directly to step 3

Step 3 Define the Strain/Displacement and Stress/Strain Relationships
The strain/displacement relationship is
gy = ——1 (3.1.5)

and the stress/strain relationship by Hooke’s law is

o, = Ee, (3.1.6)

Step 4 Derive the Element Stiffness Matrix and Equations
The element stiffness matrix is derived as follows. From elementary mechanics, we have

T =Ao, (3.1.7)
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3 | Development of Truss Equations

Now, using Egs. (3.1.5) and (3.1.6) in Eq. (3.1.7), we obtain

T=AE(“2_MIJ 318
7 (3.1.8)

Also, by the nodal force sign convention of Figure 3-2,

Jix =T (3.1.9)
When we substitute Eq. (3.1.8), Eq. (3.1.9) becomes
—AE
Six = (2 — w) (3.1.10)
L
Similarly,
fox =T (3.1.11)
or, by Eq. (3.1.8), Eq. (3.1.11) becomes
AE
fox = T(uz = ur) (3.1.12)

Expressing Egs. (3.1.10) and (3.1.12) together in matrix form, we have

fix | _AE| 1 —1||m
{fzx}_T{—l lHuz} (3.1.13)

Now, because { f} = [k]{d}, we have, from Eq. (3.1.13),

_AE[ 1 -1
k1= — {_1 J (3.1.14)

Equation (3.1.14) represents the stiffness matrix for a bar element in local coordinates.
In Eq. (3.1.14), AE/L for a bar element is analogous to the spring constant & for a spring element.

Step 5 Assemble Element Equations to Obtain Global or Total Equations

Assemble the global stiffness and force matrices and global equations using the direct stiffness
method described in Chapter 2 (see Section 3.6 for an example truss). This step applies for
structures composed of more than one element such that (again)

N N
[K]= Y.[k©] and {F}= Y{f“} (3.1.15)
e=1 e=1
where now all local element stiffness matrices [k(¢)] must be transformed to global element
stiffness matrices [k] (unless the local axes coincide with the global axes) before the direct
stiffness method is applied as indicated by Eq. (3.1.15). (This concept of coordinate and stiff-
ness matrix transformations is described in Sections 3.3 and 3.4.)

Step 6 Solve for the Nodal Displacements

Determine the displacements by imposing boundary conditions and simultaneously solving a
system of equations, {F} = [K]{d}.
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3.1 Derivation of the Stiffness Matrix for a Bar Element in Local Coordinates

Step 7 Solve for the Element Forces

Finally, determine the strains and stresses in each element by back-substitution of the displace-
ments into equations similar to Eqs. (3.1.5) and (3.1.6).
We will now illustrate a solution for a one-dimensional bar problem.

EXAMPLE 3.1

For the three-bar assemblage shown in Figure 3-3 determine (a) the global stiffness matrix,
(b) the displacements of nodes 2 and 3, and (c) the reactions at nodes 1 and 4. A force of
15,000 N is applied in the x direction at node 2. The length of each element is 0.6 m. Let
E=20X10"Paand A = 6 X 10~*m?2 forelements 1 and 2, and let E = 1 X 10'! Pa and
A =12 X 10™#m? for element 3. Nodes 1 and 4 are fixed.

15000 N

2 © 2]/ ® 3 @ .
O.6m—+—0.6m~+—0.6m%
%

4 1.8 m
M Figure 3-3 Three-bar assemblage
SOLUTION:
(a) Using Eq. (3.1.14), we find that the element stiffness matrices are
20
2 3@
X 10™)(2 x 10" - -
(k) = (o = ©XIODCXTODT T =1y s | 1 =1 N5 4
0.6 -1 1 -1 1| m
3 4
—4 11 _ _
[k(B)]z(IZXIO XAX10H) | 1 —1 — % 108 1 —-1|N
0.6 -1 1 -1 1|m

where, again, the numbers above the matrices in Eqgs. (3.1.16) indicate the displacements
associated with each matrix. Assembling the element stiffness matrices by the direct stiff-
ness method, we obtain the global stiffness matrix as

u us U3 Uy
1 -1 0 0

[K]=2 X108 -1 1+1 -1 0| N (3.1.17)
0 -1 1+41 —-1|m
0 —1 1

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



3 | Development of Truss Equations

(b) Equation (3.1.17) relates global nodal forces to global nodal displacements as follows:

Fix 1 -1 0 Of|u
By -1 2 -1 0w
=2 X108 3.1.18
F, 0 —1 2 —1||us ( )
Fiy 0 0 -1 1 Uy
Invoking the boundary conditions, we have
uy =0 us =0 (3.1.19)

Using the boundary conditions, substituting known applied global forces into Eq. (3.1.18),
and partitioning equations 1 and 4 of Eq. (3.1.18), we solve equations 2 and 3 of Eq. (3.1.18)

to obtain
15000 2 —1||u2
=2 X 108 1.2

Solving Eq. (3.1.20) simultaneously for the displacements yields
w =5 X 10°m=0.05mm u3 =2.5 x 10 m=0.025 mm (3.1.21)

(¢) Back-substituting Egs. (3.1.19) and (3.1.21) into Eq. (3.1.18), we obtain the global nodal
forces, which include the reactions at nodes 1 and 4, as follows:

Fi, =2 X108 —up) =2 X 10%(0 — 5 X 107) = —10,000 N

Foy =2 X 108(—u; + 2up —uz) =2 X 103[0 + 2(5 X 107) — 2.5 X 107°] = 15,000 N
Fy, =2X108(—up + 2u3 —uy) =2 X 108[—5 X 10 +2(25 X 10°) - 0] =0

Fie =2 X 103(—uz + ug) =2 X 108(—2.5 X 107> + 0) = —5000 N (3.1.22)
The results of Egs. (3.1.22) show that the sum of the reactions F, and F; is equal in magnitude
but opposite in direction to the applied nodal force of 15,000 N at node 2. Equilibrium of
the bar assemblage is thus verified. Furthermore, Eqs. (3.1.22) show that />, = 15,000 N
and F3, = 0 are merely the applied nodal forces at nodes 2 and 3, respectively, which further

enhances the validity of our solution.

5P selecting a Displacement Function in Step 2
of the Derivation of Stiffness Matrix for the
One-Dimensional Bar Element

Consider the following guidelines, as they relate to the one-dimensional bar element, when
selecting a displacement function. (Further discussion regarding selection of displacement func-
tions and other kinds of approximation functions (such as temperature functions) will be pro-
vided in Chapter 4 for the beam element, in Chapter 6 for the constant-strain triangular element,
in Chapter 8 for the linear-strain triangular element, in Chapter 9 for the axisymmetric element,
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3.2 Selecting a Displacement Function in Step 2 of the Derivation of Stiffness Matrix

in Chapter 10 for the three-noded bar element and the plane quadrilateral element, in Chapter
11 for the three-dimensional stress element, in Chapter 12 for the plate bending element, and in
Chapter 13 for the heat transfer problem. More information is also provided in References [1-3].

Guidelines for Selecting Displacement Functions

1. We must choose in advance the mathematical function to represent the deformed shape of the
bar element under loading. Because it is difficult, if not impossible at times, to obtain a closed
form or exact solution, we assume a solution shape or distribution of displacement within the
element by using an appropriate mathematical function. The most common functions used are
polynomials.

Because the bar element resists axial loading only with the local degrees of freedom for
the element being displacement u; and u; along the x direction, we choose a displacement func-
tion u to represent the axial displacement throughout the element. Here a linear displacement
variation along the x axis of the bar is assumed [Figure 3—4(b)], because a linear function with
specified endpoints has a unique path. Therefore,

u=a +ax 3.2.1)

In general, the total number of coefficients a is equal to the total number of degrees of freedom
associated with the element. Here the total number of degrees of freedom is two—an axial
displacement at each of the two nodes of the element. In matrix form, Eq. (3.2.1) becomes

a

u=1[1 x] 4 (3.2.2)

2

‘We now want to express u as a function of the nodal displacements u; and u,, as this will allow
us to apply the physical boundary conditions on nodal displacements directly as indicated in

1 L 2

@

u=a +ayx

“ "
®)
1 oM=1-7
© ’
I 1
‘ @

M Figure 3-4 (a) Bar element showing plots of (b) displacement function u and shape
functions, (c) My and, (d) N, over domain of element
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3 | Development of Truss Equations

step 3 and to then relate the nodal displacements to the nodal forces in step 4. We achieve this
by evaluating u at each node and solving for @; and a, from Eq. (3.2.1) as follows:

u0) =u =a (3.2.3)
u(L) =ur, = aL + uy (3.2.4)
or, solving Eq. (3.2.4) for a,
U — U
= - 3.2.5
as I ( )

Upon substituting Egs. (3.2.3) and (3.2.5) into Eq. (3.2.1), we have
u= (”ZT_”‘);C + (3.2.6)

In matrix form, we express Eq. (3.2.6) as

X u
Z} {Mz} 3.2.7)

or

uj
u = [N1 Ng]{uz} (328)

Here

N1=1—£ and N2=£
L L

3.2.9)
are called the shape functions because the N;’s express the shape of the assumed displacement
function over the domain (x coordinate) of the element when the ith element degree of freedom
has unit value and all other degrees of freedom are zero. In this case, Ny and N, are linear func-
tions that have the properties that Ny = 1 at node 1 and N; = 0 at node 2, whereas N, = 1 at
node 2 and N, = 0 atnode 1. See Figure 3—4(c) and (d) for plots of these shape functions over
the domain of the spring element. Also, N + N, = 1 for any axial coordinate along the bar.
The significance of the shape functions summing to one is described more fully under
Guideline 4. In addition, the N;’s are often called interpolation functions because we are
interpolating to find the value of a function between given nodal values. The interpolation
function may be different from the actual function except at the endpoints or nodes, where the
interpolating function and actual function must be equal to specified nodal values.

2. The approximation function should be continuous within the bar element. The simple linear
function for u of Eq. (3.2.1) certainly is continuous within the element. Therefore, the linear
function yields continuous values of u within the element and prevents openings, overlaps, and
jumps because of the continuous and smooth variation in u (Figure 3-5).
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3.2 Selecting a Displacement Function in Step 2 of the Derivation of Stiffness Matrix

Uz — Uy
u? = —— x+u,

m Figure 3-5 Interelement continuity of a two-bar structure

3. The approximating function should provide interelement continuity for all degrees of free-
dom at each node for discrete line elements and along common boundary lines and surfaces
for two- and three-dimensional elements. For the bar element, we must ensure that nodes
common to two or more elements remain common to these elements upon deformation and
thus prevent overlaps or voids between elements. For example, consider the two-bar structure
shown in Figure 3-5. For the two-bar structure, the linear function for u [Eq. (3.2.1)] within
each element will ensure that elements 1 and 2 remain connected; the displacement at node 2
for element 1 will equal the displacement at the same node 2 for element 2; that is, ug) = uéz).
This rule was also illustrated by Eq. (2.3.3). The linear function is then called a conforming, or
compatible, function for the bar element because it ensures the satisfaction both of continuity
between adjacent elements and of continuity within the element.

In general, the symbol C” is used to describe the continuity of a piecewise field (such as
axial displacement), where the superscript m indicates the degree of derivative that is interele-
ment continuous. A field is then C° continuous if the function itself is interelement continuous.
For instance, for the field variable being the axial displacement illustrated in Figure 3-5, the dis-
placement is continuous across the common node 2. Hence the displacement field is said to be
CY continuous. Bar elements, plane elements (see Chapter 7), and solid elements (Chapter 11)
are C elements in that they enforce displacement continuity across the common boundaries.

If the function has both its field variable and its first derivative continuous across the
common boundary, then the field variable is said to be C' continuous. We will later see that
the beam (see Chapter 4) and plate (see Chapter 12) elements are C! continuous. That is, they
enforce both displacement and slope continuity across common boundaries.

4. The approximation function should allow for rigid-body displacement and for a state of
constant strain within the element. The one-dimensional displacement function [Eq. (3.2.1)]
satisfies these criteria because the a; term allows for rigid-body motion (constant motion of the
body without straining) and the a,x term allows for constant strain because &, = du/dx = a,
is a constant. (This state of constant strain in the element can, in fact, occur if elements are
chosen small enough.) The simple polynomial Eq. (3.2.1) satisfying this fourth guideline is
then said to be complete for the bar element.

This idea of completeness also means in general that the lower-order term cannot be omitted
in favor of the higher-order term. For the simple linear function, this means a; cannot be omitted
while keeping a,x. Completeness of a function is a necessary condition for convergence to the
exact answer, for instance, for displacements and stresses (Figure 3—6) (see Reference [3]). Figure
3—6 illustrates monotonic convergence toward an exact solution for displacement as the number
of elements in a finite element solution is increased. Monotonic convergence is then the process in
which successive approximation solutions (finite element solutions) approach the exact solution
consistently without changing sign or direction.
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Exact solution —¢

Number of elements

Displacement

Convergence to
exact solution

m Figure 3-6 Convergence to the exact solution for displacement as the number of elements
of a finite element solution is increased

The idea that the interpolation (approximation) function must allow for a rigid-body
displacement means that the function must be capable of yielding a constant value (say, a;),
because such a value can, in fact, occur. Therefore, we must consider the case

u=a (3.2.10)

For u = a; requires nodal displacements u; = u, to obtain a rigid-body displacement.
Therefore

a =u; = up (3.2.11)
Using Eq. (3.2.11) in Eq. (3.2.8), we have
u = Ny + Noup = (Ny + Ny)ay (3.2.12)
From Egs. (3.2.10) and (3.2.12), we then have
u=a = (N +Nya (3.2.13)
Therefore, by Eq. (3.2.13), we obtain
Ny + N, =1 (3.2.14)

Thus Eq. (3.2.14) shows that the displacement interpolation functions must add to unity at every
point within the element so that u will yield a constant value when a rigid-body displacement
occurs.

BEED Transformation of Vectors in Two Dimensions

In many problems it is convenient to introduce both local (x” — y”) and global (or reference)
(x — y) coordinates. Local coordinates are always chosen to represent the individual element
conveniently. Global coordinates are chosen to be convenient for the whole structure.

Given the nodal displacement of an element, represented by the vector d in Figure 3—7, we
want to relate the components of this vector in one coordinate system to components in another.
For general purposes, we will assume in this section that d is not coincident with either the local or
the global axis. In this case, we want to relate global displacement components to local ones. In so
doing, we will develop a transformation matrix that will subsequently be used to develop the global
stiffness matrix for a bar element. We define the angle 6 to be positive when measured counterclock-
wise from x to x”. We can express vector displacement d in both global and local coordinates by

d=ui +vj=ui' +V'j 3.3.1)
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3.3 Transformation of Vectors in Two Dimensions

1%

0

-

W Figure 3-7 General displacement vector d in two dimensions

where i and j are unit vectors in the x and y global directions and i’ and j" are unit vectors
in the x” and y’ local directions. From Figure 3-7, we have the following vectors in terms of
reference letters as

it =0A,v =AB,u =0C,v =CB (33.2)
From Figure 3-7, we can observe by vector addition along the x" axis, the relationship
OC = 0D + DC (3.3.3)
Using standard trigonometric relations in Figure 3—7 and use of Eq. (3.3.2), we obtain
OD = OAcosf = iicosf and DC = AE = vsinf (3.3.4)
Using Eq. (3.3.2) for u" and Eq. (3.3.4) in Eq. (3.3.3), we have
' =ucosf + vsinf (3.3.5)
In a similar fashion, by vector addition in the y’ direction of Figure 37, we have
CB = —AD + BE (3.3.6)
Again using standard trigonometric relations in Figure 3—7 and use of Eq. (3.3.2), we have
AD = OAsin® = i sinf and BE = AB cos = v cosf (3.3.7)
Now using Eq. (3.3.2) for v’ and Eq. (3.3.7) in Eq. (3.3.6), we obtain
v/ = —usinf + vcos6 (3.3.8)

Expressing Eqgs. (3.3.5) and (3.3.8) together in matrix form, we get

HE R -

where C = cosf and § = sin6.
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3 | Development of Truss Equations

Equation (3.3.9) relates the global displacement matrix {d} to the local displacement {d’} as
{d'} = [T|{d} (3.3.10)

where

{d}:{g}, {m}:{zj}, [T]=[_§ g} 33D

The matrix [7] is called the transformation (or rotation) matrix. For an additional description
of this matrix, see Appendix A. It will be used in Section 3.4 to develop the global stiffness
matrix for an arbitrarily oriented bar element and to transform global nodal displacements and
forces to local ones.

EXAMPLE 3.2

The global nodal displacements at node 2 have been determined to be u, = 2.5 mm and
vy = 5 mm for the bar element shown in Figure 3—8. Determine the local x displacement

at node 2.
y x
2
60°
1 X

W Figure 3-8 Bar element with local axis x” acting along the element

SOLUTION:
Using Eq. (3.3.5), we obtain

uy = (cos60°)(2.5) + (sin60°)(5) = 5.58 mm

Global Stiffness Matrix for Bar Arbitrarily Oriented in
the Plane

We now consider a bar inclined at an angle 6 from the global x axis identified by the local axis
x” directed from node 1 to node 2 along the direction of the bar, as shown in Figure 3-9. Here
positive angle 6 is taken counterclockwise from x to x’.
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3.4 Global Stiffness Matrix for Bar Arbitrarily Oriented in the Plane

»,v

U, fax

2

Ut S

W Figure 3-9 Bar element arbitrarily oriented in the global x — y plane

We now use Eq. (3.1.13) where a prime notation is used to denote the local element stift-
ness matrix {k’} which relates the local coordinate nodal forces { '} to local nodal displace-
ments {d’} as shown by Eq. (3.4.1).

i =A—E{ ! _1} & (3.4.1)
e L [—1 1],
or
{r} =1k1{a’} (3.4.2)

We now want to relate the global element nodal forces {f} to the global nodal displacements
{d} for a bar element arbitrarily oriented with respect to the global axes as shown in Figure 3-9.
This relationship will yield the global stiffness matrix [k] of the element. That is, we want to
find a matrix [k] such that

flx up
fly %1

=k 343
o (k] 0 (3.4.3)
f2y V2

or, in simplified matrix form, Eq. (3.4.3) becomes

{f} =k1{d} (3.4.4)

We observe from Eq. (3.4.3) that a total of four components of force and four of displacement
arise when global coordinates are used. However, a total of two components of force and two
of displacement appear for the local-coordinate representation of a spring or a bar, as shown
by Eq. (3.4.1). By using relationships between local and global force components and between
local and global displacement components, we will be able to obtain the global stiffness matrix.
We know from transformation relationship Eq. (3.3.5) that

u{ = ujcosf + v;sinf

) (3.4.5)
w5 = urcosf + v, sinf
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3 | Development of Truss Equations

In matrix form, Egs. (3.4.5) can be written as

uj
uf C S 0 0w
= (3.4.6)
ué |:0 0o C S:| up
V2
or as
{a'} =T {d} (3.4.7)
where
cC S 0 0
T*] = 3.4.8
s {0 § 0 S} (348)

Similarly, because forces transform in the same manner as displacements, we replace local and
global displacements in Eq. (3.4.6) with local and global forces and obtain

Jix
fie| _ {c S0 0} Jiy (3.4.9)
#, 0 0 C S||fu
Jay
Similar to Eq. (3.4.7), we can write Eq. (3.4.9) as
{r}=[11{r} (3.4.10)
Now, substituting Eq. (3.4.7) into Eq. (3.4.2), we obtain
{r} =T {d} (3.4.11)
and using Eq. (3.4.10) in Eq. (3.4.11) yields
(T*1{f} = [K'IT*{d} (3.4.12)

However, to write the final expression relating global nodal forces to global nodal displace-
ments for an element, we must invert [7"] in Eq. (3.4.12). This is not immediately possible
because [T*] is not a square matrix. Therefore, we must expand {d’}, { f ’}, and [k’] to the order
that is consistent with the use of global coordinates even though f{, and v5, are zero. Using
Eq. (3.3.9) for each nodal displacement, we thus obtain

ui cC S 0 0of|m
vi -S C 0 0||wn

- 3.4.13
uh 00 C S|lw ( )
Vb 0 0 =S Cl|wn
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3.4 Global Stiffness Matrix for Bar Arbitrarily Oriented in the Plane

or {d'} =[T1{d} (3.4.14)
where c s 0 0
=S C 0 O

T] = 3.4.15

7] 0O 0 C S§ ( )
0O 0 -8 C

Similarly, we can write

{rt=1m{r} (3.4.16)

because forces are like displacements—both are vectors. Also, [k’] must be expanded to a
4 X 4 matrix. Therefore, Eq. (3.4.1) in expanded form becomes

Jis 10 -1 0]|"
fiy| _AE| 0 0 0 0]V (3.4.17)
#, L{=10 10|y
00 00
Jay V3

In Eq. (3.4.17), because f{, and f3, are zero, rows of zeros corresponding to the row numbers
fiy and f3, appear in [k’]. Now, using Eqs. (3.4.14) and (3.4.16) in Eq. (3.4.2), we obtain

[THf} = KT} (3.4.18)

Equation (3.4.18) is Eq. (3.4.12) expanded. Premultiplying both sides of Eq. (3.4.18) by [T]"',
we have

{r} =T ' [K1[T){d} (3.4.19)
where [T]_1 is the inverse of [T]. However, it can be shown (see Problem 3.28) that
(71" = (1] (3.4.20)

where [T]T is the transpose of [T]. The property of square matrices such as [7T] given by
Eq. (3.4.20) defines [7] to be an orthogonal matrix. For more about orthogonal matrices,
see Appendix A. The transformation matrix [7] between rectangular coordinate frames is
orthogonal. This property of [7] is used throughout this text. Substituting Eq. (3.4.20) into
Eq. (3.4.19), we obtain

{f} = [TV KT {d} (3.4.21)
Equating Egs. (3.4.4) and (3.4.21), we obtain the global stiffness matrix for an element as
[k] = [T]" [K][T] (3.4.22)

Substituting Eq. (3.4.15) for [T] and the expanded form of [k’] given in Eq. (3.4.17) into
Eq. (3.4.22), we obtain [k] given in explicit form by
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3 | Development of Truss Equations

> ¢S —C* —CS
2 _ _ Q2

] = 48 §7 €8 =S (3.4.23)
L c cs

Symmetry 52

Equation (3.4.23) is the explicit stiffness matrix for a bar arbitrarily oriented in the x — y plane.

Now, because the trial displacement function Eq. (3.2.6) and Figure 3-5 was assumed
piece-wise-continuous element by element, the stiffness matrix for each element can be
summed by using the direct stiffness method to obtain

i[k@] = [K] (3.4.24)
e=1

where [K] is the total stiffness matrix and N is the total number of elements. Similarly, each
element global nodal force matrix can be summed such that

N
N (@) ={F} (3.4.25)

e=1

[K] now relates the global nodal forces {F'} to the global nodal displacements {d} for the
whole structure by

{F} = [K|{d} (3.4.26)

EXAMPLE 3.3

For the bar element shown in Figure 3—10, evaluate the global stiffness matrix with respect
to the x — y coordinate system. Let the bar’s cross-sectional area equal 6 X 10™* m?, length
equal 1.2 m, and modulus of elasticity equal 2 X 10'! Pa. The angle the bar makes with the
x axis is 30°.

30°

X

m Figure 3-10 Bar element for stiffness matrix evaluation

SOLUTION:

To evaluate the global stiffness matrix [£] for a bar, we use Eq. (3.4.23) with angle 6 defined
to be positive when measured counterclockwise from x to x'. Therefore,
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3.5 Computation of Stress for a Bar in the x— y Plane

0 = 30° C = cos30° = ? S = sin30° = %

33 3 3
4 4 4 4
1 -3 -1
X —4 X 11 - _
k= O X0 4 4 4 | N (3.427)
1.2 é ﬁ
4 4
Symmet; l
i y ry 4
Simplifying Eq. (3.4.27), we have
0.75 0433 —-0.75 —0.433
0.25 —-0433 —-0.25
[k] =108 N (3.4.28)

0.75 0433 | m
Symmetry 0.25

EXD computation of Stress for a Bar in the x — y Plane

‘We will now consider the determination of the stress in a bar element. For a bar, the local forces
are related to the local displacements by Eq. (3.4.1) or Eq. (3.4.17). This equation is repeated
here for convenience.

i =A—E{_1 _1} . (35.1)

F1% I

uy
The usual definition of axial tensile stress is axial force divided by cross-sectional area.
Therefore, axial stress is

_ S
o= 1=

- (3.5.2)

where f7, is used because it is the axial force that pulls on the bar as shown in Figure 3—11.
By Eq. (3.5.1),

AP [—1 1] v (3.5.3)

ffx:T ,

Therefore, combining Egs. (3.5.2) and (3.5.3) yields
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3 | Development of Truss Equations

1
fix

m Figure 3-11 Basic bar element with positive nodal forces

E
{o} = Z[—l 1]{d") (3.5.4)
Now, using Eq. (3.4.7), we obtain
E *
{o} = T [-1 1][7"|{d} (3.5.5)
Equation (3.5.5) can be expressed in simpler form as
{o} = [C'{a} (3.5.6)
where, when we use Eq. (3.4.8) for [T* ],
E cC § 0 0
1=—|-11 3.5.7
€1-700 106 8 &S 652

After multiplying the matrices in Eq. (3.5.7), we have

[C’]=%[—C -5 C ] (3.5.8)

EXAMPLE 3.4

For the bar shown in Figure 3—12, determine the axial stress. Let A = 4 X 107 m?,
E = 210GPa, and L = 2 m, and let the angle between x and x’ be 60°. Assume the global dis-
placements have been previously determined to be ; = 0.25 mm, v; = 0.0, 4, = 0.50 mm,
and v, = 0.75 mm.

SOLUTION:

We can use Eq. (3.5.6) to evaluate the axial stress. Therefore, we first calculate [C’] from
Eq. (3.5.8) as

(€]

_ 210 X 10° kN/m” [—_1 —~3 1 ﬁ} (3.5.9)

2m 2 2 2 2
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3.6 Solution of a Plane Truss

1 = X

W Figure 3-12 Bar element for stress evaluation

where we have used C = cos60° = % and § = sin60° = \/5/2 in Eq. (3.5.9). Now {d} is

given by
w 0.25 X103 m
R 0.0
)= w | 050 %103 m (3.5.10)
V2 0.75 X 103 m

Using Egs. (3.5.9) and (3.5.10) in Eq. (3.5.6), we obtain the bar axial stress as

0.25
210 X 10° {—_1 —3 1 \/3} 0.0

2 2 2 2 21]0s0
0.75

81.32 X 10° kN/m? = 81.32 MPa

X 1073

Ox

X solution of a Plane Truss

We will now illustrate the use of equations developed in Sections 3.4 and 3.5, along with the
direct stiffness method of assembling the total stiffness matrix and equations, to solve the fol-
lowing plane truss example problems. A plane truss is a structure composed of bar elements
that all lie in a common plane and are connected by frictionless pins. The plane truss also must
have loads acting only in the common plane and all loads must be applied at the nodes or joints.

EXAMPLE 3.5

For the plane truss composed of the three elements shown in Figure 3—13 subjected to a
downward force of 50 kN applied at node 1, determine the x and y displacements at node 1
and the stresses in each element. Let £ = 200 Gpa and A = 6 X 10~* m? for all elements.
The lengths of the elements are shown in the figure.
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3 | Development of Truss Equations

3m
50.000N'y i

m Figure 3-13 Plane truss

SOLUTION:

First, we determine the global stiffness matrices for each element by using Eq. (3.4.23).
This requires determination of the angle § between the global x axis and the local x” axis
for each element. In this example, the direction of the x” axis for each element is taken in
the direction from node 1 fo the other node as shown in Figure 3—13. The node numbering is
arbitrary for each element. However, once the direction is chosen, the angle 6 is then estab-
lished as positive when measured counterclockwise from positive x to x’. For element 1,
the local x{ axis is directed from node 1 to node 2; therefore, 0V = 90°. For element 2, the
local x5 axis is directed from node 1 to node 3 and 0® = 45°. For element 3, the local x4
axis is directed from node 1 to node 4 and 8 = 0°. It is convenient to construct Table 3—1
to aid in determining each element stiffness matrix.

There are a total of eight nodal components of displacement, or degrees of freedom,
for the truss before boundary constraints are imposed. Thus the order of the total stiff-
ness matrix must be 8§ X 8. We could then expand the [k] matrix for each element to
the order 8 X 8 by adding rows and columns of zeros as explained in the first part of
Section 2.4. Alternatively, we could label the rows and columns of each element stiffness
matrix according to the displacement components associated with it as explained in the
latter part of Section 2.4. Using this latter approach, we construct the total stiffness
matrix [K] simply by adding terms from the individual element stiffness matrices into
their corresponding locations in [K]. This approach will be used here and throughout
this text.

M Table 3-1 Data for the truss of Figure 3-13

Element 0° C S C? S2 CS
1 90° 0 1 0 1 0
A S
3 0° 1 0 1 0 0
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3.6 Solution of a Plane Truss

For element 1, using Eq. (3.4.23), along with Table 3—1 for the direction cosines, we
obtain

O 0 0 o0
(kD] = (2 X 10')(6 X 107) 0 0 —1 3.6.1)
3 0 0 0
0 -1 0 1
Similarly, for element 2, we have
U Vi u3 V3
05 05 —-05 —-05
(kO] = 2 X106 X10% | 05 05 —05 —05 (3.6.2)
3 X2 -05 —-05 05 05
-05 —-05 05 05
and for element 3, we have
U v ug V4
1 0 -1 0
)= @XI0NOE X101 0 0 0 0 (3.6.3)
3 -1 0 1 0
0O 0 0 O

The common factor of 2 X 10!! X 6 X 107#/3 (= 4 X 107) can be taken from each of
Egs. (3.6.1) through (3.6.3), where each term in the square bracket of Eq. (3.6.2) is now
multiplied by 1/ V2. After adding terms from the individual element stiffness matrices into
their corresponding locations in [K], we obtain the total stiffness matrix as

u V1 1753 1% usz V3 Uy V4
[ 1354 0354 0 0 —0354 —0354 —1 0]
0.354 1354 0 -1 —-035 -0354 0 O
0 0 0 0 0 0 0 O
_ (3.6.4)
[K] = (4 X 107) 0 1 0 1 0 0 0 0
—-0354 —-0354 0 O 0.354 0.354 0 0
—0354 —-0354 0 O 0.354 0.354 0 0
-1 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0]
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3 | Development of Truss Equations

The global [K] matrix, Eq. (3.6.4), relates the global forces to the global displacements. We
thus write the total structure stiffness equations, accounting for the applied force at node 1
and the boundary constraints at nodes 2—4 as follows:

_5(()) 000 1354 0354 0 0 —0354 —0354 —1 0
’ 0354 1354 0 —1 —0354 —0354 0 0
Fax 0 0 0 0 0 0 00
Fay _axi10ny| O -1 0 1 0 0 00
F3, —0354 —0354 0 0 0354 0354 0 0
B, —0354 —0354 0 0 0354 0354 0 0
i, -1 0 0 0 0 0 1 0
F, 0 0 0 0 0 0 0 0]
y

up

Vi

u2=O
V2:0

X (3.6.5)

u3=0
V3:0
u4=0
V4:O

We could now use the partitioning scheme described in the first part of Section 2.5 to obtain
the equations used to determine unknown displacements u; and vi—that is, partition the
first two equations from the third through the eighth in Eq. (3.6.5). Alternatively, we could
eliminate rows and columns in the total stiffness matrix corresponding to zero displace-
ments as previously described in the latter part of Section 2.5. Here we will use the latter
approach; that is, we eliminate rows and column 3-8 in Eq. (3.6.5) because those rows
and columns correspond to zero displacements. (Remember, this direct approach must be
modified for nonhomogeneous boundary conditions as was indicated in Section 2.5.) We

then obtain
0 1.354 0.354 | |um
= (4 X 107 3.6.6
{—50,000} ( ){0.354 1.354}{\/1} ( )

Equation (3.6.6) can now be solved for the displacements by multiplying both sides of the
matrix equation by the inverse of the 2 X 2 stiffness matrix or by solving the two equations
simultaneously. Using either procedure for solution yields the displacements

u = 2.59075 X 10* m vi = —9.90925 X 107* m

The minus sign in the v; result indicates that the displacement component in the y direction
at node 1 is in the direction opposite that of the positive y direction based on the assumed
global coordinates, that is, a downward displacement occurs at node 1.
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3.6 Solution of a Plane Truss

Using Eq. (3.5.6) and Table 3—1, we determine the stresses in each element as follows:

u = 259075 X 104

2 x 10" =— -
o = 2210 0y g g T 7990925 X0 L _ 6 6 Mpa
3 Uy = 0
V) = 0

w = 259075 X 10~
Lo 2x 10! [—\/E -2 2 ﬁ} v = —9.90925 X 10~*
2 2

2 2

3\2 u; =0
v3 =0
= 24.4 MPa
W =2.59075 X 10~
o = 2X100 X;OH 1 0 1 04"~ ;9'90925 X107 _ 1757 Mpa
Uy =

V4=0

‘We now verify our results by examining force equilibrium at node 1; that is, summing forces
in the global x and y directions, we obtain

YFE =0 (244MPa)6 x 107 m2)% — (17.27 MPa)(6 X 10~ m2) = 0

ZFy =0 (66.06 MPa)(6 X 10™* m?) + (24.4 MPa)(6 X 107 mz)% — 50,000 =0

EXAMPLE 3.6

For the two-bar truss shown in Figure 3—14, determine the displacement in the y direction
of node 1 and the axial force in each element. A force of P = 1000 kN is applied at node 1
in the positive y direction while node 1 settles an amount 6 = 50 mm in the negative x
direction. Let E = 210 GPaand A = 6.00 X 10~* m? for each element. The lengths of the
elements are shown in the figure.

SOLUTION:
We begin by using Eq. (3.4.23) to determine each element stiffness matrix.

Element 1

cosf) = 0.60  sing) =

| W
I
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3 | Development of Truss Equations

7> @ _ v ! P = 1000 kN
x5 é 5 I 8 = 50 mm
IL 4m i
m Figure 3-14 Two-bar truss
0.36 048 —0.36 —0.48
6.0 X 107*m?)(210 X 10° kN/m? _ _
(k] = ( m?)( /m”) 064 —048 —064| 5o
5m 0.36 048
Symmetry 0.64
Simplifying Eq. (3.6.7), we obtain
u Vi u V2
0.36 048 —-0.36 —0.48
_ _ (3.6.8)
(k1] = (25,200) 0.64 —-048 —0.64
036 0.48
Symmetry 0.64
Element 2
cos 0 = 0.0 sin6? =1.0
0 0 0 O
—4 6 _
(k@] = (6.0 X 107%)(210 X 10°) 1 0 (3.6.9)
4 0 0
Symmetry 1
u V1 uz V3
0 0 O 0
125 0 —1.25 (3.6.10)
[k?] = (25,200) 0 0

Symmetry 1.25
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3.6 Solution of a Plane Truss

where, for computational simplicity, Eq. (3.6.10) is written with the same factor (25,200)
in front of the matrix as Eq. (3.6.8). Superimposing the element stiffness matrices,
Egs. (3.6.8) and (3.6.10), we obtain the global [K] matrix and relate the global forces to
global displacements by

Fiy (036 048 —036 —048 0 0 U
Fiy 1.89 —-048 —-064 0 —125|(Wn
By
21 = (25.200) 036 048 0 0 2 (3.6.11)
Fay 064 0 0 V2
F3x 0 0 us
By Symmetry 1.25 || vs

We can again partition equations with known displacements and then simultaneously solve
those associated with unknown displacements. To do this partitioning, we consider the
boundary conditions given by

u = 1) U — 0 Vo = 0 us = 0 V3 = 0 (3612)

Therefore, using Eqgs. (3.6.12), we partition equation 2 from equations 1, 3, 4, 5, and 6 of
Eq. (3.6.11) and are left with

P =125,200(0.486 + 1.89v;) (3.6.13)

where Fj, = P and u; = 6 were substituted into Eq. (3.6.13). Expressing Eq. (3.6.13)
in terms of P and & allows these two influences on v; to be clearly separated. Solving
Eq. (3.6.13) for v;, we have

v = 0.000021P — 0.2540 (3.6.14)

Now, substituting the numerical values P = 1000 kN and 6 = —0.05 m into Eq. (3.6.14),
we obtain

vi = 0.0337 m (3.6.15)

where the positive value indicates horizontal displacement to the left.
The local element forces are obtained by using Eq. (3.4.11). We then have the following.

Element 1
uy = —0.05
fx 1 —1//060 0.80 0 0 v = 0.0337
— 25’200 : ' 3.6.16
, ( ) -1 1|0 0 0.60 0.80||ux =0 ( )
f2x
Vo = 0
Performing the matrix triple product in Eq. (3.6.16) yields
flx = —76.6 kN f3y = 76.6 kN (3.6.17)
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3 | Development of Truss Equations

Element 2
u = —0.05
v — v = 0.0337
A I F I e ST
v3 =0
Performing the matrix triple product in Eq. (3.6.18), we obtain
fix =1061 kN f5, = —1061 kN (3.6.19)

Verification of the computations by checking that equilibrium is satisfied at node 1 is left
to your discretion.

EXAMPLE 3.7

To illustrate how we can combine spring and bar elements in one structure, we now solve
the two-bar truss supported by a spring shown in Figure 3—15. Both bars have £ = 210 GPa
and A = 5.0 X 10™* m?. Bar one has a length of 5 m and bar two a length of 10 m. The
spring stiffness is k = 2000 kN/m.

2 25kN

5m @,
X

1
3 ® 45
n 1 X
10m X2 Y

® < k=2000kN/m

4

W Figure 3-15 Two-bar truss with spring support

SOLUTION:

We begin by using Eq. (3.4.23) to determine each element stiffness matrix.
Element 1
00 =135°,  cosdM = —2/2,  sind® = 2/2
05 —-05 —-05 05
0] = GOX107 m)210 X10°kN/mY) ~0.5 0.5 05 05| (3620,

S5m -05 05 05 —05
05 —-05 —-05 05
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3.6 Solution of a Plane Truss

Simplifying Eq. (3.6.20), we obtain

u vi Uy V2

I -1 -1 1

[k1] =105 X 102 -1 1 1 -1 (3.6.21)
- 11 -1
I -1 -1 1

Element 2

0 = 180°, cosf@ = —1.0, sinf® =0

10 -10
(k@] = (5 X104 m?)(210 X 10°kN/m*) | 0 0 0 0 (3.622)
10m -10 10 "
00 00
Simplifying Eq. (3.6.22), we obtain
u Vi uz vs
10 -10
00 00 (3.6.23)
k] =105 x 10
e -10 10
0 00

Element 3

0 = 270°, cosf® =0, sind® = —1.0

Using Eq. (3.4.23) but replacing AE/L with the spring constant k, we obtain the stiffness
matrix of the spring as

0 00 O
0 1 0 —1 (3.6.24)
k®] =20 x 10?
L 0 00 O
0 -1 0 1
Applying the boundary conditions, we have
Uy =Vy) = U3 = V3 = Uy = Vy4 = 0 (3625)

Using the boundary conditions in Eq. (3.6.25), the reduced assembled global equations are

given by:
Fy =0 210 —105 ||
=10? 3.6.26
{Fly =-25 kN} {—105 125 | | v ( )
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3 | Development of Truss Equations

Solving Eq. (3.6.26) for the global displacements, we obtain

u =—1.724 X103 m v = —3.448 X 103 m (3.6.27)

We can obtain the stresses in the bar elements by using Eq. (3.5.6) as

—1.724 X 1073
210 X 10° MN/m? - -3
o = ™ 10707 ~0.707 ~0.707 0.707]] 3448 X 10
S5m 0
0
Simplifying, we obtain
o =51.2 MPa (T)
Similarly, we obtain the stress in element two as
—1.724 X 1073
210 X 103 MN/m? - -3
@ = /m [0 0 —10 ] 3448 x10
10 m 0

0
Simplifying, we obtain

o® = —36.2 MPa (C)

Transformation Matrix and Stiffness Matrix for a Bar
in Three-Dimensional Space

We will now derive the transformation matrix necessary to obtain the general stiffness matrix of
a bar element arbitrarily oriented in three-dimensional space as shown in Figure 3—16. Let the
coordinates of node 1 be taken as x;, y;, and z;, and let those of node 2 be taken as x», y,, and z5.
Also, let 0,, 0y, and 0, be the angles measured from the global x, y, and z axes, respectively, to
the local x” axis. Here x” is directed along the element from node 1 to node 2. We must now
determine [T* ] such that{d’'} = [T* ]{d }+. We begin the derivation of [T* ] by considering the
vector d’ = d expressed in three dimensions as

u/i/ 4 v/j/ + W/k, — ui + Vj + Wk (371)

where i, j/, and k” are unit vectors associated with the local x’, y’, and 7’ axes, respectively,
and i, j, and k are unit vectors associated with the global x, y, and z axes. Also w and w’ now
denote the displacements in the z and z” directions, respectively. Taking the dot product of
Eq. (3.7.1) with i’, we have

w+0+0=ud-i+vi-j +wi- k) (3.7.2)
and, by definition of the dot product,
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3.7 Transformation Matrix and Stiffness Matrix for a Bar in Three-Dimensional Space

y, v

vid

Fix

L, w A
Z,w

m Figure 3-16 Bar in three-dimensional space along with local nodal displacements

=== C,
ij=2"-¢ (3.7.3)
L
Vo= 22-a _c.
L
where
L=[(x —x1)* + (2 —y)? + (22 — 21)*]"?
and

C, = cosb, C, = cost, C, = cosb, (3.7.4)

Here C,, C, and C; are the projections of i’ on i, j, and k, respectively. Therefore, using
Egs. (3.7.3) in Eq. (3.7.2), we have

w =Cwu+Cy+Cw (3.7.5)

For a vector in space directed along the x” axis, Eq. (3.7.5) gives the components of that vector
in the global x, y, and z directions. Now, using Eq. (3.7.5), we can write the local axial displace-
ment at node 1 and 2 in explicit form as

uy
Vi
uf C. C, C. 0 0 0 ||w
= (3.7.6)
uh 0 0 0 C, Cy Cz up
V2
w2
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3 | Development of Truss Equations

Now

u

Vi
; uf w i c. C, ¢, 0 0 O

la} = ulz Jd} = uzl cand define [7°] = | * % " e ¢ c| 6717

V2

w2

Using Eq. (3.7.7), we write Eq. (3.7.6) in matrix form as
{a'} = [17]{a} (a)

Here [T*] is the transformation matrix, which enables the local displacement matrix {d’} to be
expressed in terms of the displacement matrix {d} components in the global coordinate system.

Based on Eq. (a), it will be convenient to express the global force matrix in terms of the
local force matrix using [T*] as

iy =111 (b)
Now in local coordinates, the local forces are related to the local displacements by
{#} =[KHa} ©
Upon substituting for {d’} from Eq. (a) into Eq. (c) and premultiplying both sides by {T* }T,
we have
(1" {f'} = [T* /"K' NT*1{d} CY
Now using Eq. (b) in the left side of Eq. (c), we obtain
{f} = 1rwir-d} @

The global forces are related to the global displacements by

{r} = [kl{d} ()

Comparing the right sides of Egs. (e) and (f), we then observe that the global stiffness matrix
for a bar arbitrarily oriented in space is

(k] = [T*]"[k1[T*] (2
Using Eq. (3.7.7) for [T*] and Eq. (3.4.2) in Eq. (3.4.1) for [k’] we obtain [k] as follows:

c, 0
c, 0
=< 0 A_E[ ! *HCX € 6 0 00 (3.7.8)
0 ¢|Z|-1 1/lo 0 0 ¢ ¢ c
e
0 C.
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3.7 Transformation Matrix and Stiffness Matrix for a Bar in Three-Dimensional Space

Simplifying Eq. (3.7.8), we obtain the explicit form of [k] as

C2 CC, CC. —C! —CC, —C.C:
C? CC. —CC, -C} —C,C.

c: -c.c. —-C.C —C?
k] = AE : S : (3.7.9)
L C? Cc.C, C.C,
2 G0
Symmetry C?

Equation (3.7.9) is the basic form of the stiffness matrix for a bar element arbitrarily
oriented in three-dimensional space. We will now analyze a simple space truss to illustrate the
concepts developed in this section. We will show that the direct stiffness method provides a
simple procedure for solving space truss problems.

EXAMPLE 3.8

Analyze the space truss shown in Figure 3—17. The truss is composed of four nodes, whose
coordinates (in millimeters) are shown in the figure, and three elements, whose cross-
sectional areas are given in the figure. The modulus of elasticity £ = 8 GPa for all elements.
A load of 5000 N is applied at node 1 in the negative z direction. Nodes 2—4 are supported
by ball-and-socket joints and thus constrained from movement in the x, y, and z directions.
Node 1 is constrained from movement in the y direction by the roller shown in Figure 3—17.

(0, 900, 1800)

A = 200 mm?
A® = 500 mm?
A® = 125 mm?

(0, 900, 0)

| Figure 3-17 Space truss

Roller preventing
5 / y displacement

(1800, 0, 0)

/

0,0, 1200
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3 | Development of Truss Equations

SOLUTION:

Using Eq. (3.7.9), we will now determine the stiffness matrices of the three elements in
Figure 3—17. To simplify the numerical calculations, we first express [k] for each element,
given by Eq. (3.7.9), in the form

_:___;_f[_)tl_} (3.7.10)

where [A]is a3 X 3 submatrix defined by

C? C.C, CC,
Al =]cc ¢ oc. (3.7.11)
c.C. C.C, C(?

Therefore, determining [A] will sufficiently describe [k].

Element 3
The direction cosines of element 3 are given, in general, by

X4 — X1
13

c, =2 =24 (3.7.12)

G = 78 78

where the notation x;, y;, and z; is used to denote the coordinates of each node, and L(©
denotes the element length. From the coordinate information given in Figure 3—17, we
obtain the length and the direction cosines as

3 =[(—1.8m)2 + (-12m)?]"> = 2.16 m

— _ (3.7.13)
C, = 18 —0.833 C,=0 C. = 12 —0.550
2.16 2.16
Using the results of Egs. (3.7.13) in Eq. (3.7.11) yields
0.69 0 046
AJ=]0 0 0 (3.7.14)
046 0 0.30

and, from Eq. (3.7.10),

UIVIW] ULV W4

(12.5 X 1079)(8 X 10?) l [A]} —A] } (3.7.15)

= Ue2 20U 8 A V) AL LA
L&) 2.16
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3.7 Transformation Matrix and Stiffness Matrix for a Bar in Three-Dimensional Space

Element 1

Similarly, for element 1, we obtain

LD =20lm
C,=-08 C,=045 C,=0
0.79 —0.40 0
[A] =]-040 020 0
0 0 0
and
upviwy Up Vo Wy
[0] = (200 X 108 X 10°) my (3.7.16)
2.01 —Al [A]
Element 2
Finally, for element 2, we obtain
[P =27m
C,=-0667 C,=033 C,=0.667
045 —022 —045
[A] =|-022 o011 022
—045 022 045
and
UVIwy U3 V3w3
(ko] = (00 x 109@® X 109 A (3.7.17)
2.7 —IAl [A]

Using the zero-displacement boundary conditions v =0, up =v, =wy =0, u3 =
vy = w3z = 0,anduy =vq4 = wy = 0, we can cancel the corresponding rows and columns of
each element stiffness matrix. After canceling appropriate rows and columns in Egs. (3.7.15)
through (3.7.17) and then superimposing the resulting element stiffness matrices, we have
the total stiffness matrix for the truss as

u wp

— (3.7.18)
K] = 10° x 1615 —453
—453 805
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3 | Development of Truss Equations

The global stiffness equations are then expressed by

0 1615 453w
= 10° 37.19
{—5000} 8 {—453 sousl} G719

Solving Eq. (3.7.19) for the displacements, we obtain

w =-2.07 x 107 m = —2.07mm

(3.7.20)
w = —738 x 10 m = —7.383 mm

where the minus signs in the displacements indicate these displacements to be in the
negative x and z directions.

We will now determine the stress in each element. The stresses are determined by using
Eq. (3.5.6) expanded to three dimensions. Thus, for an element with first node i and second
node j, Eq. (3.5.6) expanded to three dimensions becomes

{o} =%[—cx —C, —C. C. C, CJ3 (3.7.21)

Derive Eq. (3.7.21) in a manner similar to that used to derive Eq. (3.5.6) (see Problem 3.44,
for instance). For element 3, using Eqs. (3.7.13) for the direction cosines, along with the
proper length and modulus of elasticity, we obtain the stress as

~0.00207
0
8 X 10° —
o®) =22 1083 0 055 —083 0 —055){ “OBL 3799
216 0
0

0

Simplifying Eq. (3.7.22), we find that the result is
o = —21.4 Mpa

where the negative sign in the answer indicates a compressive stress. The stresses in the
other elements can be determined in a manner similar to that used for element 3.

For brevity’s sake, we will not show the calculations but will merely list these stresses:

oM =—-71Mpa o® =10.8 Mpa
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3.7 Transformation Matrix and Stiffness Matrix for a Bar in Three-Dimensional Space

EXAMPLE 3.9

Analyze the space truss shown in Figure 3—18. The truss is composed of four nodes, whose
coordinates (in meters) are shown in the figure, and three elements, whose cross-sectional
areas are all 10 X 10~* m2. The modulus of elasticity £ = 210 GPa for all the elements.
A load of 20 kN is applied at node 1 in the global x-direction. Nodes 2—4 are pin supported
and thus constrained from movement in the x, y, and z directions.

(0,0,0)

(14,6,0)

(12,-3,-7)

W Figure 3-18 Space truss

SOLUTION:

First calculate the element lengths using the distance formula and coordinates given in
Figure 3—18 as

LD = [(0 = 12)2 + (0 = (=3)% + (0 = (~4)?]"2 = 13m
LD =[(12 = 12)? + (=3 + 3)2] + (-7 + H?]"2 = 3m
L3 =[14 —12)2 + (6 + 3)2 + (0 + 4)2]¥2 = 10.05m

For convenience, set up a table of direction cosines, where the local x” axis is taken from
node 1 to 2, from 1 to 3 and from 1 to 4 for elements 1, 2, and 3, respectively.

Element Number C: = C, = 25> C, =
—12/13 3/13 4/13
2 0 0 -1
2/10.05 9/10.05 4/10.05

Now set up a table of products of direction cosines as indicated by the definition of [A]
defined by Eq. (3.7.11) as
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3 | Development of Truss Equations

Element Number C? C.Cy C.C, C? C,C, C?
1 0.852 -0.213 -0.284 0.053 -0.071 0.095
2 0 0 0 0 0 1
3 0.040 0.178 0.079 0.802 0.356 0.158

Using Eq. (3.7.11), we express [A] for each element as

0.852 —0.213 —0.284 0 00 0.040 0.178 0.079
[AD]=]-0.213 0.053 0.071| [A@]=[0 0 0| [A®]=]0.128 0.802 0.356
—0.284  0.071  0.095 0 0 1 0.079 0.356 0.158
(3.7.23)
The boundary conditions are given by
uzsz=W2=0, u3=V3=W3=0, u4=V4=W4=0 (3.7.24)

Using the stiffness matrix expressed in terms of [A] in the form of Eq. (3.7.10), we obtain
each stiffness matrix as

“IAO] [A0]

-1 O]

k1= 25
1] 3 10.05 !

AE[_ ww]!—m(”]_] KO = A_E{_ [A@)]!—[M]_} o = AE { [A@]E—[M]_]
13

(3.7.25)

Applying the boundary conditions and canceling appropriate rows and columns associated
with each zero displacement boundary condition in Egs. (3.7.25) and then superimposing
the resulting element stiffness matrices, we have the total stiffness matrix for the truss as

69.519 1.327 —13.985

[K] =210 1.327 83.879  40.885 | kN/m (3.7.26)
—13.985 40.885 356.363

The global stiffness equations are then expressed by

20 kN 69.519 1327 —13.985 ]|
0 =210 1.327 83.879  40.885|{ v, (3.7.27)
0 —13.985 40.885 356.363 || w

Solving for the displacements, we obtain

u =1383 X103 m
y = 5119 X 105 m (3.7.28)
w; = 6.015 X 10> m
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3.8 Use of Symmetry in Structures

We now determine the element stresses using Eq. (3.7.21) as

1.383 X 1073
—5.119 X 107
o = %2106[12/13 —3/13 —4/13 —12/13 3/13 4/13] 6-0150>< 1072
0
0
(3.7.29)
Simplifying Eq. (3.7.29), we obtain upon converting to MPa units
oM =20.51 MPa (3.7.30)
The stress in the other elements can be found in a similar manner as
o® =421 MPa o® = —529 MPa (3.7.31)

The negative sign in Eq. (3.7.31) indicates a compressive stress in element 3.

EXD  Use of Symmetry in Structures

Different types of symmetry may exist in a structure. These include reflective or mirror, skew,
axial, and cyclic. Here we introduce the most common type of symmetry, reflective symme-
try. Axial symmetry occurs when a solid of revolution is generated by rotating a plane shape
about an axis in the plane. These axisymmetric bodies are common, and hence their analysis
is considered in Chapter 9.

In many instances, we can use reflective symmetry to facilitate the solution of a problem.
Reflective symmetry means correspondence in size, shape, and position of loads; material
properties; and boundary conditions that are on opposite sides of a dividing line or plane.
The use of symmetry allows us to consider a reduced problem instead of the actual problem.
Thus, the order of the total stiffness matrix and total set of stiffness equations can be reduced.
Longhand solution time is then reduced, and computer solution time for large-scale problems is
substantially decreased. Example 3.10 will be used to illustrate reflective symmetry. Additional
examples of the use of symmetry are presented in Chapter 4 for beams and in Chapter 7 for
plane problems.

EXAMPLE 3.10

Solve the plane truss problem shown in Figure 3—19. The truss is composed of eight elements
and five nodes as shown. A vertical load of 2P is applied at node 4. Nodes 1 and 5 are pin
supports. Bar elements 1, 2, 7, and 8 have axial stiffnesses of \/EAE, and bars 3-6 have
axial stiffness of AE. Here again, A and E represent the cross-sectional area and modulus
of elasticity of a bar.
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3 | Development of Truss Equations

In this problem, we will use a plane of symmetry. The vertical plane perpendicular to
the plane truss passing through nodes 2, 4, and 3 is the plane of reflective symmetry because
identical geometry, material, loading, and boundary conditions occur at the corresponding
locations on opposite sides of this plane. For loads such as 2P, occurring in the plane of
symmetry, half of the total load must be applied to the reduced structure. For elements
occurring in the plane of symmetry, half of the cross-sectional area must be used in the
reduced structure. Furthermore, for nodes in the plane of symmetry, the displacement com-
ponents normal to the plane of symmetry must be set to zero in the reduced structure; that
is, we setu, = 0,u3 = 0, and uy = 0. Figure 3-20 shows the reduced structure to be used
to analyze the plane truss of Figure 3—19.

N D —
_T, 2
] O/ @ \O
2P
Oy ® O\, .
m Figure 3-19 Plane truss W Figure 3-20 Truss of Figure
3-19 reduced by symmetry
SOLUTION:

We begin the solution of the problem by determining the angles 6 for each bar element.
For instance, for element 1, assuming x” to be directed from node 1 to node 2, we obtain
01 = 45° as measured from the global x to the local x” axis. Table 3-2 is used in deter-
mining each element stiffness matrix based on the x” axes shown in Figure 3-20 for each
element.

There are a total of eight nodal components of displacement for the truss before bound-
ary constraints are imposed. Therefore, [K] must be of order 8 X 8. For element 1, using
Eq. (3.4.23) along with Table 3-2 for the direction cosines, we obtain

Table 3-2 Data for the truss of Figure 3-20

Element 0° C S C? S2 CS
1 45° NeT V22 12 12 12
2 315° NeT ) 12 12 112
3 0° 0 0 0
4 90° 0 1 0 1 0
5 90° 1 1 0
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3.8 Use of Symmetry in Structures

11 11
2 2 2 2
i1 1 1
oy Y24E |22 2 2 (3.8.1)
NCT7 I N L B |
2 2 2 2
L
2 2 2 2]
Similarly, for elements 2-5, we obtain
u Vi u3 V3
111
2 2 2 2
R T
ko= Y24E | 2 2 2 2 (3.8.2)
vep |11 11
2 2 2 2
1 1 1
2 2 2 2]
uy Vi Ug V4
1 0 -1 0
@y =AE | 0.0 00 (3.8.3)
L -1 0 1 0
00 00
Uuq V4 U V2
0 00 0]
1 1
0 - 0 —=
(k) = AE 2 2 (3.8.4)
L 0 00 0
o Lo 1
2 2
us V3 Uy V4
0 00 o]
1 1
0 - 0 —=
k5] = AE 2 2 (3.8.5)
L 0 00 0
o L, 1
2 2|
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3 | Development of Truss Equations

where, in Egs. (3.8.1) through (3.8.5), the column labels indicate the degrees of freedom
associated with each element. Also, because elements 4 and 5 lie in the plane of symmetry,
half of their original areas have been used in Eqs. (3.8.4) and (3.8.5).

We will limit the solution to determining the displacement components. Therefore,
considering the boundary constraints that result in zero-displacement components, we can
immediately obtain the reduced set of equations by eliminating rows and columns in each
element stiffness matrix corresponding to a zero-displacement component. That is, because
u; = 0 and v; = 0 (owing to the pin support at node 1 in Figure 3-20) and u, = 0,u3 = 0,
and us = 0 (owing to the symmetry condition), we can cancel rows and columns corre-
sponding to these displacement components in each element stiffness matrix before assem-
bling the total stiffness matrix. The resulting set of stiffness equations is

0 —%
V2 0
AE 1
— 0 1 —— Ky = 0 (3.8.6)
L 2 _p
R "
| - 2 2 .

On solving Eq. (3.8.6) for the displacements, we obtain

_ —PL

—2PL
vy = = —

—PL
V3 = —— V4 =

= (3.8.7)
AE AE AE

The ideas presented regarding the use of symmetry should be used sparingly and cautiously
in problems of vibration and buckling. For instance, a structure such as a simply supported
beam has symmetry about its center but has antisymmetric vibration modes as well as sym-
metric vibration modes. This will be shown in Chapter 16. If only half the beam were modeled
using reflective symmetry conditions, the support conditions would permit only the symmetric
vibration modes.

XD Inclined, or Skewed, Supports

In the preceding sections, the supports were oriented such that the resulting boundary condi-
tions on the displacements were in the global directions, x and y.

However, if a support is inclined, or skewed, at an angle o from the global x axis, as shown
at node 3 in the plane truss of Figure 3-21, the resulting boundary conditions on the displace-
ments are not in the global x — y directions but are in the local x” — y” directions. We will now
describe two methods used to handle inclined supports.

In the first method, to account for inclined boundary conditions, we must perform a trans-
formation of the global displacements at node 3 only into the local nodal coordinate system
x” —y’, while keeping all other displacements in the x — y global system. We can then enforce
the zero-displacement boundary condition v3 in the force/displacement equations and, finally,
solve the equations in the usual manner.
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3.9 Inclined, or Skewed, Supports

- X

M Figure 3-21 Plane truss with inclined boundary conditions at node 3

The transformation used is analogous to that for transforming a vector from local to global
coordinates. For the plane truss, we use Eq. (3.3.16) applied to node 3 as follows:

us| _ [ cosa sina||us (3.9.1)
Vi —sina cosa | |v3 o

Rewriting Eq. (3.9.1), we have

{as} = [14ds} (3.9.2)

where
[t3] _ [ cosar sma} (3.9.3)
—sina  cosa

We now write the transformation for the entire nodal displacement vector as

{d'} = [T ]{d} (3.9.4)
or

{d} = [1]"{a"} (3.9.5)

where the transformation matrix for the entire truss is the 6 X 6 matrix

[ [o] [o]
=0 0 O 396
o] [0] [s]
Each submatrix in Eq. (3.9.6) (the identity matrix [/], the null matrix [0], and matrix [#;] has

the same 2 X 2 order, that order in general being equal to the number of degrees of freedom
at each node.
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3 | Development of Truss Equations

To obtain the desired displacement vector with global displacement components at nodes
1 and 2 and local displacement components at node 3, we use Eq. (3.9.5) to obtain

w0 E 0|
1:2 =[] [ [o] uz (3.9.7)
ol |0 [,

In Eq. (3.9.7), we observe that only the node 3 global components are transformed, as indicated
by the placement of the [#; ]T matrix. We denote the square matrix in Eq. (3.9.7) by [Tl]T In
general, we place a 2 X 2 [¢] matrix in [77] wherever the transformation from global to local
displacements is needed (where skewed supports exist).

Upon considering Egs. (3.9.5) and (3.9.6), we observe that only node 3 components of
{d} are really transformed to local (skewed) axes components. This transformation is indeed
necessary whenever the local axes x” — y’ fixity directions are known.

Furthermore, the global force vector can also be transformed by using the same transfor-
mation as for {d'}:

{r}=[nl{r} (3.9.8)
In global coordinates, we then have
{r} = [KHd} (3.9.9)
Premultiplying Eq. (3.9.9) by [T} ], we have

(n{s} = [n]IK{d} (3.9.10)

For the truss in Figure 3-21, the left side of Eq. (3.9.10) is

ﬁx ﬁx

fr| [
1 o1 o1 b
[0] [1] [0] bl = 1P (3.9.11)
(0] [0] [z] i 7

Jay Ay

where the fact that local forces transform similarly to Eq. (3.9.2) as

{£} = 1A} (3.9.12)

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



3.9 Inclined, or Skewed, Supports

has been used in Eq. (3.9.11). From Eq. (3.9.11), we see that only the node 3 components
of { £} have been transformed to the local axes components, as desired. Using Eq. (3.9.5) in
Eqg. (3.9.10), we have

(M{f} = [RIKIK] {d’} (3.9.13)
Using Eq. (3.9.11), we find that the form of Eq. (3.9.13) becomes

le ul
Fy v
Fyy - up
By, (= [RIKIAT 4, (3.9.14)
F3, u5
F,’)/y V3

asu; = ui,v; = v{,uy = uj, and v, = v5 from Eq. (3.9.7). Equation (3.9.14) is the desired form
that allows all known global and inclined boundary conditions to be enforced. The global forces
now result in the left side of Eq. (3.9.14). To solve Eq. (3.9.14), first perform the matrix triple prod-
uct [73 ][K][7;]". Then invoke the following boundary conditions (for the truss in Figure 3-21):

u =0 vi =0 vi =0 (3.9.15)

Then substitute the known value of the applied force F>, along with F>, = 0 and F%, = 0 into
Eq. (3.9.14). Finally, partition the equations with known displacements— here equations 1, 2,
and 6 of Eq. (3.9.14)—and then simultaneously solve those associated with the unknown
displacements uy, v, and u3.

After solving for the displacements, return to Eq. (3.9.14) to obtain the global reactions
Fi and Fi, and the inclined roller reaction F3.

EXAMPLE 3.11

For the plane truss shown in Figure 3-22, determine the displacements and reactions. Let
E =210 GPa, A = 6.00 X 10~% m? for elements 1 and 2, and A = 63/2 X 10~* m?2 for
element 3.

W Figure 3-22 Plane truss with inclined support
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3 | Development of Truss Equations

SOLUTION:

We will solve this problem by two methods: (1) using the Eq. (3.9.14) outlined in this
section to transform the node 3 boundary condition to its actual local y” direction, thus
making v4 = 0 and (2) by using the displacements in the global reference frame without
transforming to the local frame for node 3 components. Both methods begin by obtaining
the element stiffness matrices and then assembling the global stiffness matrix by the direct
stiffness method.

We begin by using Eq. (3.4.23) to determine each element stiffness matrix.

Element 1
6D =90°,  cos# =0  sinf =1
u Vi up
0 0 0 0
(k)] = (6.0 X 1074 m?)(210 X 10° N/m?) 10 -1 (3.9.16)
Im 0 0
Symmetry 1
Element 2
0 =0°,  cosf =1 sinf = 0
U V2 us 3
1 -1 0
(k) = 60 107* m2)(210 % 10° N/m?) 0 0 0
Im 1 0
Symmetry 0
Element 3
2 2
0B = 45°, cosh = % sinf = £
uj Vi us V3
05 05 —-0.5 —05
(kO] = (632 X 1074 m?)(210 X 10° N/m?) 05 —05 —05 (3.9.18)
V2 m 0.5 0.5
Symmetry 0.5
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3.9 Inclined, or Skewed, Supports

Using the direct stiffness method on Eqs. (3.9.16) through (3.9.18), we obtain the global

[K] matrix as

[ 05 05 0 0 —05 —05 |
15 0 -1 —05 —05
[K]= 1260 X 10° N/m o =1 0 (3.9.19)
1 0 0
15 05
Symmetry 0.5

Next, using the first method, we obtain the transformation matrix [7}] using Eq. (3.9.6) to
transform the global displacements at node 3 into local nodal coordinates X" — y”. In using

Eq. (3.9.6), the angle a is 45°.

1 0 00 0 0
01 00 0 0
001 0 0 0
(1= 0 o0 o 1 0 0 (3.9.20)
00 0 0 ~2/2 2/2
00 0 0 —~2/2 2/2

Next we use Eq. (3.9.14) (in general, we would use Eq. (3.9.13)) to express the assembled
equations. First define [K]* = [T ][K][T;]" and evaluate in steps as follows:

05 0.5 0 0 -05 -05 |
0.5 15 0 -1 -05 -05
0 0 1 0 -1 0
[T1[K] = 1260 X 10 (3.9.21)
0 -1 0 10 0
—0.707 —0.707 —0.707 0 1414 0.707
0 0 0707 0 —0707 0
and
u; %1 us %) ué Vé
05 0.5 0 0 —-0707 0 |
05 15 0 ~1 -0707 0
T T 12605 10° N/ 0 1 0 —0707 0707 | 3922
[TKIT ) = mo . Lo .
0707 —0.707 —0.707 0 1500 —0.500
0 0707 0 —0500 0.500
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3 | Development of Truss Equations

Notice in comparing [K*] in Eq. (3.9.22) to [K] from Eq. (3.9.19) that only the stiffness
terms associated with skewed node 3 degrees of freedom have changed as expected.
Applying the boundary conditions, u; = v; = v, =v3 = 0 to Eq. (3.9.22), we obtain

} = (126 X 103 kN/m) ! —0.707 H u2 } (3.9.23)

Py, = 1000 kN
—0.707  1.50 "

F, =0
Solving Eq. (3.9.23) for the displacements yields

w; =11.91 X103 m
(3.9.24)
uy =5.613 X103 m

Postmultiplying the known displacement vector times Eq. (3.9.22) (see Eq. (3.9.14), we
obtain the reactions as

F, = —500 kN

F, = —500 kN

By =0 (3.9.25)
Ff, = 707kN

The free-body diagram of the truss with the reactions is shown in Figure 3-23. You can
easily verify that the truss is in equilibrium.

Now using the second method, we initially express the global equations without transform-
ing to the local node 3 components as follows:
Using the global stiffness matrix, Eq. (3.9.19), the global matrix equation is written as

05 05 0 0 —-05 —-05 i Fix
1.5 0 -1 =05 -05 v Hy
I 0 —1 0 u F
5 2L 2 ) 3.9.26
1260 X 10 1 o 0 vy B, ( )
15 05 ||lus By
Symmetry 0.5 |3 F3y

Now applying the boundary conditions, we have
u =v; =vy, =0andvj =0 (3.9.27)

We also use the applied forces as F>, = 1000 kN and F3, = 0.
From the transformation relation, Eq. (3.3.16) for the v4 displacement at node 3, we have

vy = {—QQ}{ “ } = Q(—m +v3)=0 or uy — vy =0 (3.9.28)
2 2 v3 2
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3.9 Inclined, or Skewed, Supports

Equation (3.9.28) is sometimes called a multipoint constraint. We can also write Eq (3.9.28) as
w3 = s (3.9.29)

Similarly, as forces transform just like displacements (both being vectors), from the transfor-
mation relation for the force at node 3 (See Eq. (3.3.16) but replace u” with F3,), we obtain

, V2 2| B V2
Fi, = {7 S0 A = 7(F3x +Fy)=0 or F, +F,=0 (3930

Applying the boundary conditions into the global Eq. (3.9.26) and eliminating the first,
second, and fourth rows and columns in the usual manner, we obtain the reduced set of
equations as

1 -1 0]|w 1000
1260 X 105| =1 1.5 05| us s = { F, (3.9.31)
0 05 05| Fi,

Now using the Eq. (3.9.29) and the force relation at node 3, Eq. (3.9.30), Eq. (3.9.31)

becomes
1 -1 0 ||u 1000
1260 X 105| —1 1.5 05|3uzp =< Fiy (3.9.32)
0 05 05||us —F;,

Equation (3.9.32) can be simplified to

-1y, 1000
1260 X 105| =1 2 { 2} =B, (3.9.33)
0 1 “ _F3x

The third equation of Eq. (3.9.33) yields
Fy = —1260 X 10° u3 (3.9.34)

Using the first and second equations of Eq. (3.9.33) and substituting in Eq. (3.9.34) for F3,,

we obtain
1 -1 u 1000
1260 X 103 = (3.9.35)

Solving Eq. (3.9.35) for u; and u3

u = 1191 X107 *m and w3 =3.97 X103 m (3.9.36)
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3 | Development of Truss Equations

From Eq. (3.9.29), we have
vy =u3 =3.97 X103 m (3.9.37)

From the transformation equation, Eq. (3.3.16), we obtain the local displacement, u5 in the
x” direction along the slope as

w5 = uz cos45° + v3sin45°
(3.9.38)
=3.97 X 1073 cos45° + 3.97 X 1073sin45° = 5.614 X 103 m

This is the same magnitude of local displacement u5 as found directly by method 1 [See
Eq. (3.9.24)].
From the global equation, Eq. (3.9.26), we calculate the reaction forces as

Fix 0 —05 —05 —500

Fiy 0 —05 —05||uw —500

By b =1260 X105 0 0 0 [Hust =100 LkN) (3.9.39)
P, -1 15 05 ||n —500

F 0 05 05 500

3y

Again using the transformation equation, Eq. (3.3.16), where we substitute 3, for v/, we
obtain the local F3, force as

F{y = —F, sin45° + Fy, cos45° = 707 kN (3.9.40)
2 3
1000 kN !
707 kN
1 500 kN
Y 500 kN

B Figure 3-23 Free-body diagram of the truss of Figure 3-22

This force is the same magnitude of local force F3, as found directly by method 1
[See Eq. (3.9.25)].

In yet another method used to handle skewed boundary conditions, we use a boundary
element of large stiffness to constrain the desired displacement. This is the method used in
some computer programs [9].

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



3.10 Potential Energy Approach to Derive Bar Element Equations

Boundary elements are used to specify nonzero displacements and rotations to nodes.
They are also used to evaluate reactions at rigid and flexible supports. Boundary elements
are two-node elements. The line defined by the two nodes specifies the direction along
which the force reaction is evaluated or the displacement is specified. In the case of moment
reaction, the line specifies the axis about which the moment is evaluated and the rotation
is specified.

We consider boundary elements that are used to obtain reaction forces (rigid boundary
elements) or specify translational displacements (displacement boundary elements) as truss
elements with only one nonzero translational stiffness. Boundary elements used to either
evaluate reaction moments or specify rotations behave like beam elements with only one
nonzero stiffness corresponding to the rotational stiffness about the specified axis.

The elastic boundary elements are used to model flexible supports and to calculate
reactions at skewed or inclined boundaries. Consult Reference [9] for more details about
using boundary elements.

Potential Energy Approach to Derive
Bar Element Equations

‘We now present the principle of minimum potential energy to derive the bar element equations.
Recall from Section 2.6 that the total potential energy 1, was defined as the sum of the internal
strain energy U and the potential energy of the external forces Q:

7, =U+Q (3.10.1)

To evaluate the strain energy for a bar,we consider only the work done by the internal
forces during deformation. Because we are dealing with a one-dimensional bar, the internal
force doing work on a differential element of sides Ax, Ay, Az, is given in Figure 3-24 as
o, (Ay)(Az), due only to normal stress o,. The displacement of the x face of the element is
Ax(e&,); the displacement of the x + Ax face is Ax(e, + de, ). The change in displacement
is then Ax de,, where de, is the differential change in strain occurring over length Ax. The
differential internal work (or strain energy) dU is the internal force multiplied by the displace-
ment through which the force moves, given by

dU = o, (Ay)(Az)(Ax)d e, (3.10.2)

i Ay
% A = = o, (Ay)(Az)
4

e %
% L / A—x—l le— axde,

W Figure 3-24 Internal force in a one-dimensional bar due to applied external force F
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3 | Development of Truss Equations

Rearranging and letting the volume of the element approach zero, we obtain, from Eq. (3.10.2),

dU = o,de dV (3.10.3)
For the whole bar, we then have
v =[] {jo a’xdax} av (3.10.4)
v

Now, for a linear-elastic (Hooke’s law) material as shown in Figure 3-25, we see thato, = E¢,.
Hence substituting this relationship into Eq. (3.10.4), integrating with respect to &y, and then
resubstituting o, for Ee,, we have

U= %J_{Ja’xa‘xdv (3.10.5a)

as the expression for the strain energy for one-dimensional stress.
For a uniform cross-sectional area A of a bar with stress and strain dependent only on the
x coordinate, Eq. (3.10.5a) can be simplified to

A
U= E{(rxexdx (3.10.5b)

We observe from the integral in Eq. (3.10.5b) that the strain energy is described as the area
under the stress/strain curve.

The potential energy of the external forces, being opposite in sign from the external work
expression because the potential energy of external forces is lost when the work is done by the
external forces, is given by

Q= [[[Xyuav — [[Tusds — fﬁxui (3.10.6)
v M i=1

where the first, second, and third terms on the right side of Eq. (3.10.6) represent the poten-
tial energy of (1) body forces X, typically from the self-weight of the bar (in units of force
per unit volume) moving through displacement function u, (2) surface loading or traction 7,

€y

W Figure 3-25 Stress/strain curve for linear-elastic (Hooke’s law) material
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3.10 Potential Energy Approach to Derive Bar Element Equations

typically from distributed loading acting along the surface of the element (in units of force per
unit surface area) moving through displacements u,, where u, are the displacements occurring
over surface Sj, and (3) nodal concentrated forces f; moving through nodal displacements ;.
The forces X, Ty, and f;, are considered to act in the local x direction of the bar as shown in
Figure 3-26. In Egs. (3.10.5) and (3.10.6), V is the volume of the body and S; is the part of the
surface S on which surface loading acts. For a bar element with two nodes and one degree of
freedom per node, M = 2.

We are now ready to describe the finite element formulation of the bar element equations
by using the principle of minimum potential energy.

The finite element process seeks a minimum in the potential energy within the constraint
of an assumed displacement pattern within each element. The greater the number of degrees
of freedom associated with the element (usually meaning increasing the number of nodes),
the more closely will the solution approximate the true one and ensure complete equilibrium
(provided the true displacement can, in the limit, be approximated). An approximate finite
element solution found by using the stiffness method will always provide an approximate
value of potential energy greater than or equal to the correct one. This method also results in
a structure behavior that is predicted to be physically stiffer than, or at best to have the same
stiffness as, the actual one. This is explained by the fact that the structure model is allowed to
displace only into shapes defined by the terms of the assumed displacement field within each
element of the structure. The correct shape is usually only approximated by the assumed field,
although the correct shape can be the same as the assumed field. The assumed field effectively
constrains the structure from deforming in its natural manner. This constraint effect stiffens
the predicted behavior of the structure.

Apply the following steps when using the principle of minimum potential energy to derive
the finite element equations.

1. Formulate an expression for the total potential energy.

2. Assume the displacement pattern to vary with a finite set of undetermined parameters (here
these are the nodal displacements #;), which are substituted into the expression for total
potential energy.

3. Obtain a set of simultaneous equations minimizing the total potential energy with respect
to these nodal parameters. These resulting equations represent the element equations.

The resulting equations are the approximate (or possibly exact) equilibrium equations
whose solution for the nodal parameters seeks to minimize the potential energy when back-
substituted into the potential energy expression. The preceding three steps will now be followed
to derive the bar element equations and stiffness matrix.

Consider the bar element of length L, with constant cross-sectional area A, shown in
Figure 3-26. Using Eqgs. (3.10.5) and (3.10.6), we find that the total potential energy,
Eqg. (3.10.1), becomes

7y = Sy oeends = i = foas - js Justeas = [[fux,av G.107)

because A is a constant and variables o, and &, at most vary with x.
From Egs. (3.2.8) and (3.2.9), we have the axial displacement function expressed in terms
of the shape functions and nodal displacements by

u=[N{d} u, =[N,]{d} (3.10.8)
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3 | Development of Truss Equations

l Ix
1

M Figure 3-26 General forces acting on a one-dimensional bar

where

[, xx
[N]—[l . J (3.109)

[N,]is the shape function matrix evaluated over the surface that the distributed surface traction
acts and

up

{d} = (3.10.10)

uz

Then, using the strain/displacement relationship &, = du/dx, we can write the axial strain in
matrix form as

{ec} = [—% H{d} (3.10.11)

or
{e.} = [Bl{d} (3.10.12)

where we define [B] as the gradient matrix

11
[B] = |:_z Z:| (3.10.13)
The axial stress/strain relationship in matrix form is given by
{o.} = [Dl{e.} (3.10.14)
where
[D] = [E] (3.10.15)
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3.10 Potential Energy Approach to Derive Bar Element Equations

for the one-dimensional stress/strain relationship matrix and E is the modulus of elasticity.
Now, by Eq. (3.10.12), we can express Eq. (3.10.14) as

{o} = [DI[Bl{d} (3.10.16)

Using Eq. (3.10.7) expressed in matrix notation form, we have the total potential energy
given by

7y = S o Ledds = (@Y {P) = [[{w) (1ds = [[[ ()" (xhav (1017

where { P} now represents the concentrated nodal loads and where in general both {o, } and
{e.} are column matrices. For proper matrix multiplication, we must place the transpose on
{o,}. Similarly, {u} and {T, } in general are column matrices, so for proper matrix multiplica-
tion, {u} is transposed in Eq. (3.10.17).

Using Egs. (3.10.8), (3.10.12), and (3.10.16) in Eq. 3.10.17, we obtain

7= 5 [ 1) (81 (DT [Bl{a}as — {a) (P}

3.10.18
~[H{ay [N {1 }as = [[[{a} [N {x,}av o

In Eq. (3.10.18), 7, is seen to be a function of {d}; thatis, 7, = 7, (u, u>). However, [B] and
[D], Egs. (3.10.13) and (3.10.15), and the nodal degrees of freedom u; and u; are not functions
of x. Therefore, integrating the first integral in Eq. (3.10.18) with respect to x yields

7y = SE(aY 1B (0 (81} ~ {4V {1} (310.19)
where
{r} =P} + [JINT {T3as + [[]INT {x,}av (3.10.20)

From Eq. (3.10.20), we observe three separate types of load contributions from concen-
trated nodal forces, surface tractions, and body forces, respectively. We define these surface
tractions and body-force matrices as

(£} = [T {7} ds (3.10.20a)
{5} = [[JINT" {Xs }av (3.10.20b)

The expression for [f] given by Eq. (3.10.20) then describes how certain loads can be
considered to best advantage.

Loads calculated by Egs. (3.10.20a) and (3.10.20b) are called consistent because they
are based on the same shape functions [N] used to calculate the element stiffness matrix.
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3 | Development of Truss Equations

The loads calculated by Eq. (3.10.20a) and (3.10.20b) are also statically equivalent to the
original loading; that is, both { £, } and {f;} and the original loads yield the same resultant
force and same moment about an arbitrarily chosen point.

The minimization of 7, with respect to each nodal displacement requires that

I, _ and Jarp

=0
I T (3.10.21)

Now we explicitly evaluate 7, given by Eq. (3.10.19) to apply Eq. (3.10.21). We define the
following for convenience:

{v*} = {a}" [BY D] [B1{d} (3.10.22)

Using Egs. (3.10.10), (3.10.13), and (3.10.15) in Eq. (3.10.22) yields

1
o L 117w
U} = uz] 1 [E][ i LH s } (3.10.23)
L

U* = E(uf — 2uuy + u3) (3.10.24)

Also, the explicit expression for {d}" {f} is

{dY {1} = whic + w2 fou (3.10.25)
Therefore, using Eqgs. (3.10.24) and (3.10.25) in Eq. (3.10.19) and then applying Egs. (3.10.21),
we obtain
o, AL[E
— = —|=Qu —2 —fix =0
o 2 [L2( “ "‘2)} fi
and (3.10.26)
on, AL[ E }
— = —|=(—2u;y +2 —fox =0
duy 2 L2( o+ 20) | =

In matrix form, we express Egs. (3.10.26) as
1 -1
or, _ AE al el _Jo (3.1027)
ofd} L |-1 1| Jax 0
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3.10 Potential Energy Approach to Derive Bar Element Equations

or, because {f} = [k]{d}, we have the stiffness matrix for the bar element obtained from
Eq. (3.10.27) as

AEl 1T —1
k= "= (3.10.28a)
L&1 L [—1 1]

As expected, Eq. (3.10.28a) is identical to the stiffness matrix Eq. (3.1.14) obtained in

Section 3.1.
Now that we have derived the bar stiffness matrix by using the theorem of minimum
potential energy, we can observe that the strain energy U [the first term on the right side of

Eq. (3.10.18)] can also be expressed in the quadratic form U = 1/2{d}" [k]{d} as follows:

1 1 AE| 1 —1|ju AE

Finally, instead of the cumbersome process of explicitly evaluating 77, we can use the
matrix differentiation as given by Eq. (2.6.12) and apply it directly to Eq. (3.10.19) to obtain

ar,

a{d}

=AL[B]"[D][Bl{d} — {f} =0 (3.10.29)

where [D]" =[D] has been used in writing Eq. (3.10.29). The result of the evaluation of
AL[B]" [D][B] is then equal to [k] given by Eq. (3.10.28a). Throughout this text, we will use
this matrix differentiation concept (also see Appendix A), which greatly simplifies the task of

evaluating [k].
To illustrate the use of Eq. (3.10.20a) to evaluate the equivalent nodal loads for a bar
subjected to axial loading traction 7, we now solve Example 3.12.

EXAMPLE 3.12

A bar of length L is subjected to a linearly distributed axial line loading that varies from zero
at node 1 to a maximum of CL at node 2 (Figure 3—27). Determine the energy equivalent
nodal loads.

T, = Cx (force/length)

lrr e

W Figure 3-27 Element subjected to linearly varying axial line load
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3 | Development of Truss Equations

SOLUTION:

Using Eq. (3.10.20a) and shape functions from Eq. (3.10.9), we solve for the energy equiv-
alent nodal forces of the distributed loading as follows:

Jix T (L L
{fo} = { y } = J.[N] [T }ds = jo . {Cx}dx (3.10.30)

L

2 3L
Cx3

3L
0 (3.10.31)

where the integration was carried out over the length of the bar, because 7, is in units of
force/length.
Note that the total load is the area under the load distribution given by

c

F= %(L)(CL) - (3.10.32)

Therefore, comparing Eq. (3.10.31) with (3.10.32), we find that the equivalent nodal loads
for a linearly varying load are

fix = =—F = one-third of the total load

(3.10.33)

foe = —F = two-thirds of the total load

WiN W=

In summary, for the simple two-noded bar element subjected to a linearly varying load
(triangular loading), place one-third of the total load at the node where the distributed load-
ing begins (zero end of the load) and two-thirds of the total load at the node where the peak
value of the distributed load ends.

We now illustrate (Example 3.13) a complete solution for a bar subjected to a surface
traction loading.
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3.10 Potential Energy Approach to Derive Bar Element Equations

EXAMPLE 3.13

For the rod loaded axially as shown in Figure 3-28, determine the axial displacement and
axial stress. Let E = 2 X 10" N/m?, A = 12.5 X 10™* m?, and L = 1.5 m Use (a) one and
(b) two elements in the finite element solutions. In Section 3.11, one-, two-, four-, and eight-
element solutions will be presented from the computer program Autodesk [9].

T, =-80,000 N/m

Ay

W Figure 3-28 Rod subjected to triangular load distribution
(a) One-element solution (Figure 3-31).

—120,000

2

4
4
W44

M Figure 3-29 One-element model

SOLUTION:
From Egq. (3.10.20a), the distributed load matrix is evaluated as follows:

{R} = [CINT{T.}dx (3.10.34)

where 7, is a line load in units of newtons per meter and { fy} = {F}. Therefore, using
Eq. (3.2.9) for [N] in Eq. (3.10.34), we obtain

X
{fo} = JOL . L Lr_g0,000x) dx (3.10.35)
L
or

80,0007 , 80,0002 ~80,00022 80,000(1.5°

le _ 2 3 _ 6 _ 6
{ Fox } _—80,0002% —80,0002% —80,000(1.5)*

3 3 3
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3 | Development of Truss Equations

or F, =—30,000 N F, = —60,000 N (3.10.36)

Using Eq. (3.10.33), we could have determined the same forces at nodes 1 and 2—that is,
one-third of the total load is at node 1 and two-thirds of the total load is at node 2.

Using Eq. (3.10.28), we find that the stiffness matrix is given by

(k] = 16.67 X 107 [_} _ﬂ

The element equations are then

1 —1|ju —30,000
16.67 X 107 = 3.10.37
{—1 1}{ 0} {sz — 60,000 ( )
Solving Eq. 1 of Eq. (3.10.37), we obtain
uy = —0.18 mm (3.10.38)

The stress is obtained from Eq. (3.10.14) as

{ou} = [DNer}
= E[B{d}

i) ]
-o(=7)

o 1011(0 + 0.00018)
1.5

= 24 Mpa (T) (3.10.39)
(b) Two-element solution (Figure 3-30).

~120,000 \?

2 3
@ @ 7
M Figure 3-30 Two-element model

We first obtain the element forces. For element 2, we divide the load into a uniform part
and a triangular part as shown in Figure 3—30. For the uniform part, half the total uniform
load is placed at each node associated with the element. Therefore, the total uniform part is

(0.75 m)(—60,000 N/m) = —45,000 N
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3.10 Potential Energy Approach to Derive Bar Element Equations

and using Eq. (3.10.33) for the triangular part of the load, we have, for element 2,

) —{1(45,000) + 1(22,500)]|  (-30,000N
_ = (3.10.40)

@[ | -[4(45,000) + 2(22,500))[ | ~37.500N
For element 1, the total force is from the triangle-shaped distributed load only and is given by

1
5(0.75 m)(—60,000 N/m) = —22,500 N

On the basis of Eq. (3.10.33), this load is separated into nodal forces as shown:

2(ch) 2(-22,500) —15,000 N
The final nodal force matrix is then
F, —7500
F, ¢t = <1—30,000 — 15,000 (3.10.42)
Fs, Rs;, — 37,500
The element stiffness matrices are now
1 2 2
2 3 2 3 (3.10.43)
AE 1 —1 1 -1
kD] =[] = Z— = (33.34 x 107
L L/Z{—l 1} ( ){—1 1}

The assembled global stiffness matrix is

1 -1 0

[K] = (3334 x107)| -1 2 -1 N (3.10.44)
o -1 1™
The assembled global equations are then
I =1 0|wm —7500
(3334 X107)| —1 2 —1|u, = —45,000 (3.10.45)

0 -1 1 us = 0 R3X - 37,500
where the boundary condition u3 = 0 has been substituted into Eq. (3.10.45). Now, solving
equations 1 and 2 of Eq. (3.10.45), we obtain

uy = —0.18 mm
u, = —0.1575 mm (3.10.46)
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3 | Development of Truss Equations

The element stresses are as follows:

Element 1
E[ 1 1 } u; = —0.00018
(T.x = —_— e [
0.75 0.75]| up = —0.0001575 (3.10.47)
= 6 Mpa (T)
Element 2
[ 1 1 } u, = —0.0001575
Oy =F --— —
0.75 0.751| us =0 (3.10.48)
=42 Mpa (T)

ERED comparison of Finite Element Solution
to Exact Solution for Bar

We will now compare the finite element solutions for Example 3.13 using one, two, four, and
eight elements to model the bar element and the exact solution. The exact solution for displace-
ment is obtained by solving the equation

1 ¢x
u= EJO P(x)dx (3.11.1)
where, using the following free-body diagram,

<—80,000x N/m
[ S—
- P ()

x

we have P(x) = %x(S0,000x) = 40,000x% N (3.11.2)

Therefore, substituting Eq. (3.11.2) into Eq. (3.11.1), we have

u= ij0"40,000x2 dx
AE (3.11.3)

3
_ 40,0008
3AE

Now, applying the boundary condition at x = L, we obtain

_ 40,0002

L)=0
u(L) 3AE

+ G
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3.11 Comparison of Finite Element Solution to Exact Solution for Bar

0
0.00005
E 4 One element
g © Two elements
g ® Four elements
§ 0.0001 - A Eight elements
=
2
0.0015 - N~ Exact solution
u=5.333(10)x% - 0.00018
-0.00018 | 1 1 -
0 0.5 1.0 1.5

Axial coordinate in meters
W Figure 3-31 Comparison of exact and finite element solutions for axial displacement
(along length of bar)

or

40,0003
3AE

(3.11.4)

=
Substituting Eq. (3.11.4) into Eq. (3.11.3) makes the final expression for displacement

40,000
u = —

TR (3.11.5)

Substituting A = 12.5 X 10™“#m? E = 2 X 10" N/m?, and L = 1.5 m into Eq. (3.11.5), we
obtain

u=5.333xX1073x3 — 0.00018 (3.11.6)
The exact solution for axial stress is obtained by solving the equation

P(x) _ 40, 000x2

— 13,2 p (3.11.7)
A Dsxi0dmr ke

ag(x) =

Figure 3-31 shows a plot of Eq. (3.11.6) along with the finite element solutions (part of
which were obtained in Example 3.13). Some conclusions from these results follow.

1. The finite element solutions match the exact solution at the node points. The reason why
these nodal values are correct is that the element nodal forces were calculated on the basis
of being energy-equivalent to the distributed load based on the assumed linear displace-
ment field within each element. (For uniform cross-sectional bars and beams, the nodal
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3 | Development of Truss Equations

72
0 One element
60~ o Two elements
4 Four elements A—A A—h
o Eight elements
<
[a W)
= 40 F
g
172
1%2)
5
& A a N

O3 I S =

--8-e—a—8—o—8—8—8 S - 3 5o =
20 /<
e Exact solution

o(x) = 324%

»
[ 3

0 1 | 1 1
0 0.5 1.0 1.5

Axial coordinate in meters

W Figure 3-32 Comparison of exact and finite element solutions for axial stress (along length
of bar)

degrees of freedom are exact. In general, computed nodal degrees of freedom are not
exact.)

2. Although the node values for displacement match the exact solution, the values at loca-
tions between the nodes are poor using few elements (see one- and two-element solutions)
because we used a linear displacement function within each element, whereas the exact
solution, Eq. (3.11.6), is a cubic function. However, because we use increasing numbers
of elements, the finite element solution converges to the exact solution (see the four- and
eight-element solutions in Figure 3-31).

3. The stress is derived from the slope of the displacement curve as o = Ee = E(du/dx).
Therefore, by the finite element solution, because u is a linear function in each element,
axial stress is constant in each element. It then takes even more elements to model the first
derivative of the displacement function or, equivalently, the axial stress. This is shown in
Figure 3-32, where the best results occur for the eight-element solution.

4. The best approximation of the stress occurs at the midpoint of the element, not at the nodes
(Figure 3-32). This is because the derivative of displacement is better predicted between
the nodes than at the nodes.

5. The stress is not continuous across element boundaries. Therefore, equilibrium is not sat-
isfied across element boundaries. Also, equilibrium within each element is, in general, not
satisfied. This is shown in Figure 3—33 for element 1 in the two-element solution and ele-
ment 1 in the eight-element solution [in the eight-element solution the forces are obtained
from the Autodesk computer code [9]]. As the number of elements used increases, the
discontinuity in the stress decreases across element boundaries, and the approximation of
equilibrium improves.

Finally, in Figure 3-34, we show the convergence of axial stress at the fixed end (x = L)
as the number of elements increases.
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3.11 Comparison of Finite Element Solution to Exact Solution for Bar

_+— 60,000 N/m

22,500 N
7500 N —«—— | 7500 N 7500 N  ~s=————mmemme— 7500 N
R oy B
0.75 m
(a) Two-element solution
//////

e
® )

15,000 N/m 1405 N
~— ——
4688 N €—{ | 4688 N = 4688 N <€—{  }—> 468.8N
0.1875m

(b) Eight-element solution

W Figure 3-33 Free-body diagram of element 1 in both two- and eight-element models,
showing that equilibrium is not satisfied

However, if we formulate the problem in a customary general way, as described in detail
in Chapter 4 for beams subjected to distributed loading, we can obtain the exact stress distri-
bution with any of the models used. That is, letting { f} = [k]{d} — {fo}, where {fy } is the
initial nodal replacement force system of the distributed load on each element, we subtract the
initial replacement force system from the [k]{d} result. This yields the nodal forces in each
element. For example, considering element 1 of the two-element model, we have [see also
Eqgs. (3.10.33) and (3.10.41)]

| —7500N
o} = { —15,000 N }

Using {f} = [kI{d} — {fo}, we obtain

(= (125 X102 X 10| 1 -1 ~0.00018m | | —7500N
(0.75 m) -1 1 || —0.0001575m —15,000 N

_ ] —7500 + 7500 | _ 0
7500 + 15,000 22,500
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3 | Development of Truss Equations

———

Exact solution: o = 72 MPa
80 - L/

(=)
(=]

N
(e
T 1T 7T

& (MPa)

] ] 1 1 1
2 4 6 8

Number of elements

M Figure 3-34 Axial stress at fixed end as number of elements increases

as the actual nodal forces. Drawing a free-body diagram of element 1, we have

SF =0: —%(60,000 N/m)(0.75 m) + 22,500 N = 0

.—— 60,000 N/m

i - —-—
0 —| ——— 22,500 N
0.75m

For other kinds of elements (other than beams), this adjustment is ignored in practice. The
adjustment is less important for plane and solid elements than for beams. Also, these adjust-
ments are more difficult to formulate for an element of general shape.

Galerkin’s Residual Method and Its Use to Derive
the One-Dimensional Bar Element Equations

General Formulation

We developed the bar finite element equations by the direct method in Section 3.1 and by the poten-
tial energy method (one of a number of variational methods) in Section 3.10. In fields other than
structural/solid mechanics, it is quite probable that a variational principle, analogous to the principle
of minimum potential energy, for instance, may not be known or even exist. In some flow problems
in fluid mechanics and in mass transport problems (Chapter 13), we often have only the differential
equation and boundary conditions available. However, the finite element method can still be applied.

The methods of weighted residuals applied directly to the differential equation can be used
to develop the finite element equations. In this section, we describe Galerkin’s residual method
in general and then apply it to the bar element. This development provides the basis for later
applications of Galerkin’s method to the beam element in Chapter 4 and to the nonstructural
heat-transfer element (specifically, the one-dimensional combined conduction, convection, and
mass transport element described in Chapter 13). Because of the mass transport phenomena, the
variational formulation is not known (or certainly is difficult to obtain), so Galerkin’s method
is necessarily applied to develop the finite element equations.

There are a number of other residual methods. Among them are collocation, least squares,
and subdomain as described in Section 3.13. (For more on these methods, see Reference [5].)
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3.12 Galerkin’s Residual Method and Its Use to Derive the One-Dimensional Bar Element Equations

In weighted residual methods, a trial or approximate function is chosen to approximate
the independent variable, such as a displacement or a temperature, in a problem defined by a
differential equation. This trial function will not, in general, satisfy the governing differential
equation. Thus substituting the trial function into the differential equation results in a residual
over the whole region of the problem as follows:

J.”RdV = minimum (3.12.1)

In the residual method, we require that a weighted value of the residual be a minimum over
the whole region. The weighting functions allow the weighted integral of residuals to go to zero.
If we denote the weighting function by W, the general form of the weighted residual integral is

j j j RWdAV =0 (3.12.2)

Using Galerkin’s method, we choose the interpolation function, such as Eq. (3.2.8), in
terms of N; shape functions for the independent variable in the differential equation. In general,
this substitution yields the residual R # 0. By the Galerkin criterion, the shape functions N;
are chosen to play the role of the weighting functions W. Thus for each i, we have

”J.RNI‘ dv =0 (i=12,..,n) (3.12.3)

Equation (3.12.3) results in a total of n equations. Equation (3.12.3) applies to points
within the region of a body without reference to boundary conditions such as specified applied
loads or displacements. To obtain boundary conditions, we apply integration by parts to
Eq. (3.12.3), which yields integrals applicable for the region and its boundary.

Bar Element Formulation

We now illustrate Galerkin’s method to formulate the bar element stiffness equations. We begin
with the basic differential equation, without distributed load, derived in Section 3.1 as

i(AEQJ =0 (3.12.4)
dx dx

where constants A and E are now assumed. The residual R is now defined to be Eq. (3.12.4).

Applying Galerkin’s criterion [Eq. (3.12.3)] to Eq. (3.12.4), we have

jLi(AE@)N,- k=0 (i=12) (3.12.5)
0 dx dx

We now apply integration by parts to Eq. (3.12.5). Integration by parts is given in general by
Ju dv =uv — Ivdu (3.12.6)

where u and v are simply variables in the general equation. Letting

dN;

u = N; du = —dx
dx (3.12.7)
dv = i(AE@)dx v =AE@
dx dx dx
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3 | Development of Truss Equations

in Eq. (3.12.5) and integrating by parts according to Eq. (3.12.6), we find that Eq. (3.12.5) becomes

(NiAEﬂ)
dx

L
~[Fapdedt

0 0 dx dx

dx =0 (3.12.8)

where the integration by parts introduces the boundary conditions.
Recall that, because u = [N]{d}, we have

a _dv 9N (3.12.9)

or, when Egs. (3.2.9) are used for Ny =1 — x/L and N, = x/L,

du _ [_l l} th (3.12.10)
dx L L]|| u
Using Eq. (3.12.10) in Eq. (3.12.8), we then express Eq. (3.12.8) as
ag[" [—l l:ldx Mol = (N,-AE @j
0 dx LL up dx

Equation (3.12.11) is really two equations (one for N; = N;and one for N; = N,). First, using
the weighting function N; = N, we have

L
AE @[—l l}dx N (NIAE@)
0 dx L L up dx
Substituting for dN; /dx, we obtain

_1p_ 11 o _
AEJO[ L}[ 7 J dx{ uz} fia (3.12.13)

where fi, = AE(du/dx) because Ny =1 at x =0 and Ny =0 at x = L. Evaluating
Eq. (3.12.13) yields

L

(i=12) (3.12.11)

0

L
(3.12.12)

0

AE
T(m —up) = fix (3.12.14)

Similarly, using N; = N,, we obtain

B EIE PN

Simplifying Eq. (3.12.15) yields

L
(3.12.15)

0

AE
T(Mz —uy) = for (3.12.16)

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



3.13 Other Residual Methods and Their Application to a One-Dimensional Bar Problem

where f>, = AE(du/dx) because N, = lat x = L and N, = 0 at x = 0. Equations (3.12.14)
and (3.12.16) are then seen to be the same as Egs. (3.1.13) and (3.10.27) derived, respectively,
by the direct and the variational method.

ERE) other Residual Methods and Their Application to a
One-Dimensional Bar Problem

As indicated in Section 3.12 when describing Galerkin’s residual method, weighted residual
methods are based on assuming an approximate solution to the governing differential equa-
tion for the given problem. The assumed or trial solution is typically a displacement or a
temperature function that must be made to satisfy the initial and boundary conditions of the
problem. This trial solution will not, in general, satisfy the governing differential equation.
Thus, substituting the trial function into the differential equation will result in some residuals
or errors. Each residual method requires the error to vanish over some chosen intervals or at
some chosen points. To demonstrate this concept, we will solve the problem of a rod subjected
to a triangular load distribution as shown in Figure 3-28 (see Section 3.10) for which we also
have an exact solution for the axial displacement given by Eq. (3.11.5) in Section 3.11. We
will illustrate four common weighted residual methods: collocation, subdomain, least squares,
and Galerkin’s method.

It is important to note that the primary intent in this section is to introduce you to the gen-
eral concepts of these other weighted residual methods through a simple example. You should
note that we will assume a displacement solution that will in general yield an approximate
solution (in our example the assumed displacement function yields an exact solution) over the
whole domain of the problem (the rod previously solved in Section 3.10). As you have seen
already for the spring and bar elements, we have assumed a linear function over each spring or
bar element, and then combined the element solutions as was illustrated in Section 3.10 for the
same rod solved in this section. It is common practice to use the simple linear function in each
element of a finite element model, with an increasing number of elements used to model the rod
yielding a closer and closer approximation to the actual displacement as seen in Figure 3-31.

For clarity’s sake, Figure 3-35(a) shows the problem we are solving, along with a free-
body diagram of a section of the rod with the internal axial force P(x) shown in Figure 3-35(b).

20 OQQXNI =

%0 QOQXNI“\

— = P

1.5m

(a) (b)

M Figure 3-35 (a) Rod subjected to triangular load distribution and (b) free-body diagram of
section of rod
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3 | Development of Truss Equations

The governing differential equation for the axial displacement, u, is given by
(AE@) —P(x)=0 (3.13.1)
dx

where the internal axial force is P(x) = 40,000x2. The boundary condition is u(x = L) = 0.

The method of weighted residuals requires us to assume an approximation function for the
displacement. This approximate solution must satisfy the boundary condition of the problem.
Here we assume the following function:

u(x) =c;(x —L) +e2(x —L)* +¢3(x — L) (3.13.2)

where cj, ¢, and c¢3 are unknown coefficients. Equation (3.13.2) also satisfies the boundary
condition given by u(x = L) = 0.

Substituting Eq. (3.13.2) for u into the governing differential equation, Eq. (3.13.1), results
in the following error function, R:

AE[c; + 2¢3(x — L) + 3c3(x — L)*] — 40,000x> =R (3.13.3)

We now illustrate how to solve the governing differential equation by the four weighted resid-
ual methods.

Collocation Method

The collocation method requires that the error or residual function, R, be forced to zero at as
many points as there are unknown coefficients. Equation (3.13.2) has three unknown coeffi-
cients. Therefore, we will make the error function equal zero at three points along the rod. We
choose the error function to go to zero at x = 0, x = L/3 and x = 2L/3 as follows:

R(c,x=0)=0 =AE[01 + 2¢2(—L) + 3c3 (—L)Z:I =0

=
—_—
o
=
Il

1/3)=0 = AE| e + 2e3(=2L/3) + 3e; (=21/3)" | ~40,000(1/3) = 0 (3.13.4)

=
—_
o
=
Il

21/3)=0 = AE[ e + 263 (=1/3) + 3¢5 (~L/3)" | ~40,000(22/3)" =0

The three linear equations, Eq. (3.13.4), can now be solved for the unknown coefficients,
1, ¢ and c3. The result is

¢ = 40,0002 /(AE) ¢, = 40,000L/(AE) c¢3 = 40,000/(3AE)  (3.13.5)

Substituting the numerical values, A = 12.5 X 104, E = 2 X 10'!'and L = 1.5 m into Eq.
(3.13.5), we obtain the ¢’s as:

g =3.6X107%, ¢ =24X107% ¢ =5.333 X107 (3.13.6)

Substituting the numerical values for the coefficients given in Eq. (3.13.6) into Eq. (3.13.2),
we obtain the final expression for the axial displacement as

u(x) =3.6 X107*(x —L) + 24 X 107*(x — L)* +5.333 X1075(x —L)* (3.13.7)
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3.13 Other Residual Methods and Their Application to a One-Dimensional Bar Problem

Because we have chosen a cubic displacement function, Eq. (3.13.2), and the exact solu-
tion, Eq. (3.11.6), is also cubic, the collocation method yields the identical solution as the exact
solution. The plot of the solution is shown in Figure 3-31 on page 133.

Subdomain Method

The subdomain method requires that the integral of the error or residual function over some
selected subintervals be set to zero. The number of subintervals selected must equal the number
of unknown coefficients. Because we have three unknown coefficients in the rod example, we
must make the number of subintervals equal to three. We choose the subintervals from O to L/3,
from L/3 to 2L/3, and from 2L/3 to L as follows:

L3 L3
j Rdx=0= j {AE[c; + 2¢3(x — L) + 3¢3(x — L)2] — 40,000x2} dx
0 0

2L)3 2L/3
j Rdx =0 = j {AE[c; + 2¢3(x — L) + 3¢3(x — L)2] — 40,000x2}dx (3.13.8)
L3 L3

L L
j Rdx =0 j {AE[c; + 2¢y(x — L) + 3c3(x — L)2] — 40,000x2} dx
2L/3 2L/3

where we have used Eq. (3.13.3) for R in Egs. (3.13.8).

Integration of Eqgs. (3.13.8) results in three simultaneous linear equations that can be
solved for the coefficients ¢y, ¢, and c3. Using the numerical values for A, E, and L as previ-
ously done, the three coefficients are numerically identical to those given by Eq. (3.13.6). The
resulting axial displacement is then identical to Eq. (3.13.7).

Least Squares Method

The least squares method requires the integral over the length of the rod of the error function
squared to be minimized with respect to each of the unknown coefficients in the assumed
solution, based on the following:

1%
(96,‘

L
[Jdex) =0 i=12,...,N (for N unknown coefficients) (3.13.9)
0

or equivalently to

L

R
_[Ra—dx =0 (3.13.10)
o 9C

Because we have three unknown coefficients in the approximate solution, we will
perform the integration three times according to Eq. (3.13.10) with three resulting equa-
tions as follows:
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3 | Development of Truss Equations

L

j {AE[c; + 23 (x — L) + 3c3(x — L)*] — 40,000x2}AE dx = 0

0

L

I{AE[cl +2c(x — L) + 3c3(x — L)Z] — 40,000x%}AE2(x —L)dx =0 (3.13.11)
0

L
J{AELe + 263 (x = L) + 3c3 (x — L)’] — 40,000x*}AE3(x — LY dx = 0
0

In the first, second, and third of Eqgs. (3.13.11), respectively, we have used the following
partial derivatives:
JdR JdR JdR
“—— =AE, — =AE2(x-L), —— =AE3(x-L) (3.13.12)
dcy dcy ¢9C3
where R is again the error function defined by Eq. (3.13.3).
Integration of Egs. (3.13.11) yields three linear equations that are solved for the three coef-
ficients. The numerical values of the coefficients again are identical to those of Eq. (3.13.6).
Hence, the solution is identical to the exact solution.

Galerkin’s Method

Galerkin’s method requires the error to be orthogonal' to some weighting functions W; as
given previously by Eq. (3.12.2). For the rod example, this integral becomes

L
J-RW,»dx =0 i=12..N (3.13.13)
0

The weighting functions are chosen to be a part of the approximate solution. Because we
have three unknown constants in the approximate solution, we need to generate three equations.
Recall that the assumed solution is the cubic given by Eq. (3.13.2); therefore, we select the
weighting functions to be

Wi =x—1L Wy = (x — L)? Wz =(x — L)} (3.13.14)

Using the weighting functions from Eq. (3.13.14) successively in Eq. (3.13.13), along with
Eq. (3.13.3) for R, we generate the following three equations:

L

J{AE[C] + 2¢y(x — L) + 3c3(x — L)?] — 40,000x2}(x —L)dx =0

0

L

j{AE[c1 + 2c5(x — L) + 3c3(x — L)*] — 40,000x>}(x — L) dx = 0 (3.13.15)
0

L

j {AE[c; + 2c2(x — L) + 3c3(x — L)*] — 40,000x>}(x —L)* dx =0

0

IThe use of the word orthogonal in this context is a generalization of its use with respect to vectors. Here the ordinary scalar
product is replaced by an integral in Eq. (3.13.13). In Eq. (3.13.13)], the functions u(x) = R and v(x) = W; are said to be

L
orthogonal on the interval 0 = x = L if J.o u(x)v(x) dx equals 0.
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3.14 Flowchart for Solution of Three-Dimensional Truss Problems

Integration of Egs. (3.13.15) results in three linear equations that can be solved for the
unknown coefficients. The numerical values are the same as those given by Eq. (3.13.6). Hence,
the solution is identical to the exact solution.

In conclusion, because we assumed the approximate solution in the form of a cubic in x
and the exact solution is also a cubic in x, all residual methods have yielded the exact solution.
The purpose of this section has still been met to illustrate the four common residual methods
to obtain an approximate (or exact in this example) solution to a known differential equation.
The exact solution is shown by Eq. (3.11.6) and in Figure 3-31 in Section 3.11.

Flowchart for Solution of
Three-Dimensional Truss Problems

In Figure 3-36, we present a flowchart of a typical finite-element process used for the analysis
of three-dimensional truss problems on the basis of the theory presented in Chapter 3.

START

Draw the geometry and apply forces
and boundary conditions

!

Define the element type and properties
(here the truss element is used)

!

| DO JE = I,LNELE

'

Compute the element stiffness matrix [k]

!

Use the direct stiffness procedure to add
[k] to the proper locations in assemblage
stiffness matrix [K]

!

|Solve [K1{d} = {F} for {d}|

!

| Compute the bar element forces and stresses |

'

| View/Write output results |

END
M Figure 3-36 Flowchart of a truss finite-element program (NELE represents the number of

elements)
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3 | Development of Truss Equations

ERE) computer Program Assisted
Step-by-Step Solution for Truss Problem

In this section, we present a computer-assisted step-by-step solution of a three-dimensional
truss (space truss) problem solved using a computer program; see Reference [9].

The computer-assisted step-by-step problem uses the truss in Example 3.8 and is shown
in Figure 3-37.

The following steps have been used to determine the x, y, and z displacement components
at node 1 and the stresses in each truss element.

1. The first step is to draw the three truss elements using the standard drawing program in the
finite-element program, Autodesk [9], ANSYS [10], etc. This drawing also could be done
using other drawing programs, such as KeyCreator [11] or SOLIDWORKS [12] and then
imported into the finite-element program. This drawing requires defining a convenient x,
¥, z coordinate system and then inputting the x, y, and z coordinates of the two nodes mak-
ing up each truss element. When we input the nodal coordinates, we are actually defining
the description of the overall dimensions of the model truss and the individual elements
making up the truss model. When the individual elements, with their associated nodes, are
created, we will have defined the topology or connectivity (which nodes are connected to
which elements). The element numbering and node numbering are done internally within
the computer program. This drawing process is normally the most time-consuming part of
finite-element analysis. We often use automatic mesh-generating capabilities for two-and
three-dimensional bodies to reduce the time and error involved with modeling.

2. The second step is to select the element type for the kind of analysis to be performed. Here
the truss element is selected.

3 l\! (0, 900, 1800)

AM =200 mm?
A® =500 mm?
A® =125 mm?

Roller preventing
/ y displacement

(1800, 0, 0)

-
(0, 0, =1200) |

m Figure 3-37 Space truss modeled in computer program Algor [9]
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3.15 Computer Program Assisted Step-by-Step Solution for Truss Problem

3. The third step is to input the geometric properties for the element. Here the cross-sectional
area, A, is input.

4. The fourth step is to choose the material properties (modulus of elasticity, E, for a truss
element). Here ASTM A 36 steel is selected, which then means the modulus of elasticity
has been input.

5. The fifth step is to apply the boundary conditions to the proper nodes using the proper
boundary condition command. Here pinned boundary condition is appropriate and applied
to the nodes labeled 2, 3, and 4 and roller condition preventing y displacement to node 1
in Figure 3-37.

6. The sixth step is to apply the nodal load. Here the load of 5000 N is applied in the
negative-z direction.

7. The seventh step is an optional check of the model. If you choose to perform this step, you
will see the boundary conditions represented by a triangle at nodes 2, 3, and 4, a circle
at node 1, and the load represented by an arrow pointing in the negative-z direction at
node 1.

8. In step eight, we perform the analysis. This means the solution of simultaneous equations
of the form {F} = [K]{d} for displacement components x, y, and z at node 1 are deter-
mined. The stresses in each truss element are also determined.

9. In step nine, we select the results relevant for the specific analysis. Here the displacement
plot and axial stress plot are the relevant quantities for design. Figures 3—38(a) and (b) show
the maximum displacement plot and axial stress plot for the truss. The largest stress of
—21.38 Mpa (negative sign indicates compressive stress) is in the lower element (element
three). The stresses in elements one and two are —7.22 Mpa and 10.55 Mpa, respectively.

Displacement Axial stress
magnitude MPa
o \
0.6999557 g'ggﬁgg
0.6299599 4.016789
0.5599643 1.042452
0.4899688 1.931885
0.4199733 4.906222
0.3499777 7.880562
0.2799822 10.8549
0.2099867 13.82924
0.1399911 16.80357
8.0699956 19.77785
Z
Y
X
(a) (b)

M Figure 3-38 (a) Displacement magnitude plot and (b) axial stress plot for truss of Figure 3-37
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3 | Development of Truss Equations

SUMMARY EQUATIONS

Stiffness matrix for bar:

AE 1 -1
(K] = T[ 11 ] (3.1.14)
Shape functions for bar:
X X
N =1—— Ny, = — 329
1 L 2= 7 (3.2.9)
Displacement function assumed for two-noded bar element:
u=a +ax (3.2.1)
Transformation matrix relating vectors in the plane in two different coordinate systems:
c S
T|= 33.11
n-[ < ¢] s

Global stiffness matrix for bar arbitrarily oriented in the plane:

c? cs —C?* —CS

2 _ _Q2
[k] = AE S s =5 (3.4.23)
L c* CS
Symmetry 52
Axial stress in a bar:
{0} =[C{d} (3.5.6)
where
, E
[C']= Z[_C -S C 9] (3.5.8)

Transformation matrix relating vectors in three-dimensional space:

c. ¢, C. 0 0 0
(7] = (3.7.7)
0O 0 0 C C C.

Stiffness matrix for bar element in space:

¢ cc, cc -2 -cc, -ccC. |
2 CC —CC, —C2 -G,
- AE 2 —C,C. —C,C, —C2 379
L 2 GG G,
2 CC.
Symmetry C?
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Problems

Total potential energy for bar:

7y = SE{aY (BY (DY [BId} — {4} {1) (3.10.19)
where

(£} = (P} + [ [INsTT{Te)ds + [ [ [INT (X, )av
S Vv

Quadratic form of bar strain energy:

1 1 AE - AE
U= E{d}T [k){d} = E[ul uz]T|: _11 11 H Z; } = —[uf — 2uju> + u3](3.10.28b)
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PROBLEMS

3.1 a. Compute the total stiffness matrix [K] of the assemblage shown in Figure P3—1 by
superimposing the stiffness matrices of the individual bars. Note that [K] should be
in terms of A}, Ay, Az, Ey, E», E3, Ly, Ly, and L3. Here A, E, and L are generic symbols
used for cross-sectional area, modulus of elasticity, and length, respectively.

. © 2 O 3 r® R

§ AL ELL Ay By Ly UA;, E;,VL3 E

W Figure P3-1
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3 | Development of Truss Equations

b. NOW]CtAl =A2 =A3 =A,E1 =E2 =E3 =E, andLl =L2 =L3 = L.If nodes 1
and 4 are fixed and a force P acts at node 3 in the positive x direction, find expres-
sions for the displacement of nodes 2 and 3 in terms of A, E, L, and P.
c. Nowlet A =6 X 10" m? E =70 GPa, L = 0.25m, and P = 5000 N.
i. Determine the numerical values of the displacements of nodes 2 and 3.
ii. Determine the numerical values of the reactions at nodes 1 and 4.
iii. Determine the stresses in elements 1-3.
3.2-3.11 For the bar assemblages shown in Figures P3-2 through P3-11, determine the nodal
displacements, the forces in each element, and the reactions. Use the direct stiffness
method for these problems.

1 2 3 10kN  E=210GPa
o= A=4%10%m?

W Figure P3-2

= = 25%x10* m?

0.5m 1.25m

RO 40000N (@) 3R E = 200GPa
l A
N ! N

W Figure P3-3

=30x 10 m?
N
E, = 200 GPa
E, = 100 GPa
NI 0.75 m A = 30x10*m?
W Figure P3-5
7,
E, = 210 GPa
E. A t
/Ll ! E, = 70 GPa
1.25m A= 125%x10%m?
7] Rigid bar —
W Figure P3-6
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Problems

E = 100 GPa
A = 18x10*m?
k = 1000 KN/m
E, = 200 GPa
A, =4 x 107 m?
E, = 70 GPa
Ag=2%107%m?
W Figure P3-8
7
: 5kN 2 3 Fs E = 210 GPa
® <0 @) O > A=4x10*m?
2m 2m L“S"l 8§ = 25mm
m Figure P3-9
E = 70 GPa
A=2x10"m
k = 2000 kN/m
H Figure P3-10
1 @ E = 210 GPa
3m A=3x10"m

W Figure P3-11

3.12 Solve for the axial displacement and stress in the tapered bar shown in Figure P3—12
using one and then two constant-area elements. Evaluate the area at the center of
each element length. Use that area for each element. Let Ay = 12.5 X 107 m?,
L =0.5m, E =70 GPa, and P = 5000 N. Compare your finite element solutions
with the exact solution.

N\

AR = Aol + %)

m Figure P3-12
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3 | Development of Truss Equations

3.13 Determine the stiffness matrix for the bar element with end nodes and midlength
node shown in Figure P3—13. Let axial displacement u = a; + a,x + a3x?. (This is
a higher-order element in that strain now varies linearly through the element.)

0

= uéBT

M Figure P3-13

3.14  Consider the following displacement function for the two-noded bar element:
u=a+ bx’

Is this a valid displacement function? Discuss why or why not.

3.15 For each of the bar elements shown in Figure P3—15, evaluate the global x — y
stiffness matrix.

by by
17
2 E = 105GPa
A = 625X 10" m?
L =0375m
E = 210GPa
A = 1875 %X 10* m?
L =05m 90°
1 x - X
1
(a) (b)
y y
E = 210GPa
A=4x10"%m? E = 70 GPa
L=3m A=2x10"%m?
L=1m
X 1L 12
1 30° 20°
X
(c) 2 (d)

M Figure P3-15
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Problems

3.16 For the bar elements shown in Figure P3-16, the global displacement have been
determined tobeu; = 1cm, v; = 0.0,u, = 0.5 cm, and v, = 1.5 cm. Determine the
local x” displacements at each end of the bars. Let E = 90 GPa, A = 5 X 10™ m?,
and L = 2 m for each element.

by x’ by
2

45°

30°
(a)

(b)
2\ ’

W Figure P3-16
3.17 For the bar elements shown in Figure P3-17, the global displacements have
been determined to be u; = 0.0, vi{ = 2.5 mm, u, = 5.0 mm, and v, = 3.0 mm.

Determine the local x” displacements at the ends of each bar. Let E = 210 GPa,
A =10 X 107* m?2, and L = 3 m for each element.

’

X

\2 by

120°

30°
(a)

(b)
2\ ’

W Figure P3-17
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3 | Development of Truss Equations

3.18 Using the method of Section 3.5, determine the axial stress in each of the bar ele-
ments shown in Figure P3-18.

ty
2
E = 210 GPa
A = 125X 10%m?
L=15m
uy =0 vi=0
uy = 0.25 mm v, = 0.5 mm
45°
1 - X
(a)
4y
E = 210 GPa
2 A=3x10%m
L=3m
up = 0.25 mm vi= 0.0
uy = 1.00 mm vy = 0.0
30°
1 = X
(b)

M Figure P3-18

3.19 a. Assemble the stiffness matrix for the assemblage shown in Figure P3—19 by super-
imposing the stiffness matrices of the springs. Here & is the stiffness of each spring.
b. Find the x and y components of deflection of node 1.

: o

y
N

NE

N

N\

N

N k

N

‘3 k 45 : )
N

N 45°

N

N 50N

\ 0

\

N?!

\

H Figure P3-19
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Problems

3.20 For the plane truss structure shown in Figure P3-20, determine the displacement
of node 2 using the stiffness method. Also determine the stress in element 1. Let
A=30X10*m?% E=75GPa,and L =2.5m.

N\

m Figure P3-20 m Figure P3-21

3.21 Find the horizontal and vertical displacements of node 1 for the truss shown in
Figure P3-21. Assume AE = 15 X 107 N is the same for each element.

3.22 For the truss shown in Figure P3-22 solve for the horizontal and vertical components
of displacement at node 1 and determine the stress in each element. Also verify force
equilibrium at node 1. All elements have A = 6 X 10 m? and E = 70 GPa. Let
L=25m.

5000 N

W Figure P3-22
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3 | Development of Truss Equations

3.23 For the truss shown in Figure P3-23, solve for the horizontal and vertical
components of displacement at node 1. Also determine the stress in element 1. Let
A=6X10%*m?, E =70GPa,and L = 2.5 m.

P = 15kN

15m

P = 15kN

m Figure P3-23 M Figure P3-24

3.24 Determine the nodal displacements and the element forces for the truss shown in
Figure P3-24. Assume all elements have the same AE.

3.25 Now remove the element connecting nodes 2 and 4 in Figure P3-24. Then determine
the nodal displacements and element forces.

3.26 Now remove both cross elements in Figure P3-24. Can you determine the nodal
displacements? If not, why?

3.27 Determine the displacement components at node 3 and the element forces for the
plane truss shown in Figure P3-27. Let A = 50 X 10~ m? and E = 210 GPa for
all elements. Verify force equilibrium at node 3.

! 30 m | 30 m 1

W Figure P3-27
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Problems

3.28 Show that for the transformation matrix [77] of Eq. (3.4.15),[T]" = [T]"' and hence
Eq. (3.4.21) is indeed correct, thus also illustrating that [k] = [T]7 [k’][T] is the
expression for the global stiffness matrix for an element.

3.29-3.30 For the plane trusses shown in Figures P3-29 and P3-30, determine the horizontal
and vertical displacements of node 1 and the stresses in each element. All elements
have E = 210 GPaand A = 4.0 X 10™* m?.

20 kN -

40 kN

W Figure P3-29 H Figure P3-30

3.31 Remove element 1 from Figure P3-30 and solve the problem. Compare the
displacements and stresses to the results for Problem 3.30.

3.32  For the plane truss shown in Figure P3-32, determine the nodal displacements, the
element forces and stresses, and the support reactions. All elements have £ = 70
GPa and A = 3.0 X 10™* m?. Verify force equilibrium at nodes 2 and 4. Use sym-
metry in your model.

l 50 kN inoo KN 50 kN
® 4 6

®
®
@ ® S

=

W Figure P3-32

2

@ 3 5
3m 3m \K&

3.33 For the plane trusses supported by the spring at node 1 in Figure P3-33 (a) and (b),
determine the nodal displacements and the stresses in each element. Let £ = 210
GPa and A = 5.0 X 10~* m? for both truss elements.
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3 | Development of Truss Equations

m Figure P3-33(a) m Figure P3-33(b)

3.34 For the plane truss shown in Figure P3-34, node 2 settles an amount § = 2 mm.
Determine the forces and stresses in each element due to this settlement. Let
E =210GPaand A = 10 X 10~* m? for each element.

3.35 For the symmetric plane truss shown in Figure P3-35, determine (a) the deflection
of node 1 and (b) the stress in element 1. AE/L for element 3 is twice AE/L for the
other elements. Let AE/L = 1.5 X 10 N/m.ThenletA =5 X 10 m? L = 0.25m,
and E = 75 GPa to obtain numerical results.

W Figure P3-35
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3.36-3.37  For the space truss elements shown in Figures P3-36 and P3-37, the global
displacements at node 1 have been determined to be #; = 2 mm, v; = 4 mm,
and w; = 3 mm. Determine the displacement along the local x” axis at node 1
of the elements. The coordinates, in inches, are shown in the figures.

Ay
y 4 / *
2 (200, 100, 60)
|
: 1
| 0, 0,0 R x
| N
| N
1 | \\7\
I
0,0,0 R i _ // \\\
\\ l /
N [ z /
AN | /
AN | /
AN { 2 (100, 200, 300)
AN
S
z N x
M Figure P3-36 W Figure P3-37

3.38-3.39  For the space truss elements shown in Figures P3-38 and P3-39, the global
displacements at node 2 have been determined to be u, = 6 mm, v, = 12 mm,
and w, = 18 mm. Determine the displacement along the local x” axis at node 2
of the elements. The coordinates, in meters, are shown in the figures.

y x’
2 / v
(1,2,2)
|
[ ,
| X
[ (5.4, - 1)
i 2
! |
0, 0,0 S } x
\ |
N | x
A |
\\ f I /
N | (2,0, 2)
z AN
N ]
N
N\
N z
m Figure P3-38 m Figure P3-39

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




3 | Development of Truss Equations

3.40-3.41  For the space trusses shown in Figures P3—40 and P3-41, determine the
nodal displacements and the stresses in each element. Let £ = 210 GPa and
A =10 X 10™* m? for all elements. Verify force equilibrium at node 1. The
coordinates of each node, in meters, are shown in the figure. All supports are

ball-and-socket joints.

LD

(14,6, 0

(12, =3, -4) (@

40 kN (in the x direction)

W Figure P3-41

3.42  For the space truss subjected to a 10 kN load in the x direction, as shown in
Figure P3-42, determine the displacement of node 5. Also determine the stresses
in each element. Let A = 25 X 10# m? and E = 2 X 10! N/m? for all elements.
The coordinates of each node, in millimeters, are shown in the figure. Nodes 1-4
are supported by ball-and-socket joints (fixed supports).

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




Problems

(0,0, 720) 10kN

(=720, 360, 0)

1

2
(=720, =360, 0) N \\ DN (0,-360, 0)

W Figure P3-42

3.43 For the space truss subjected to the 40,000 N load acting as shown in Figure P3-43
determine the displacement of node 4. Also determine the stresses in each element.
Let A = 40 X 107 m? and E = 200 GPa for all elements. The coordinates of each
node, in mm, are shown in the figure. Nodes 1-3 are supported by ball-and-socket
joints (fixed supports).

(0, 0, 1440)

(-1440, 720, 0)

X

3
(-1440, =720, 0)

W Figure P3-43
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3 | Development of Truss Equations

3.44 Derive Eq. (3.7.21) for stress in space truss elements by a process similar to that
used to derive Eq. (3.5.6) for stress in a plane truss element.

3.45 For the truss shown in Figure P3—45, use symmetry to determine the displacements
of the nodes and the stresses in each element. All elements have £ = 200 GPa. Ele-
ments 1,2, 4, and 5have A = 10 X 10™* m? and element 3 has A = 20 X 10™* m?.
Let dimension a = 2 m and P = 40 kN. The supports at nodes 1 and 4 are pinned.

3

M Figure P3-45

3.46 For the truss shown in Figure P3—46, use symmetry to determine the displacements of
the nodes and the stresses in each element. All elements have £ = 200 GPa. Elements
1,2,4,and 5 have A = 62.5 X 10~* m? and element 3 has A = 125 X 10~* m?2.

3
f
@@@ 3m
@ L NG,
<&

<&
4m-—te——4m
100 kKN
M Figure P3-46

3.47 All elements of the structure in Figure P3—47 have the same AE except element 1,
which has an axial stiffness of 2AE. Find the displacements of the nodes and the
stresses in elements 2, 3, and 4 by using symmetry. Check equilibrium at node 4. You
might want to use the results obtained from the stiffness matrix of Problem 3.24.

:

R C I G,

® 7 © ‘ .

! 20 m 20 m !

m Figure P3-47
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3.48 For the roof truss shown in Figure P3—48, use symmetry to determine the displace-
ments of the nodes and the stresses in each element. All elements have E = 210 GPa
and A =10 X 107* m2.

20 kN

M Figure P3-48

3.49-3.51  For the plane trusses with inclined supports shown in Figures P3—49 through
P3-51, solve for the nodal displacements and element stresses in the bars. Let
A=12X10"*m2 E =2 X 10" N/m?, and L = 0.75 m for each truss.

H Figure P3-50 H Figure P3-51

3.52 Use the principle of minimum potential energy developed in Section 3.10 to solve
the bar problems shown in Figure P3-52. That is, plot the total potential energy for
variations in the displacement of the free end of the bar to determine the minimum
potential energy. Observe that the displacement that yields the minimum potential
energy also yields the stable equilibrium position. Use displacement increments of
0.5 mm, beginning withx = —0.1 mm.LetE = 2 X 10!! Paand A = 12 X 10™* m?
for the bars.
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l 100 kN

0.6 m J—— 60 kN
0.8 m

N
(@) (b)
W Figure P3-52

3.53 Derive the stiffness matrix for the nonprismatic bar shown in Figure P3-53 using
the principle of minimum potential energy. Let E be constant.
Ax) = Ay + AOI%

.

X

| . |
W Figure P3-53

3.54 For the bar subjected to the linear varying axial load shown in Figure P3-54, deter-
mine the nodal displacements and axial stress distribution using (a) two equal-
length elements and (b) four equal-length elements. Let A = 12.5 X 10™* m? and
E =2 X 10" N/m?2. Compare the finite element solution with an exact solution.

g T, = 80x kN/m

\
\
A
\
\
\
\

DNRNNANNNNNN

1.5m
W Figure P3-54

3.55 For the bar subjected to the uniform line load in the axial direction shown in
Figure P3-55, determine the nodal displacements and axial stress distribution using (a)
two equal-length elements and (b) four equal-length elements. Compare the finite ele-
ment results with an exact solution. Let A = 12.5 X 10 m?and E = 2 X 10'' N/m?.

3.56 For the bar fixed at both ends and subjected to the uniformly distributed loading
shown in Figure P3-56, determine the displacement at the middle of the bar and the
stress in the bar. Let A = 12.5 X 10* m?and E = 2 X 10'! N/m?,

60 kN/m
4. L
1——-— = > =|3 {é . Ti=20k’N/m . . %
7 ' ?
G 075m—| 0.75 m —>| % 0.75 m —=|=——0.75m —ué
W Figure P3-55 W Figure P3-56
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3.57 For the bar hanging under its own weight shown in Figure P3—57, determine the nodal
displacements using (a) two equal-length elements and (b) four equal-length elements.
Let A =12 X 10 m?2, E = 2 X 10" N/m?, and weight density p, = 7800 kg/m?.
(Hint: The internal force is a function of x. Use the potential energy approach.)

N

H Figure P3-57

3.58 Determine the energy equivalent nodal forces for the axial distributed loading shown
acting on the bar elements in Figure P3-58.

T, =1000 + 2000x N/m T, = 52 kN/m

—_— — — — > —— —

| —x 2 | f———x 2
0.25 m 4m
(a) (b)

M Figure P3-58

3.59 Solve Problem 3.55 for the axial displacement in the bar using collocation,
subdomain, least squares, and Galerkin’s methods. Choose a quadratic polynomial
u(x) = cjx + cx? in each method. Compare these weighted residual method
solutions to the exact solution.

3.60 For the tapered bar shown in Figure P3-60 with cross sectional areas
A =12X10%*m? and A, =6 X 10 m? at each end, use the collocation,
subdomain, least squares, and Galerkin’s methods to obtain the displacement in the
bar. Compare these weighted residual solutions to the exact solution. Choose a cubic

polynomial u(x) = cjx + cox2 + c3x°.

A2
N e —— P=5000N
E=70GPa

W Figure P3-60

3.61 For the bar shown in Figure P3—61 subjected to the linear varying axial load, deter-
mine the displacements and stresses using (a) one and then two finite element
models and (b) the collocation, subdomain, least squares, and Galerkin’s methods
assuming a cubic polynomial of the form u(x) = cjx + c2x? + c3x°.
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a/m
=%

—— ——> —— —— —

AE =2 x 10*kN

3.0m |

/—PX

W Figure P3-61

shown in Figure P3-63, use a computer program to determine

a. the largest tensile and compressive stresses and in what elements they
occur and

b. the largest magnitude of displacement and at what node this occurs.
Use E = 70 GPa, A = 0.003125 m?2.

@ 3.62-3.63  For the plane stairway truss shown in Figure P3—62 and the plane cantilever truss

1000 N
1000 N
l 1000 N
3m l 500 N
2m l
Im
2m 2m © 2m ) 2m
M Figure P3-62 Stairway truss W Figure P3-63 Cantilever truss

3.64-3.72  Use a computer program to solve the truss design problems shown in Figures
P3-64 through P3-72. Determine the single most critical cross-sectional
area based on maximum allowable yield strength or buckling strength (based
on either Euler’s or Johnson’s formula as relevant) using a factor of safety
(FS) listed next to each truss. Recommend a common structural shape and
size for each truss. List the largest three nodal displacements and their loca-
tions. Also include a plot of the deflected shape of the truss and a principal
stress plot.
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F =100 kN

20kN 80 kN

3m
1 S I

<3 m> 8 m 3.6m 0.6 m
m Figure P3-64 Derrick truss (FS = 4.0) m Figure P3-65 Truss bridge (FS = 3.0)
lm | Im Ilm

A I lc

a 5D
Im G

Y E
1m 200 kN

=

M Figure P3-66 Tower (FS = 2.5) M Figure P3-67 Boxcar lift (FS = 3.0)

M Figure P3-68 Howe scissors roof truss (FS = 2.0) m Figure P3-69 Stadium roof truss (FS = 3.0)
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3 | Development of Truss Equations

250 kg
W Figure P3-70 Space truss with ball-and-socket M Figure P3-71 Space truss with ball-and-
jointsat C, D, E, and G (FS = 3.0) socket joints at A, B, and D (FS = 2.0)

1NN, \
l\
10 m
A_—_S
7

=7

m Figure P3-72 Space truss (FS = 2.0)
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"025m ' 225m ! 225m | 225m |
Z

Plan
W Figure P3-72 Continued

3.73 For the bridge truss shown, determine a recommended single size square box sec-
tion for all members that most closely satisfy the stress requirements stated below.
Assume the material is ASTM AS500 Cold Formed with Grade B. So the yield
strength is 315 MPa and tensile strength is 400 MPa. Assume a factor of safety of
3 based on both yielding in tension and buckling in compression. Use a computer
program to aid you in solving this problem. Base your final recommendation on the
most critical compression member unless allowable tensile stress based on yielding
of the material occurs.

10 kN
5kN SkN
o ® o 6 )
©) Q)
@ @ @ 2m
) @ © ©)

3m 4) 3m

W Figure 3-73 Bridge truss

P3.74 For the barrel vault truss shown, use a computer program to design the truss.
That is, based on the most critical compression member and most critical tension
member, select a square box ASTM A36 steel cross section based on either Euler’s
or Johnson’s formula for buckling as relevant or maximum allowable yield strength
in tension. Use a factor of safety of 3 based on yield strength or critical buckling
load or stress. Document your work and show critical hand calculations. Also list
the largest three nodal displacements and their locations on the truss. Include a plot
of the deflected shape of the truss and of the principal stress, both in color.
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(16.5, 8.25) 10N
SKN 1(21, 10.5) (25.5.8.25)
10 kl\‘l SkN
10 kN
(14.5, 7.25)l

10 kN

M Figure P3-74 Barrel vault truss (coordinates are shown in units of meters)

P3.75 Rework problem 3.74, but select a standard pipe cross section instead of a square
box cross section.
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CHAPTER

Development of Beam
Equations

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Review basic concepts of beam bending.
Derive the stiffness matrix for a beam element.
Demonstrate beam analysis using the direct stiffness method.
[llustrate the effects of shear deformation in shorter beams.

Introduce the work-equivalence method for replacing distributed loading by a set of
discrete loads.

Introduce the general formulation for solving beam problems with distributed load-
ing acting on them.

Analyze beams with distributed loading acting on them.
Compare the finite element solution to an exact solution for a beam.
Derive the stiffness matrix for the beam element with nodal hinge.

Show how the potential energy method can be used to derive the beam element
equations.

Apply Galerkin’s residual method for deriving the beam element equations.

Introduction

We begin this chapter by developing the stiffness matrix for the bending of a beam element, the
most common of all structural elements, as evidenced by its prominence in buildings, bridges,
towers, and many other structures. The beam element is considered to be straight and to have
constant cross-sectional area. We will first derive the beam element stiffness matrix by using
the principles developed for simple beam theory.

We will then present simple examples to illustrate the assemblage of beam element stift-
ness matrices and the solution of beam problems by the direct stiffness method presented in
Chapter 2. The solution of a beam problem illustrates that the degrees of freedom associated
with a node are a transverse displacement and a rotation. We will include the nodal shear forces
and bending moments and the resulting shear force and bending moment diagrams as part of
the total solution.
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4 | Development of Beam Equations

Next, we will discuss procedures for handling distributed loading, because beams and
frames are often subjected to distributed loading as well as concentrated nodal loading. We will
follow the discussion with solutions of beams subjected to distributed loading and compare a
finite element solution to an exact solution for a beam subjected to a distributed loading.

We will then develop the beam element stiffness matrix for a beam element with a nodal
hinge and illustrate the solution of a beam with an internal hinge.

To further acquaint you with the potential energy approach for developing stiffness matri-
ces and equations, we will again develop the beam bending element equations using this
approach. We hope to increase your confidence in this approach. It will be used throughout
much of this text to develop stiffness matrices and equations for more complex elements, such
as two-dimensional (plane) stress, axisymmetric stress, and three-dimensional stress.

Finally, the Galerkin residual method is applied to derive the beam element equations.

The concepts presented in this chapter are prerequisite to understanding the concepts for
frame analysis presented in Chapter 5.

R Beam Stiffness

In this section, we will derive the stiffness matrix for a simple beam element. A beam is a long,
slender structural member generally subjected to transverse loading that produces significant
bending effects as opposed to twisting or axial effects. This bending deformation is measured
as a transverse displacement and a rotation. Hence, the degrees of freedom considered per node
are a transverse displacement and a rotation (as opposed to only an axial displacement for the
bar element of Chapter 3).

Consider the beam element shown in Figure 4—1. The beam is of length L with axial local
coordinate x and transverse local coordinate y. The local transverse nodal displacements are
given by v;’s and the rotations by ¢;’s. The local nodal forces are given by f;,’s and the bending
moments by m;’s as shown. We initially neglect all axial effects.

At all nodes, the following sign conventions are used:

Moments are positive in the counterclockwise direction.
Rotations are positive in the counterclockwise direction.
Forces are positive in the positive y direction.
Displacements are positive in the positive y direction.

Eali ol .

Y, v

¢1,m1’T / * ’/3 my, ¢,

- L

Jipsvy Sayova

m Figure 4-1 Beam element with positive nodal displacements, rotations, forces, and
moments
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4.1 Beam Stiffness

y
|4 v

| Figure 4-2 Beam theory sign conventions for shear forces and bending moments

(a) Undeformed beam under load w(x) (b) Deformed beam due to applied loading
w(x)
M .-T\
11 12 ) M +am
L ] 3
v *yiw

(c) Differential beam element

m Figure 4-3 Beam under distributed load

Figure 4-2 indicates the sign conventions used in simple beam theory for positive shear forces
V and bending moments m.

Beam Stiffness Matrix Based on Euler-Bernoulli Beam Theory
(Considering Bending Deformations Only)

The differential equation governing elementary linear-elastic beam behavior [1] (called the
Euler-Bernoulli beam as derived by Euler and Bernoulli) is based on plane cross sections
perpendicular to the longitudinal centroidal axis of the beam before bending occurs remain-
ing plane and perpendicular to the longitudinal axis after bending occurs. This is illustrated
in Figure 4-3, where a plane through vertical line a — ¢ [Figure 4-3(a)] is perpendicular to
the longitudinal x axis before bending, and this same plane through a” — ¢’ [rotating through
angle ¢ in Figure 4-3(b)] remains perpendicular to the bent x axis after bending. This occurs
in practice only when a pure couple or constant moment exists in the beam. However it is a
reasonable assumption that yields equations that quite accurately predict beam behavior for
most practical beams.

The differential equation is derived as follows. Consider the beam shown in Figure 4-3
subjected to a distributed loading w(x) (force/length). From the force and moment equilibrium
of a differential element of the beam, shown in Figure 4-3(c), we have

2F,=0:V—=(V +dV)—wx)dx =0 (4.1.1a)
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4 | Development of Beam Equations

Or, simplifying Eq. (4.1.1a), we obtain

—wdx —dV =0 or w= — d_V (4.1.1b)
dx
SM>, =0: — Vdx +dM + w(x)dx(%) =0 or V= Z—M (4.1.1¢)
X

The final form of Eq. (4.1.1c), relating the shear force to the bending moment, is obtained by
dividing the left equation by dx and then taking the limit of the equation as dx approaches 0.
The w(x) term then disappears.

Also, the curvature x of the beam is related to the moment by

K = 1M (4.1.1d)

p 1

where p is the radius of the deflected curve shown in Figure 4—4b, v is the transverse displace-

ment function in the y direction (see Figure 4—4a), E is the modulus of elasticity, and / is the

principal moment of inertia about the z axis (where the z axis is perpendicular to the x and y

axes). (I = bh?/12 for a rectangular cross section of base b and height / shown in Figure 4—4c.)
The curvature for small slopes ¢ = dv/dx is given by

d?v
K = F (4116)
Using Eq. (4.1.1e) in (4.1.1d), we obtain
d*v M
== 4.1.1
x2  EI (4115

d? d*v) _
dx—z(EI—j_ W) (4.11g)

For constant EI and only nodal forces and moments, Eq. (4.1.1g) becomes

4
EI% =0 (4.1.1h)

We will now follow the steps outlined in Chapter 1 to develop the stiffness matrix and
equations for a beam element and then to illustrate complete solutions for beams.

Step 1 Select the Element Type

Represent the beam by labeling nodes at each end and in general by labeling the element
number (Figure 4-1).
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4.1 Beam Stiffness

w(x)
=]
T P
v(x)
1

| . | ¢

[ I {
v(x)

(a) Portion of deflected curve of beam (b) Radius of deflected curve at v(x)

]
(c) Typical rectangular cross section of beam

W Figure 4-4 Deflected curve of beam

Step 2 Select a Displacement Function
Assume the transverse displacement variation through the element length to be

v(x) = aix® + arx? + a3x +ay (4.1.2)

The complete cubic displacement function Eq. (4.1.2) is appropriate because there are four
total degrees of freedom (a transverse displacement v; and a small rotation ¢; at each node).
The cubic function also satisfies the basic beam differential equation—further justifying its
selection. In addition, the cubic function also satisfies the conditions of displacement and slope
continuity at nodes shared by two elements.

Using the same procedure as described in Section 2.2, we express v as a function of the
nodal degrees of freedom vy, v, ¢, and ¢, as follows:

v(0) =v| =ay

dv(0
% —b =3
(4.13)
v(L) =vy =i} + axI* + a3L + ay
L
d‘;( ) =¢, = 3a1L2 + 2a,L + a3
X
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4 | Development of Beam Equations

where ¢ = dv/dx for the assumed small rotation ¢. Solving Egs. (4.1.3) for g, through a4 in
terms of the nodal degrees of freedom and substituting into Eq. (4.1.2), we have

V= l:i(vl —w)+ %@1 + ¢2)}x3

3
L 3 | 4.1.4)
+[ - E(Vl — ) - z(2¢1 + ¢2)}x2 + dix + v
In matrix form, we express Eq. (4.1.4) as
v =[N|{d} 4.1.5)
Vi
o1
where {d} = (4.1.6a)
V2
&
and where [N]=[N; N, N3 N4 (4.1.6b)

1 1
N, = E(2x3 —3x2L +I?) N, = E(xSL — 2x%1% + xI?)

and ! | 4.1.7)
N3 = E(—Z)c3 + 3x2L) Ny = E(X3L —x2I?)

N1, N», N3, and N4 are called the shape functions for a beam element. These cubic shape (or
interpolation) functions are known as Hermite cubic interpolation (or cubic spline) functions.
For the beam element, N; = 1 when evaluated at node 1 and N; = 0 when evaluated at node 2.
Because N, is associated with ¢, we have, from the second of Egs. (4.1.7), (dN,/dx) = 1 when
evaluated at node 1. Shape functions N3 and N4 have analogous results for node 2.

Step 3 Define the Strain/Displacement
and Stress/Strain Relationships

Assume the following axial strain/displacement relationship to be valid:

ex(x,y) = % (4.1.8)

where u is the axial displacement function. From the deformed configuration of the beam
shown in Figure 4-5, we relate the axial displacement to the transverse displacement by
dv

u= —ya 4.1.9)
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4.1 Beam Stiffness

y. v

D
11
|1 A
)—; ————————— -4 X u
/ /L ———————— - — C
’
/b :
z dx
(a)
dv
— = (])
D -y dx
(B dv
dx
(b)

M Figure 4-5 Beam segment (a) before deformation and (b) after deformation;
(c) Angle of rotation of cross section ABCD

where we should recall from elementary beam theory [1] the basic assumption that cross sec-
tions of the beam (such as cross section ABCD) that are planar before bending deformation
remain planar after deformation and, in general, rotate through a small angle (dv / dx). Using
Eq. (4.1.9) in Eq. (4.1.8), we obtain

d?v

= (4.1.10a)
X

Sx(XJ’) = -

Also using Hooke’s law (o, = Ee,) and substituting Eq. (4.1.1f) for d*v/dx? into
Eq. (4.1.10a), we obtain the beam flexure or bending stress formula as
1

(4.1.10b)

Oy =

From elementary beam theory, the bending moment and shear force are related to the transverse
displacement function. Because we will use these relationships in the derivation of the beam
element stiffness matrix, we now present them as

d?v d3v
=FE— V =El— 4.1.11
m(x) 2 70 ( )

Step 4 Derive the Element Stiffness Matrix and Equations

First, derive the element stiffness matrix and equations using a direct equilibrium approach. We
now relate the nodal and beam theory sign conventions for shear forces and bending moments
(Figures 4—-1 and 4-2), along with Egs. (4.1.4) and (4.1.11), to obtain
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4 | Development of Beam Equations

3
fiy=V O By 6Lby — 12vy + 6Lb)
dx? 3
d*v(0 EI
m =—m= —EI dv(z ) = 5 6Ly, + 4Ly = 6Lvy + 2L2hn)
d;‘ o (4.1.12)
= —ve —mD B 6Ld) +12vy — 6Ly
’ dx? 3
2wL)  EI
my = m =B Bl r oy — 6Ly, + 424
dx? I3

where the minus signs in the second and third of Eqs. (4.1.12) are the result of opposite nodal
and beam theory positive bending moment conventions at node 1 and opposite nodal and beam
theory positive shear force conventions at node 2 as seen by comparing Figures 4—1 and 4-2.
Equations (4.1.12) relate the nodal forces to the nodal displacements. In matrix form, Eqgs.
(4.1.12) become

Siy 12 6L —12 6L ||W
m | _EI| 6L 412 —6L 2I*||% @.L113)
by 3]—-12 —6L 12 —6L || o

my 6L 20> —6L 4I2||d,

where the stiffness matrix is then

12 6L —12 6L

EI| 6L 41> —6L 2I?
k= = 4.1.14
[ 3|—-12 —6L 12 —6L ( )

6L 21> —6L 417

Equation (4.1.13) indicates that [k] relates transverse forces and bending moments to transverse
displacements and rotations, whereas axial effects have been neglected.

In the beam element stiffness matrix [Eq. (4.1.14)] derived in this section, it is assumed
that the beam is long and slender; that is, the length, L, to depth, 4, dimension ratio of the
beam is large. In this case, the deflection due to bending that is predicted by using the stiffness
matrix from Eq. (4.1.14) is quite adequate. However, for short, deep beams the transverse shear
deformation can be significant and can have the same order of magnitude contribution to the
total deformation of the beam. This is seen by the expressions for the bending and shear contri-
butions to the deflection of a beam, where the bending contribution is of order (L/h)3, whereas
the shear contribution is only of order (L/h). A general rule for rectangular cross-section beams
is that for a length at least eight times the depth, the transverse shear deflection is less than
five percent of the bending deflection [4]. Castigliano’s method for finding beam and frame
deflections is a convenient way to include the effects of the transverse shear term as shown in
Reference [4]. The derivation of the stiffness matrix for a beam including the transverse shear
deformation contribution is given in a number of references [5-8].
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4.1 Beam Stiffness

dx
Bx)
14 P(x)
\ M
MC\ %h v Mor
y(x) v+ ox
X
(a)

Element 2

1 2
9,7 =9,%
Element 1
dvz(l) duz(z)
—_ -
dx dx

(b)

m Figure 4-6 (a) Element of Timoshenko beam showing shear deformation. Cross sections are
no longer perpendicular to the neutral axis line. (b) Two beam elements meeting at node 2

The inclusion of the shear deformation in beam theory with application to vibration problems
was developed by Timoshenko and is known as the Timoshenko beam [9-10].

Beam Stiffness Matrix Based on Timoshenko Beam Theory (Including
Transverse Shear Deformation)

The shear deformation beam theory is derived as follows. Instead of plane sections remaining
plane after bending occurs as shown previously in Figure 4-5, the shear deformation (deforma-
tion due to the shear force V) is now included. Referring to Figure 4—-6, we observe a section of
a beam of differential length dx with the cross section assumed to remain plane but no longer
perpendicular to the neutral axis (x axis) due to the inclusion of the shear force resulting in a
rotation term indicated by 3. The total deflection of the beam at a point x now consists of two
parts, one caused by bending and one by shear force, so that the slope of the deflected curve
at point x is now given by

% = ¢(x) + B(x) (4.1.15a)

where rotation due to bending moment and due to transverse shear force are given, respectively,

by $(x) and B(x).
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4 | Development of Beam Equations

We assume as usual that the linear deflection and angular deflection (slope) are small.
The relation between bending moment and bending deformation (curvature) is now

M) = g1 28X

(4.1.15b)

and the relation between the shear force and shear deformation (rotation due to shear) (shear
strain) is given by

V(x) = k,AGB(x) (4.1.15¢)

The difference in dv/dx and ¢ represents the shear strain y,.(= ) of the beam as

Ve = —— — ¢ (4.1.15d)

Now consider the differential element in Figure 4-3(c) and Egs. (4.1.1b) and (4.1.1c) obtained
from summing transverse forces and then summing bending moments. We now substitute
Eq. (4.1.15c¢) for V and Eq. (4.1.15b) for M into Egs. (4.1.1b) and (4.1.1c) along with b from
Eq. (4.1.15a) to obtain the two governing differential equations as

d dv _

dx{ksAG(_dx - ¢ﬂ = —w (4.1.15¢)
d do dv _
. (E]_dx ) + kSAG(_dx q')) 0 (4.1.15¢%)

To derive the stiffness matrix for the beam element including transverse shear deformation,
we assume the transverse displacement to be given by the cubic function in Eq. (4.1.2). In a
manner similar to [8], we choose transverse shear strain y consistent with the cubic polynomial
for v(x), such that vy is a constant given by

y=c (4.1.15g)

Using the cubic displacement function for v, the slope relation given by Eq. (4.1.15a), and the
shear strain Eq. (4.1.15g), along with the bending moment-curvature relation, Eq. (4.1.15b)
and the shear force-shear strain relation Eq. (4.1.15¢), in the bending moment—shear force
relation Eq. (4.1.1c), we obtain

c = 6ag (4.1.15h)

where g = EI/k;AG and kA is the shear area. Shear areas, Ay, vary with cross-section shapes.
For instance, for a rectangular shape A; is taken as 0.83 times the cross section A, for a solid
circular cross section it is taken as 0.9 times the cross section, for a wide-flange cross section it
is taken as the thickness of the web times the full depth of the wide-flange, and for thin-walled
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4.1 Beam Stiffness

cross sections it is taken as two times the product of the thickness of the wall times the depth
of the cross section.

Using Eqgs. (4.1.2), (4.1.15a), (4.1.15g), and (4.1.15h) allows ¢ to be expressed as a polynomial
in x as follows:

¢ =az + 2a,x + (3x? + 69)a (4.1.151)

Using Eqgs. (4.1.2) and (4.1.151), we can now express the coefficients a; through a4 in terms of
the nodal displacements v, and v, and rotations ¢; and ¢, of the beam at the ends x = 0 and
x = L as previously done to obtain Eq. (4.1.4) when shear deformation was neglected. The
expressions for a; through a4 are then given as follows:

_ 2\/1 +L¢)1 - 2V2 +L¢)2

a

L(I2+12g)
= 3Lwy — QI + 69)y + 3Ly + (— [P + 6g) s
@ L2 + 12¢) (4.1.15))
= 12gv + (1P + 6gL) ¢y + 12gvy — 6gL ¢,
T L(® + 12¢)
as = W

Substituting these a’s into Eq. (4.1.2), we obtain

2V1 +L¢1 - 2V2 +L¢)2 3
= X

L(I? + 129)
—3Lv — (2> +6 +3Lv, +(—L[? +6
Bk 8)br + 3Lv, + ( 92 5 4risk)
L(I2+12g)
—12gvi + (I? + 6gL)$; + 12gv, — 6L,
+ x +tv
L(I2 +12g)

In a manner similar to step 4 used to derive the stiffness matrix for the beam element without
shear deformation included, we have

EI(12V1 + 6Ld)1 - 12\/2 + 6L(f)2)

fiy = V(0) = 6Ela; =

L2 + 12¢)
EI6Lv, + (417 + 12 —6Lv, + (21 — 12
i = —m(0) = —2Elay = [6Lv; + ( 8)$ v+ ( 8 b2
L(L* + 129)
EI(—12v, — 6Ly + 12v, — 6L ¢by) (4.1.151)
fy =-V() = 3
L2 + 129)
EIl6Lv, + L2 — 12g) ¢y — 6Lvy + (412 + 129) s ]
my =m(L) = 5
L(L~ +12g)
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4 | Development of Beam Equations

where again the minus signs in the second and third of Egs. (4.1.151) are the result of opposite
nodal and beam theory positive moment conventions at node 1 and opposite nodal and beam
theory positive shear force conventions at node 2, as seen by comparing Figures 4—1 and 4-2.
In matrix form Eqs. (4.1.151) become

Jiy 12 6L -12 6L Vi
m EI 6L (412 +12g) —6L (212 —129)||H
= — (4.1.15m)
Foy L(I* +12g)| —12 —6L 12 — 6L V)
"y 6L (2I* —12g) —6L (4I* +12g)||¢2

where the stiffness matrix, including both bending and shear deformation, is then given by

12 6L -12 6L
EI 6L (41> +12g) —6L (I> —12
k]= ———— ( 8 ( 8 (4.1.15n)
L(2 + 129)] 12 —6L 12 —6L

6L Q[ —12g) —6L (41% +12g)

In Eq. (4.1.15n) remember that g represents the transverse shear term, and if we set g = 0, we
obtain Eq. (4.1.14) for the beam stiffness matrix, neglecting transverse shear deformation. To
more easily see the effect of the shear correction factor, we define the nondimensional shear
correction term as ¢ = 12EI / (kyAGL?) = 12g/ [? and rewrite the stiffness matrix as

12 6L -12 6L
6L 4+ )? —6L (22— @)l?
k1= 2 “4+e) 2-9 (4.1.150)
B+ ¢)| —12 —6L 12 — 6L

6L (2— @[> —6L (4+ @)I2

Most commercial computer programs, such as [11], will include the shear deformation by
having you input the shear area, A; = k,A.

WF) Example of Assemblage of Beam Stiffness Matrices

Step 5 Assemble the Element Equations to Obtain the Global
Equations and Introduce Boundary Conditions

Consider the beam in Figure 4-7 as an example to illustrate the procedure for assemblage of
beam element stiffness matrices. Assume EI to be constant throughout the beam. A force of
5000 N and a moment of 2500 N-m are applied to the beam at midlength. The left end is a
fixed support and the right end is a pin support.

First, we discretize the beam into two elements with nodes 1-3 as shown. We include a
node at midlength because applied force and moment exist at midlength and, at this time, loads
are assumed to be applied only at nodes. (Another procedure for handling loads applied on
elements will be discussed in Section 4.4.)
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4.2 Example of Assemblage of Beam Stiffness Matrices

y A
2500 N-m
i X
2—————» X @ 2 ) @ 3
A L A
N

5000 N

W Figure 4-7 Fixed hinged beam subjected to a force and a moment

Using Eq. (4.1.14), we find that the global stiffness matrices for the two elements are now
given by

Vi b1 V2 b
12 6L —12 6L 4.2.1)
L} |—12 —6L 12 —6L

6L 21> —6L 417

v b vz s

and 12 6L —12 6L (4.22)
@y EL | 6L 41 —6L 217
r |—-12 —6L 12 —6L

6L 217 —6L 4I?

where the degrees of freedom associated with each beam element are indicated by the usual
labels above the columns in each element stiffness matrix.

The total stiffness matrix can now be assembled for the beam by using the direct stiffness
method. When the total (global) stiffness matrix has been assembled, the external global nodal
forces are related to the global nodal displacements. Through direct superposition and Eqgs.
(4.2.1) and (4.2.2), the governing equations for the beam are thus given by

Fiy 12 6L -12 6L 0 0 Vi
M, 6L  AI? 6L 212 0 0o ||
Fy| EIl-12 —-6L 12412 —6L+6L —12 6L ||v

== 423
M, 3| 6L 2I2 —6L+6L 41?2 +4I12 —6L 2I? ||d2 ( )
B, 0 0 -12 —6L 12 —6L ||y,
M, |0 0 6L 212 —6L 412 || ¢,
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4 | Development of Beam Equations

Now considering the boundary conditions, or constraints, of the fixed support at node 1 and
the hinge (pinned) support at node 3, we have

$r=0 v=0 v3=0 (4.2.4)

On considering the third, fourth, and sixth equations of Egs. (4.2.3) corresponding to the rows
with unknown degrees of freedom and using Egs. (4.2.4), we obtain

—5000 24 0 6L [(m

El s A
5000 = -0 8L 2L |1 (42.5)
0 6L 207 A7 ||,

where F>, = —5000 N, M, = 2500 N-m, and M3 = 0 have been substituted into the reduced
set of equations. We could now solve Eq. (4.2.5) simultaneously for the unknown nodal dis-
placement v, and the unknown nodal rotations ¢2 and ¢3. We leave the final solution for you
to obtain. Section 4.3 provides complete solutions to beam problems.

WD Examples of Beam Analysis Using the Direct
Stiffness Method

We will now perform complete solutions for beams with various boundary supports and loads
to illustrate further the use of the equations developed in Section 4.1.

EXAMPLE 4.1

Using the direct stiffness method, solve the problem of the propped cantilever beam sub-
jected to end load P in Figure 4-8. The beam is assumed to have constant E/ and length 2L.
It is supported by a roller at midlength and is built in at the right end.

P |

|
] 2 & 3

m Figure 4-8 Propped cantilever beam

AAN\N\\N

SOLUTION:

We have discretized the beam and established global coordinate axes as shown in Figure 4-8.
We will determine the nodal displacements and rotations, the reactions, and the complete
shear force and bending moment diagrams.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



4.3 Examples of Beam Analysis Using the Direct Stiffness Method

Using Eq. (4.1.14) for each element, along with superposition, we obtain the structure
total stiffness matrix by the same method as described in Section 4.2 for obtaining the stiff-
ness matrix in Eq. (4.2.3). The [K] is

Vi ¢ ) ) vi P
12 6L -12 6L 0 0
41? —6L 217 0 0
k= 12+12 —6L+6L —12 6L “4.3.1)
E 412 + 41> —6L 212
12 —6L
Symmetry 41?
The governing equations for the beam are then given by
By 12 6L -12 6L 0 o™
M, 6L 412 —6L 22 0  of|®
Fy El|—12 —6L 24 0 -12 6L || 2
= = (4.3.2)
M, | 6L 2I? 0 812 —6L 20*||$
F, 0 0 -12 -—6L 12 —6L || v,
M, |0 0 6L 21> —6L 4L2_ o3
On applying the boundary conditions
V) = 0 V3 = 0 ¢3 =0 (433)

and partitioning the equations associated with unknown displacements [the first, second, and
fourth equations of Egs. (4.3.2)] from those equations associated with known displacements
in the usual manner, we obtain the final set of equations for a longhand solution as

—P 12 6L 6L 1%1
EI 5 5
0p=—5|6L 412 20|14, 4.3.4)

0 6L 212 8L |4,

where Fi, = —P, M; = 0, and M, = 0 have been used in Eq. (4.3.4). We will now solve
Eq. (4.3.4) for the nodal displacement and nodal slopes. We obtain the transverse displace-
ment at node 1 as

_7PD?
12E1

v = (4.3.5)

where the minus sign indicates that the displacement of node 1 is downward.
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4 | Development of Beam Equations

The slopes are

PI?

¢2_E

_ 3PI2

b = AE] (4.3.6)

where the positive signs indicate counterclockwise rotations at nodes 1 and 2.

We will now determine the global nodal forces. To do this, we substitute the known
global nodal displacements and rotations, Egs. (4.3.5) and (4.3.6), into Eq. (4.3.2). The
resulting equations are

_7PL?
F, (12 6L —12 6L 0 0o ] 12’32’
M, 6L 41> —6L 2I? 0 0 3PL
By| _EI|-12 —6L 24 0 -12 6L 4El .
My DB|eL 212 0 812 —6L 2I? 0 . @3.7)
Fiy o o -12 -6 12 -e6L|| P
M; 0 0 6L 212 —6L 4L | 40’51

0

Multiplying the matrices on the right-hand side of Eq. (4.3.7), we obtain the global nodal
forces and moments as

5
F,=-P M =0 Foy = 2P
; : (4.3.8)
My=0 FB,=—->-P M;=—PL
2 3y ) 3 )

The results of Egs. (4.3.8) can be interpreted as follows: The value of F;, = —P is the
applied force at node 1, as it must be. The values of F>,, F3,, and M3 are the reactions from
the supports as felt by the beam. The moments M, and M, are zero because no applied or
reactive moments are present on the beam at node 1 or node 2.

It is generally necessary to determine the local nodal forces associated with each ele-
ment of a large structure to perform a stress analysis of the entire structure. We will thus
consider the forces in element 1 of this example to illustrate this concept (element 2 can be
treated similarly). Using Egs. (4.3.5) and (4.3.6) inthe { f } = [k]{d} equation for element
1 [also see Eq. (4.1.13)], we have

_7PD}
I 12 6L -—12 6L 12E1
m® | gler ar —eL 212 || 3FE
(D12 —er 12 6L 4E(I) (4.3.9)
mD 6L 21> —6L 4I? pI2
4EI
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4.3 Examples of Beam Analysis Using the Direct Stiffness Method

Equation (4.3.9) yields
fiy=—P m =0 fpy=P my=—PL (4.3.10)

A free-body diagram of element 1, shown in Figure 4-9(a), should help you to understand
the results of Egs. (4.3.10). The figure shows a nodal transverse force of negative P at node
1 and of positive P and negative moment PL at node 2. These values are consistent with
the results given by Egs. (4.3.10). For completeness, the free-body diagram of element 2 is
shown in Figure 4-9(b). We can easily verify the element nodal forces by writing an equa-
tion similar to Eq. (4.3.9). From the results of Egs. (4.3.8), the nodal forces and moments
for the whole beam are shown on the beam in Figure 4-10. Using the beam sign
conventions established in Section 4.1, we obtain the shear force V and bending
moment M diagrams shown in Figures 4-11 and 4-12.

Pl.re ‘3_; 3Pl
0 2
— IR}

(@) (b)

m Figure 4-9 Free-body diagrams showing forces and moments on (a) element 1 and
(b) element 2

3
5P

| 2 rf)ﬂ
/2

P

[ SIE%

m Figure 4-10 Nodal forces and moment on the beam

3
v 27
1 2 3

S L vi

-p

M

/ 2

i A
t~

8]

-PL

W Figure 4-12 Bending moment diagram for the beam of Figure 4-10
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4 | Development of Beam Equations

In general, for complex beam structures, we will use the element local forces to determine
the shear force and bending moment diagrams for each element. We can then use these values
for design purposes. Chapter 5 will further discuss this concept as used in computer codes.

EXAMPLE 4.2

Determine the nodal displacements and rotations, global nodal forces, and element forces
for the beam shown in Figure 4-13. We have discretized the beam as indicated by the node
numbering. The beam is fixed at nodes 1 and 5 and has a roller support at node 3. Vertical
loads of 50 kN each are applied at nodes 2 and 4. Let E = 210 GPa and = 2 X 107 m*
throughout the beam.

Elastic
50 kN 50 kN

curve
1\ : .
ﬁ —

87
~~4 T -
~ e \ \\\ - 7.

pal NN

l——3m - 3m } 3m - 3m

M Figure 4-13 Beam example

SOLUTION:

We must have consistent units; therefore, the 10-ft lengths in Figure 4-13 will be con-
verted to 120 in. during the solution. Using Eq. (4.1.10), along with superposition of the
four beam element stiffness matrices, we obtain the global stiffness matrix and the global
equations as given in Eq. (4.3.11). Here the lengths of each element are the same. Thus,
we can factor an L out of the superimposed stiffness matrix.

A, i ¢ V2 > V3 b3 V4 o Vs o5 . ”
M, 12 6L 12 6L 0 0 0 0 0 0 &
R, 6L 4% —6L 212 0 0 0 0 0 0 v
M; —12 6L 12412 —6L+6L ~-12 6L 0 0 0 0 "
A, o 6L 2L*> —6L+ 6L 417 + 417 —6L 217 0 0 0 0 "
S ) 0 12 —6L 12412  —6L +6L 12 6L 0 0
M; gy 0 6L 212 —6L + 6L 4% + 4I? —6L 212 0 0 s
Fay 0 0 0 0 ~12 —6L 12+12  —6L+6L —12 6L va
M, 0 0 0 0 6L 212 —6L + 6L 4I? + 412 —6L 2I? ¢4
Fy 0 0 0 0 0 0 -12 — 6L 12 —6L vs
Ms | 0 0 0 0 0 0 6L 217 —6L 41> | |¢s
4.3.11)

For a longhand solution, we reduce Eq. (4.3.11) in the usual manner by application
of the boundary conditions
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4.3 Examples of Beam Analysis Using the Direct Stiffness Method

The resulting equation is

~50,000 (240 6 0 0 || wm
0 0 8I2 212 0 0 2
0 =L—§ 6L 20> 8I2 —6L 21> |{ ¢; (4.3.12)
~50,000 0 0 —6I2 24 0 Ve
0 0 0 22 0 8 || ¢,

The rotations (slopes) at nodes 2—4 are equal to zero because of symmetry in loading,
geometry, and material properties about a plane perpendicular to the beam length and
passing through node 3. Therefore, ¢p» = ¢35 = ¢4 = 0, and we can further reduce

Eq. (4.3.12) to
-50,000| _ Er[24 0][n
== 43.13
{—50,000} L{o 24Hv4} @319

Solving for the displacements using L = 3m, E = 210 GPa, and / = 2 X 10™* m* in Eq.
(4.3.13), we obtain

vy = vy = —1.34 mm (4.3.14)

as expected because of symmetry.

As observed from the solution of this problem, the greater the static redundancy
(degrees of static indeterminacy or number of unknown forces and moments that cannot
be determined by equations of statics), the smaller the kinematic redundancy (unknown
nodal degrees of freedom, such as displacements or slopes)—hence, the fewer the number
of unknown degrees of freedom to be solved for. Moreover, the use of symmetry, when
applicable, reduces the number of unknown degrees of freedom even further. We can now
back-substitute the results from Eq. (4.3.14), along with the numerical values for E, I, and
L, into Eq. (4.3.12) to determine the global nodal forces as

F, =25kN M, = 37,500 N-m

Fy =50kN M, =0

Fy =50kN M3 =0 (4.3.15)
Fy, =50kN M, =0

Fsy = 25kN M5 = —37,500 N-m

Once again, the global nodal forces (and moments) at the support nodes (nodes 1, 3, and 5)
can be interpreted as the reaction forces, and the global nodal forces at nodes 2 and 4 are
the applied nodal forces.

However, for large structures we must obtain the local element shear force and bending
moment at each node end of the element because these values are used in the design/analysis
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4 | Development of Beam Equations

process. We will again illustrate this concept for the element connecting nodes 1 and 2 in
Figure 4-13. Using the local equations for this element, for which all nodal displacements
have now been determined, we obtain

(1)
Fiy 12 6L -12 6L ||M~=0
m"| _EI| 6L 42 —6L 212 ||H =0 (43.16)
9 3 |-12 —6L 12—-6L ||v, = —1.34 x 1073 o
o 6L 2I* —6L 4I* |[¢, =0
my
Simplifying Eq. (4.3.16), we have
A 25,000 N
m) 37,500 N-m
o [ = 12 25.000N (4.3.17)
f2y ’
W 37,500 N-m
my

If you wish, you can draw a free-body diagram to confirm the equilibrium of the element.

Finally, you should note that because of reflective symmetry about a vertical plane passing
through node 3, we could have initially considered one-half of this beam and used the follow-
ing model. The fixed support at node 3 is due to the slope being zero at node 3 because of the
symmetry in the loading and support conditions.

EXAMPLE 4.3

Determine the nodal displacements and rotations and the global and element forces for the
beam shown in Figure 4—14. We have discretized the beam as shown by the node numbering.
The beam is fixed at node 1, has a roller support at node 2, and has an elastic spring support
at node 3. A downward vertical force of P = 50 kN is applied at node 3. Let E = 210 GPa
and I = 2 X 10 ~* m* throughout the beam, and let k = 200 kN/m.
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4.3 Examples of Beam Analysis Using the Direct Stiffness Method

P = 50 kN

| B k= 200 kN/m

M Figure 4-14 Beam example

SOLUTION:

Using Eq. (4.1.14) for each beam element and Eq. (2.2.18) for the spring element as well
as the direct stiffness method, we obtain the structure stiffness matrix as

vi va V3 b3 V4

12 6L —12 6L 0 0 0
AL —6L 2I? 0 0 0
(K] = EI 240 - 12 6L 0
L 812  —6L 212 0 (4.3.18a)
12 + L 6L — KL
EI EI
412 0
Symmetry E
L EI .

where the spring stiffness matrix [k, ] given below by Eq. (4.3.18b) has been directly added
into the global stiffness matrix corresponding to its degrees of freedom at nodes 3 and 4.

V3 V4
k —k 4.3.18b
[ks] = |:—k k} ( )

It is easier to solve the problem using the general variables, later making numerical substitutions
into the final displacement expressions. The governing equations for the beam are then given by

Ry (12 6L —-12 6L 0 0o o0 ||"n
M, 41> —6L 21> 0 0 0 [|]
Py 24 0 —12 6L 0 [|wm
My} = % 812 —6L 21> 0 |1¢» (4.3.19)
A, 124k —6L —k ||,
M; 417 0 b3
Fiy _Symmetry K 1 v,
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4 | Development of Beam Equations

where k’ = kL*/(EI) is used to simplify the notation. We now apply the boundary conditions
v =0 ¢$1 =0 v, =0 vg =0 (4.3.20)

We delete the first three equations and the seventh equation [corresponding to the boundary
conditions given by Eq. (4.3.20)] of Egs. (4.3.19). The remaining three equations are

0 - 812 —6L 212 || P2
—P = - —6L 12+k —6L |{3 (4.3.21)
0 21> —6L 412 || ¢s

Solving Egs. (4.3.21) simultaneously for the displacement at node 3 and the rotations at
nodes 2 and 3, we obtain

7PL3 [ 1 j 3PL? ( 1 )
ne= | = T
EI \12 + 7k EI \12 + 7k

opPI? 1
b3 = — —_—
EI \12 + 7k

(4.3.22)

The influence of the spring stiffness on the displacements is easily seen in Eq. (4.3.22).
Solving for the numerical displacements using P =50 kN, L =3 m, E = 210GPa
(=210 X 10°kN/m?), I =2 X 10~ * m*, and k¥’ = 0.129 in Eq. (4.3.22), we obtain

V3 = —0.0174m  (4.3.23)

_ —7(50kN)(3m)? 1
(210 X 10° kN/m?)(2 X 10 ~# m*)\ 12 + 7(0.129)

Similar substitutions into Eq. (4.3.26) yield
¢2 = —0.00249 rad ¢3 = —0.00747 rad (4.3.24)

We now back-substitute the results from Eqs. (4.3.23) and (4.3.24), along with numerical
values for P, E, I, L, and k’, into Eq. (4.3.19) to obtain the global nodal forces as

Fiy = —69.9kN M; = —69.7kN-m
Fy, =1164kN M, = 0.0kN-m (4.3.25)
Fjy = —500kN M; = 0.0kN-m

For the beam-spring structure, an additional global force Fj, is determined at the base of
the spring as follows:

Fiy = —vsk = (0.0174)200 = 3.5 kN (4.3.26)

This force provides the additional global y force for equilibrium of the structure.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



4.3 Examples of Beam Analysis Using the Direct Stiffness Method

69.9 kN 50 kN

N : I
J o

3.5kN

69.7 kN - m
116.4 kN

M Figure 4-15 Free-body diagram of beam of Figure 4-14

A free-body diagram, including the forces and moments from Egs. (4.3.25) and (4.3.26)
acting on the beam, is shown in Figure 4—15.

EXAMPLE 4.4

Determine the displacement and rotation under the force and moment located at the center of
the beam shown in Figure 4—16. The beam has been discretized into the two elements shown
in Figure 4-16. The beam is fixed at each end. A downward force of 10 kN and an applied
moment of 20 kN-m act at the center of the beam. Let E = 210 GPaand I = 4 X 10 ~ 4 m*
throughout the beam length.

10 kN
g 3m 2b 3m V
7] @ 20 kN-m @ f

W Figure 4-16 Fixed-fixed beam subjected to applied force and moment

Solution:

Using Eq. (4.1.14) for each beam element with L = 3 m, we obtain the element stiffness
matrices as follows:

Vi 2 o 2 ¢ vi s

12 6L —12 6L 12 6L —12 6L

(kD] = EI 5 5 (k] = El 5 5

I3 417 —6L 2L 3 417 —6L 2L

12 —6L 12 —6L

Symmetry 417 Symmetry 41?
(4.3.27)

The boundary conditions are given by

V1 = d)] =V3 = ¢3 =0 (4328)
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4 | Development of Beam Equations

The global forces are F>, = — 10,000 N and M, = 20,000 N-m.

Applying the global forces and boundary conditions, Eq. (4.3.28), and assembling the
global stiffness matrix using the direct stiffness method and Eqs. (4.3.27), we obtain the
global equations as:

—10,000 210 X 10%)(4 X 107%)[24 0 v
_ ¢ X ) N (4.3.29)
20,000 33 0 383%||¢2
Solving Eq. (4.3.29) for the displacement and rotation, we obtain
Vo =—1339X107*m and ¢, =8.928 X 1077 rad (4.3.30)

Using the local equations for each element, we obtain the local nodal forces and
moments for element one as follows:

AN 12 63 -12 603) 0
m | 210 X104 x 10 79| 6(3) 4(3Y) —63) 2(3?) 0
I 33 12 -6(3) 12 —6(3) || —1.3339 X 1074
e 6(3) 2(3%) —-6(3) 4(3?) 8.928 X 107

(4.3.31)
Simplifying Eq. (4.3.31), we have
fY =10,000N, m{" =12,500N-m, f;}) =—10,000N, m{"’ =17,500N-m (4.3.32)
Similarly, for element two the local nodal forces and moments are
3 =0, mf =2500N-m, f» =0, m{ =—2500N-m (4.3.33)

Using the results from Eqgs. (4.3.32) and (4.3.33), we show the local forces and moments
acting on each element in Figure 417 as follows.

Using the results from Eqgs. (4.3.32) and (4.3.33), or Figure 417, we obtain the shear
force and bending moment diagrams for each element as shown in Figure 4—18.

12,500 N-m 17,500 N-m 2500 N-m 2500 N-m
10,000 N 10,000 N 0 0

m Figure 4-17 Nodal forces and moments acting on each element of Figure 4-16
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4.3 Examples of Beam Analysis Using the Direct Stiffness Method

V,N V,N
10,000
(a)
+
0
17,500
M, N-m @ M, N-m @
+

_ (b)

-12,500 22500

B Figure 4-18 Shear force (a) and bending moment (b) diagrams for each element of
Figure 4-17

EXAMPLE 4.5

To illustrate the effects of shear deformation along with the usual bending deformation, we
now solve the simple beam shown in Figure 4-19. We will use the beam stiffness matrix
given by Eq. (4.1.150) that includes both the bending and shear deformation contributions
for deformation in the x — y plane. The beam is simply supported with a concentrated load
of 10,000 N applied at mid-span. We let material properties be E = 207 GPa and G = 80
GPa. The beam width and height are » = 25 mm and 2 = 50 mm, respectively.

P =10,000 N

Ih

/]
777777 b

~——200 mm 4><
le————— 400 mm

m Figure 4-19 Simple beam subjected to concentrated load at center of span

SOLUTION:

We will use symmetry to simplify the solution. Therefore, only one half of the beam will be
considered with the slope at the center forced to be zero. Also, one-half of the concentrated
load is then used. The model with symmetry enforced is shown in Figure 4-20.

The finite element model will consist of only one beam element. Using Eq. (4.1.150)
for the Timoshenko beam element stiffness matrix, we obtain the global equations as

12 6L —12 6L v =0 A,
6L 4+ @[> —6L (2— )2 b1
: EI 4+ ¢) 2 -9 _ ] 0 43.34)
BA+¢)|—12  —6L 12 —6L v —P/2
6L (2—¢)[2 —6L 4+ @)*||dr=0 0
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4 | Development of Beam Equations

0|~

1 | ® 2

|<— 200 mm —>|

M Figure 4-20 Beam with symmetry enforced

Note that the boundary conditions given by v; = 0 and ¢, = 0 have been included in
Eq. (4.3.34).
Using the second and third equations of Eq. (4.3.34) whose rows are associated with
the two unknowns, ¢; and v,, we obtain
—PL3(4 + ¢) —PI?

V) = —— = and =
: 24ET =T

(4.3.35)

As the beam is rectangular in cross section, the moment of inertia is
I =bh3/12
Substituting the numerical values for b and h, we obtain [ as
I=026X10"°m*
The shear correction factor is given by

_ 2@
® Tk AGE

and k; for a rectangular cross section is given by k; = 5/6.
Substituting numerical values for E, I, G, L, and kg, we obtain

_ 12 X 207 X 10° X 0.26 X 1076
5/6 X 0.025 X 0.05 X 80 X 10° X 0.22

Substituting for P = 10,000 N, L = 0.2 m, and ¢ = 0.1938 into Eq. (4.3.35), we obtain the
displacement at the mid-span as

@ =0.1938

Vs = —2.597 X 10~ m (4.3.36)

If we let / = the whole length of the beam, then/ = 2L and we can substitute L = /2 into
Eq. (4.3.35) to obtain the displacement in terms of the whole length of the beam as

_ —PP@4 +9)

(4.3.37)
192E1

V2
For long slender beams with [ about 10 or more times the beam depth, A, the transverse shear
correction term ¢ is small and can be neglected. Therefore, Eq. (4.3.37) becomes

—P13
48EI

vy = (4.3.38)
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4.4 Distributed Loading

Equation (4.3.38) is the classical beam deflection formula for a simply supported beam
subjected to a concentrated load at mid-span.
Using Eq. (4.3.38), the deflection is obtained as

Vo = —2.474 X104 m (4.3.39)

Comparing the deflections obtained using the shear-correction factor with the deflection
predicted using the beam-bending contribution only, we obtain

2.597 — 2.474

% change = ———  — X 100 = 4.97% difference
2.474

X8 Distributed Loading

Beam members can support distributed loading as well as concentrated nodal loading. There-
fore, we must be able to account for distributed loading. Consider the fixed-fixed beam sub-
jected to a uniformly distributed loading w shown in Figure 4-21. The reactions, determined
from structural analysis theory [2], are shown in Figure 4-22. These reactions are called fixed-
end reactions. In general, fixed-end reactions are those reactions at the ends of an element
if the ends of the element are assumed to be fixed—that is, if displacements and rotations are
prevented. (Those of you who are unfamiliar with the analysis of indeterminate structures should
assume these reactions as given and proceed with the rest of the discussion; we will develop
these results in a subsequent presentation of the work-equivalence method.) Therefore, guided
by the results from structural analysis for the case of a uniformly distributed load, we replace
the load by concentrated nodal forces and moments tending to have the same effect on the beam
as the actual distributed load. Figure 4-23 illustrates this idea for a beam. We have replaced the
uniformly distributed load by a statically equivalent force system consisting of a concentrated
nodal force and moment at each end of the member carrying the distributed load. That is,
both the statically equivalent concentrated nodal forces and moments and the original distrib-
uted load have the same resultant force and same moment about an arbitrarily chosen point.

w (N/m)

é L

W Figure 4-21 Fixed-fixed beam subjected to a uniformly distributed load

_ wL? _wlL?
M_]2<'\ /ﬁw_ﬁ
L row
wlL wL
2 2

W Figure 4-22 Fixed-end reactions for the beam of Figure 4-21
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T T e ik A

W, w
4 : : 4
112 12 12 121
Yo (1Y () A
)

W Figure 4-23 (a) Beam with a distributed load, (b) the equivalent nodal force system, and
(c) the enlarged beam (for clarity’s sake) with equivalent nodal force system when node 5 is
added to the midspan

These statically equivalent forces are always of opposite sign from the fixed-end reactions.
If we want to analyze the behavior of loaded member 2-3 in better detail, we can place a node
at midspan and use the same procedure just described for each of the two elements representing
the horizontal member. That is, to determine the maximum deflection and maximum moment
in the beam span, a node 5 is needed at midspan of beam segment 2-3, and work-equivalent
forces and moments are applied to each element (from node 2 to node 5 and from node 5 to
node 3) shown in Figure 4-23(c).

Work-Equivalence Method

We can use the work-equivalence method to replace a distributed load by a set of discrete
loads. This method is based on the concept that the work of the distributed load w(x) in going
through the displacement field v(x) is equal to the work done by nodal loads f;, and m; in
going through nodal displacements v; and ¢; for arbitrary nodal displacements. To illustrate
the method, we consider the example shown in Figure 4-24. The work due to the distributed
load is given by

L
Waistributed = Jo w(x)v(x)dx (4.4.1)

where v(x) is the transverse displacement given by Eq. (4.1.4). The work due to the discrete
nodal forces is given by

Waiscrete = mip1 + machs +ﬁyvl +f2yv2 (4.4.2)

We can then determine the nodal moments and forces my, mo, fi,, and f>, used to replace the dis-
tributed load by using the concept of work equivalence—that is, by setting Wyisyributed = Waiscrete
for arbitrary displacements ¢y, ¢o, vi, and v;.
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W Figure 4-24 (a) Beam element subjected to a general load and (b) the statically equivalent
nodal force system

w
fl'WVI f2yrv2
| Y Y s gum 6\} sz ms, ¢
L N |« L R
| |
(a) (b)

m Figure 4-25 (a) Beam subjected to a uniformly distributed loading and (b) the equivalent
nodal forces to be determined

Example of Load Replacement

To illustrate more clearly the concept of work equivalence, we will now consider a beam
subjected to a specified distributed load. Consider the uniformly loaded beam shown in
Figure 4-25(a). The support conditions are not shown because they are not relevant to the
replacement scheme. By letting Wyiscrete = Waistributed and by assuming arbitrary ¢y, ¢», vy, and
v2, we will find equivalent nodal forces and moments m,, mo, fi,, and f,. Figure 4-25(b) shows
the nodal forces and moments directions as positive based on Figure 4—1.

Using Eqs. (4.4.1) and (4.4.2) for Wisgibuted = Waiscrete, W€ have

[F vy = mdy + mad +fin + foys (4.4.3)

where my¢; and my¢, are the work due to concentrated nodal moments moving through their
respective nodal rotations and fi,v; and f>,v; are the work due to the nodal forces moving
through nodal displacements. Evaluating the left-hand side of Eq. (4.4.3) by substituting
w(x) = —w and v(x) from Eq. (4.1.4), we obtain the work due to the distributed load as

2
J weomeds = =S50 =) =@+ )~ Ins =)
o . (4.4.4)
+T(2¢1 + ) — d)l(T) —vi(wL)

Now using Egs. (4.4.3) and (4.4.4) for arbitrary nodal displacements, we let ¢; = 1, ¢, = 0,
vi = 0, and v, = 0 and then obtain

w2 12 wil?
m(l) = — (— - = )

=- = 445
4 3 2 12 (4.5
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4 | Development of Beam Equations

Similarly, letting ¢; = 0, ¢, = 1,v; = 0, and v, = 0 yields

Lw  L*w wi?
ml)=—| — - — | = — 4.4.6
2D [ 2 3 j B (4.4.6)
Finally, letting all nodal displacements equal zero except first v; and then v,, we obtain
L L
fiy() = —7W + Lw — Lw = —7”’
4.4.7)
Ful) Lw I Lw
= —-— W = —_——
2 2 2

We can conclude that, in general, for any given load function w(x), we can multiply by
v(x) and then integrate according to Eq. (4.4.3) to obtain the concentrated nodal forces (and/or
moments) used to replace the distributed load. Moreover, we can obtain the load replacement
by using the concept of fixed-end reactions from structural analysis theory. Tables of fixed-end
reactions have been generated for numerous load cases and can be found in texts on struc-
tural analysis such as Reference [2]. A table of equivalent nodal forces has been generated in
Appendix D of this text, guided by the fact that fixed-end reaction forces are of opposite sign
from those obtained by the work equivalence method.

Hence, if a concentrated load is applied other than at the natural intersection of two ele-
ments, we can use the concept of equivalent nodal forces to replace the concentrated load by
nodal concentrated values acting at the beam ends, instead of creating a node on the beam at
the location where the load is applied. We provide examples of this procedure for handling
concentrated loads on elements in beam Example 4.7 and in plane frame Example 5.3.

General Formulation

In general, we can account for distributed loads or concentrated loads acting on beam elements
by starting with the following formulation application for a general structure:

{F} =1Kk{d} - {R} (4.4.8)

where {F} are the concentrated nodal forces and {Fy} are called the equivalent nodal forces,
now expressed in terms of global-coordinate components, which are of such magnitude that
they yield the same displacements at the nodes as would the distributed load. Using the table
in Appendix D of equivalent nodal forces { fy} expressed in terms of local-coordinate compo-
nents, we can express { Fp} in terms of global-coordinate components.

Recall from Section 3.10 the derivation of the element equations by the principle of mini-
mum potential energy. Starting with Eqgs. (3.10.19) and (3.10.20), the minimization of the total
potential energy resulted in the same form of equation as Eq. (4.4.8) where { Fp} now represents
the same work-equivalent force replacement system as given by Eq. (3.10.20a) for surface
traction replacement. Also, {F} = {P}, {P} [from Eq. (3.10.20)] represents the global nodal
concentrated forces. Because we now assume that concentrated nodal forces are not present
({F} = 0), as we are solving beam problems with distributed loading only in this section, we
can write Eq. (4.4.8) as

{R} =1K|{d} (4.4.9)
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4.4 Distributed Loading

On solving for {d} in Eq. (4.4.9) and then substituting the global displacements {d} and
equivalent nodal forces { Fy } into Eq. (4.4.8), we obtain the actual global nodal forces {F}.
For example, using the definition of { fo} and Egs. (4.4.5), (4.4.6), (4.4.7) (or using load case
4 in Appendix D) for a uniformly distributed load w acting over a one-element beam, we have

—wL

2
_WL2

12
{R} = L (4.4.10)

2
wil?
12

This concept can be applied on a local basis to obtain the local nodal forces {f} in
individual elements of structures by applying Eq. (4.4.8) locally as

{r} =[kld} = {fo} 4.4.11)

where { f; } are the equivalent local nodal forces.

Examples 4.6 through 4.8 illustrate the method of equivalent nodal forces for solving beams
subjected to distributed and concentrated loadings. We will use global-coordinate notation in
Examples 4.6 through 4.8—treating the beam as a general structure rather than as an element.

EXAMPLE 4.6

For the cantilever beam subjected to the uniform load w in Figure 4-26, solve for the right-
end vertical displacement and rotation and then for the nodal forces. Assume the beam to
have constant EI throughout its length.

y
z, id _LL _LL
Pt N ORI N
o =
Tz 12
(a) (b)

M Figure 4-26 (a) Cantilever beam subjected to a uniformly distributed load and (b) the
work equivalent nodal force system

Solution:

We begin by discretizing the beam. Here only one element will be used to represent the
whole beam. Next, the distributed load is replaced by its work-equivalent nodal forces
as shown in Figure 4-26(b). The work-equivalent nodal forces are those that result from
the uniformly distributed load acting over the whole beam given by Eq. (4.4.10). (Or see
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4 | Development of Beam Equations

appropriate load case 4 in Appendix D.) Using Eq. (4.4.9) and the beam element stiffness
matrix, we obtain

wL
F —_
ly 2
12 6L —12 6L |[M wI?
M, 2=
EI 412 —6L 212 ||P| 12
= -~ (4.4.12)
I 12-6L || —wL
412 bo 2
wl?
12

where we have applied the work equivalent nodal forces and moments from Figure 4-26(b).
Applying the boundary conditions v; = 0 and ¢; = 0 to Eqs (4.4.12) and then parti-
tioning off the third and fourth equations of Eq. (4.4.12), we obtain

_ WL
EI| 12 —6L v, | | 2
T —6L a2 || 2| W_L2 (44-13)
Solving Eq. (4.4.13) for the displacements, we obtain
—wL
V2 L (217 3L 2
= — 4.4.14
{d)z} 6EI{3L 6 } wi? @add
12

Simplifying Eq. (4.4.14a), we obtain the displacement and rotation as

_WL4
\%
{ (;2} - ff; (4.4.14b)
OEI

The negative signs in the answers indicate that v, is downward and ¢, is clockwise. In this
case, the method of replacing the distributed load by discrete concentrated loads gives exact
solutions for the displacement and rotation as could be obtained by classical methods, such
as double integration [1]. This is expected, as the work-equivalence method ensures that the
nodal displacement and rotation from the finite element method match those from an exact
solution.

We will now illustrate the procedure for obtaining the global nodal forces. For conve-
nience, we first define the product [K]{d} to be {F (@) }, where {F (e>} are called the effective
global nodal forces. On using Eq. (4.4.14) for {d}, we then have
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4.4 Distributed Loading

0
F{g) 12 6L —12 6L 0
M 6L 412 —6L 2I2|| 4
Pl E—3I wL (4.4.15)
F) |12 —6L 12 —6L || ggr
MO 6L 2> —6L 4I% ||—wl®
2
6EI

Simplifying Eq. (4.4.15), we obtain

wi
2
F(E)
by Swil?
M 12
o (- 7 (4.4.16)
F2y w.
2
M(e)
2 WL2
12

We then use Egs. (4.4.10) and (4.4.16) in Eq. (4.4.8) {F} = [K]{d} — {F,} to obtain the
correct global nodal forces as

WL —wL
2 2 wL
Ry Swl? —wl? w2
M| | 12 2 | |=
_ _ Y (4.4.17)

Fzy —wL —wL 0
M, 2 2 .

wl? wl?

12 12

In Eq. (4.4.17), F,, is the vertical force reaction and M is the moment reaction as applied
by the clamped support at node 1. The results for displacement given by Eq. (4.4.14b) and
the global nodal forces given by Eq. (4.4.17) are sufficient to complete the solution of the
cantilever beam problem.

_wlL?

S 7 O

2
2

G - 2 w2 - Lo

Fly:WL

©
W Figure 4-26 (c) Free-body diagram and equations of equilibrium for beam of Figure 4-26(a).

A free-body diagram of the beam using the reactions from Eq. (4.4.17) verifies both
force and moment equilibrium as shown in Figure 4-26(c).
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4 | Development of Beam Equations

The nodal force and moment reactions obtained by Eq. (4.4.17) illustrate the importance
of using Eq. (4.4.8) to obtain the correct global nodal forces and moments. By subtracting the
work-equivalent force matrix, { Fy }, from the product of [K] times {d}, we obtain the correct
reactions at node 1 as can be verified by simple static equilibrium equations. This verification
validates the general method as follows:

1. Replace the distributed load by its work-equivalent as shown in Figure 4-26(b) to identify
the nodal force and moment used in the solution.

2. Assemble the global force and stiffness matrices and global equations illustrated by
Eq. (4.4.12).

3. Apply the boundary conditions to reduce the set of equations as done in previous problems
and illustrated by Eq. (4.4.13) where the original four equations have been reduced to two
equations to be solved for the unknown displacement and rotation.

4. Solve for the unknown displacement and rotation given by Eq. (4.4.14a) and Eq. (4.4.14b).

5. UseEq. (4.4.8) as illustrated by Eq. (4.4.17) to obtain the final correct global nodal forces
and moments. Those forces and moments at supports, such as the left end of the cantilever
in Figure 4-26(a), will be the reactions.

We will solve the following example to illustrate the procedure for handling concentrated
loads acting on beam elements at locations other than nodes.

EXAMPLE 4.7

For the cantilever beam subjected to the concentrated load P in Figure 4-27, solve for the
right-end vertical displacement and rotation and the nodal forces, including reactions, by
replacing the concentrated load with equivalent nodal forces acting at each end of the beam.
Assume EI constant throughout the beam.

[ [

ot~
o
]l

)

P — —
J L
PL PL
8 8
(a) (b)

11

m Figure 4-27 (a) Cantilever beam subjected to a concentrated load and (b) the equivalent
nodal force replacement system

Solution:

We begin by discretizing the beam. Here only one element is used with nodes at each end
of the beam. We then replace the concentrated load as shown in Figure 4-27(b) by using
appropriate loading case 1 in Appendix D. Using Eq. (4.4.9) and the beam element stiffness
matrix Eq. (4.1.14), we obtain

—P
12 —6L -

EI 2l _ )2 (4.4.18)
D |—6L 417 || 92 PL
8
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4.4 Distributed Loading

where we have applied the nodal forces from Figure 4-27(b) and the boundary conditions
v; = 0 and ¢; = 0 to reduce the number of matrix equations for the usual longhand solution.
Solving Eq. (4.4.18) for the displacements, we obtain

va| _ L2 3L|| 2 (4.4.19)
(05 6EI|3L 6 ||PL

Simplifying Eq. (4.4.19), we obtain the displacement and rotation as

—5PI3
V2 48E1 | |
= 4.4.20
{(ﬁz -PI2 | ~ ( )
SEI

To obtain the unknown nodal forces, we begin by evaluating the effective nodal forces
{F©} = [K{d} as

0
()
Fi$ 12 6L —12 6L 0
() 2 2
M| _Er| 6L 4 —6L 2I* || _sp (442)
F$) }|—-12 —6L 12 —6L || 481 o
M© 6L 21> —6L 4I?||—PI?
2

8EI

Simplifying Eq. (4.4.21), we obtain

P
2
F(e)
Ly 3PL
M 3
o =1_p (4.4.22)
A
(e)
M e
8

Then using Eq. (4.4.22) and the equivalent nodal forces from Figure 4-27(b) in Eq. (4.4.8),
we obtain the correct nodal forces as
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4 | Development of Beam Equations

s -r
2 2 P
F _
1y 3PL PL PL
Ml _ )8 L) 8 1_]7% (4.4.23)
0 I -r 0
M, 2 2 0
PL FL
8

We can see from Eq. (4.4.23) that Fy, is equivalent to the vertical reaction force and M, is
the reaction moment as applied by the clamped support at node 1.

Again, the reactions obtained by Eq. (4.4.23) can be verified to be correct by using
static equilibrium equations to validate once more the correctness of the general formulation
and procedures summarized in the steps given after Example 4.6.

To illustrate the procedure for handling concentrated nodal forces and distributed loads
acting simultaneously on beam elements, we will solve the following example.

EXAMPLE 4.8

For the cantilever beam subjected to the concentrated free-end load P and the uniformly
distributed load w acting over the whole beam as shown in Figure 4-28, determine the free-
end displacements and the nodal forces.

N

,'L2
12 12

(a) (b)

NN
L
pa—
eat—]
e
|
ht——
~
L/
| | +
SN =

W Figure 4-28 (a) Cantilever beam subjected to a concentrated load and a distributed load
and (b) the equivalent nodal force replacement system

Solution:

Once again, the beam is modeled using one element with nodes 1 and 2, and the distributed
load is replaced as shown in Figure 4-28(b) using appropriate loading case 4 in Appendix D.
Using the beam element stiffness Eq. (4.1.14), we obtain

—wL _p
ElI| 12 —6L ||V 2
F[—6L 4L2} {¢2} = w_LZ (4.4.24)
12
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4.4 Distributed Loading

where we have applied the nodal forces from Figure 4-28(b) and the boundary conditions
v; = 0 and ¢p; = 0 to reduce the number of matrix equations for the usual longhand solu-
tion. Solving Eq. (4.4.24) for the displacements, we obtain

e
V2 8EI 3EI l
= 4.4.25
{‘bZ} -wl P_L2 ~ ( )
6Ll 2EI

Next, we obtain the effective nodal forces using {F (6)} =[Kl{d} as

£ 0
by 12 6L —12 6L 0
M| _EI| 6L 412 —6L 21?||-wL' _ PL} (4.426)
Fge; 3|—-12 —6L 12 —6L || 8EI 3EI o
Y© 6L 20* —6L 4I*||-wl’  PI?
2 6EI  2EI
Simplifying Eq. (4.4.26), we obtain
p4 WL
F ”
I
M© PL + W
1 12
o [ = . (4.4.27)
F2y —P — W_
M(e) 2
2 WL2
12

Finally, subtracting the equivalent nodal force matrix [see Figure 4-28(b)] from the effective
force matrix of Eq. (4.4.27), we obtain the correct nodal forces as

p+ L —wL
2 2 P +wL
Fy Swi? —wl? W
M PL+ 12 pr+ M2
o _ _ > (4.4.28)

F2y wL —wL
M, 2 2 0

wil? wil?

12 12

From Eq. (4.4.28), we see that Fy, is equivalent to the vertical reaction force, M; is the
reaction moment at node 1, and F, is equal to the applied downward force P at node 2.
[Remember that only the equivalent nodal force matrix is subtracted, not the original con-
centrated load matrix. This is based on the general formulation, Eq. (4.4.8).]
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4 | Development of Beam Equations

To generalize the work-equivalent method, we apply it to a beam with more than one
element as shown in the following Example 4.9.

EXAMPLE 4.9

For the fixed—fixed beam subjected to the linear varying distributed loading acting over the
whole beam shown in Figure 4-29(a) determine the displacement and rotation at the center
and the reactions.

Solution:

The beam is now modeled using two elements with nodes 1, 2, and 3 and the distributed
load is replaced as shown in Figure 4-29(b) using the appropriate load cases 4 and 5 in
Appendix D. Note that load case 5 is used for element one as it has only the linear varying
distributed load acting on it with a high end value of w/2 as shown in Figure 4-29(a), while
both load cases 4 and 5 are used for element two as the distributed load is divided into a
uniform part with magnitude w/2 and a linear varying part with magnitude at the high end
of the load equal to w/2 also.

W z < . —TwI? S
A VS <l R —3wL w2 7 A ! 120 —17wL
I! 40 ) 60 2 ) 30 (\~ 40
@ @ wl?
L I L 1 2 15 3
(a) (b)

| Figure 4-29 (a) Fixed-fixed beam subjected to linear varying line load and (b) the
equivalent nodal force replacement system

Using the beam element stiffness Eq. (4.1.14) for each element, we obtain

12 6L —12 6L 12 6L —12 6L

2 _ 2 2 _ 2

o El 6L 4L 6L 2L kO] = El 6L 4L 6L 2L
3|—12 —6L 12 —6L 3 |-12 —-6L 12 —6L

6L 2I* —-6L 417 6L 2I* —6L 417
(4.4.28)

The boundary conditions are vi = 0, ¢»; = 0, v3 = 0, and ¢35 = 0. Using the direct
stiffness method and Eqs. (4.4.28) to assemble the global stiffness matrix, and applying the
boundary conditions, we obtain
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4.4 Distributed Loading

—wL
Byl )2 [ _EL24 0 | _» (4.4.29)
M, —wI? o 8r 5
20
Solving Eq. (4.4.29) for the displacement and slope, we obtain
—wL* —wl?
= = 4.4.30
" Tsm P Zaom (4430
Next, we obtain the effective nodal forces using {F © } =[K]{d} as
F{) i 1o
ye© 12 6L -12 6L 0 0 0
(‘) 6L 412 —6L 2> 0 0 ||-wl
Foy| _EI|-12 —6L 24 0 -12 6L || 48EI 4431)
M| PleL 22 0 8> -6L 2I? || —wD o
PO 0 0 -12 —-6L 12 —OL ||240FEI
3y |0 0 6L 22 —6L 4*|| 0
M5 0
Solving for the effective forces in Eq. (4.4.31), we obtain
2
Fi(e) _ 9WL Ml(e) _ TwlL
4 40 60
—wL —wl?
plo = Ve e 4.4.32
2y 2 : 30 ) )
Y40 : 15

Finally, using Eq. (4.4.8) we subtract the equivalent nodal force matrix based on the equiv-
alent load replacement shown in Figure 4-29(b) from the effective force matrix given by
the results in Eq. (4.4.32), to obtain the correct nodal forces and moments as

OwL —3wL
40 40 12wL
Twl? —wl? T
Fiy 60 60 SwI?
M —wL —wL 60
Byl _) 2 L_) 2 [ _)] o (4.4.33)
M, —wil? —wiI? 0
By 30 30 28wL
M; 11wL —17wL 40
40 40 —3wI2
—2wI? wi? 15
15 15
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4 | Development of Beam Equations

We used symbol L to represent one-half the length of the beam. If we replace L with the
actual length [ = 2L, we obtain the reactions for case 5 in Appendix D, thus verifying the
correctness of our result.

In summary, for any structure in which an equivalent nodal force replacement is made,
the actual nodal forces acting on the structure are determined by first evaluating the effective
nodal forces { Fy } for the structure and then subtracting the equivalent nodal forces {F (9)}
for the structure, as indicated in Eq. (4.4.8). Similarly, for any element of a structure in
which equivalent nodal force replacement is made, the actual local nodal forces acting on
the element are determined by first evaluating the effective local nodal forces { f (e)} for the
element and then subtracting the equivalent local nodal forces { fy } associated only with
the element, as indicated in Eq. (4.4.11). We provide other examples of this procedure in
plane frame Examples 5.2 and 5.3.

XD comparison of the Finite Element Solution to the
Exact Solution for a Beam

We will now compare the finite element solution to the exact classical beam theory solution
for the cantilever beam shown in Figure 4-30 subjected to a uniformly distributed load. Both
one- and two-element finite element solutions will be presented and compared to the exact solu-
tion obtained by the direct double-integration method. Let E = 210 GPa, I = 4 X 107> m¥,
L = 2.5 m, and uniform load w = 4 kN/m.

HENEEE

———> X

L=25m

W Figure 4-30 Cantilever beam subjected to uniformly distributed load

SOLUTION:

To obtain the solution from classical beam theory, we use the double-integration method [1].
Therefore, we begin with the moment-curvature equation

= M(x) 4.5.1)
EI

where the double prime superscript indicates differentiation twice with respect to x and M is
expressed as a function of x by using a section of the beam as shown:

RRRE
wlL” 2 | M
2 / X

wL 4
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4.5 Comparison of the Finite Element Solution to the Exact Solution for a Beam

XF, =0:V(x) =wL —wx

—wiI? X (4.5.2)
My =0: M(x) = + wlLx — (wx)(g)
Using Eq. (4.5.2) in Eq. (4.5.1), we have
1( —wl? 2
yr = — | Y e - 2 4.5.3)
EI 2 2
On integrating Eq. (4.5.3) with respect to x, we obtain an expression for the slope of the
beam as
1 (- L2 L 2 3
y= | WX W WL (4.5.4)
EI 2 2 6

Integrating Eq. (4.5.4) with respect to x, we obtain the deflection expression for the beam as

1 _ L2 2 L 3 4
y= —| X P M o+ Gy 4.5.5)
EI\ 4 6 24

Applying the boundary conditions y = 0 and y” = 0 at x = 0, we obtain
Y0)=0=¢C y0)=0=0C (4.5.6)

Using Eq. (4.5.6) in Egs. (4.5.4) and (4.5.5), the final beam theory solution expressions for y’
and y are then

(- L 12
y'Z—( ML x) 45.7)

and

y (4.5.8)

T E\ 24 6 4

1 ( —wx*  wLx?  wl?x? j
+

The one-element finite element solution for slope and displacement is given in variable form

by Egs. (4.4.14b). Using the numerical values of this problem in Eqgs. (4.4.14b), we obtain the

slope and displacement at the free end (node 2) as

D3 —(400 N/m)(2.5 m)3
0, = —VE ( m)(2.5 m) = —0.00124 rad
6EI 6210 X 10° N/m2)(4 X 105 m*) 45.9)
I —(4000 N/m)(2.5 m)* o
Vv, = = = —2.35mm

SEI  8(210 X 10° N/m2)(4 X 105 m*)

The slope and displacement given by Eq. (4.5.9) identically match the beam theory values,
as Eqgs. (4.5.7) and (4.5.8) evaluated at x = L are identical to the variable form of the finite
element solution given by Eqs. (4.4.14b). The reason why these nodal values from the finite
element solution are correct is that the element nodal forces were calculated on the basis of
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4 | Development of Beam Equations

being energy or work equivalent to the distributed load based on the assumed cubic displace-
ment field within each beam element.

Values of displacement and slope at other locations along the beam for the finite element
solution are obtained by using the assumed cubic displacement function [Eq. (4.1.4)] as

v(x) = %( —2x3 + 3x2L)v, + %(ﬁL — x21*) ¢y (4.5.10)

where the boundary conditions v; = ¢; = 0 have been used in Eq. (4.5.10). Using the numer-
ical values in Eq. (4.5.10), we obtain the displacement at the midlength of the beam as

- __ 1 3 2 N
v(x =1.25m) a5 m)3[ 2(1.25m)* + 3(1.25m)?(2.5 m) |(—0.00235)

U
* (2.5m)3 [(125m)*(2.5m) — (1.25m)?(2.5m)? ]

X (—0.00124 rad) = —0.788 mm (4.5.11)
Using the beam theory [Eq. (4.5.8)], the deflection is

( 1.25m) 4000 N/m
x =1 =
Y 210 X 10° N/m2(4 X 10-° m*)
% —(1.25 m)* N (2.5m) (1.25 m)? (25 m)? (1.25 m)?
24 6 4
= —0.823 mm (4.5.12)

We conclude that the beam theory solution for midlength displacement, y = — 0.823 mm,

is greater than the finite element solution for displacement, v = — 0.788 mm. In general,

the displacements evaluated using the cubic function for v are lower as predicted by the finite
element method than by the beam theory except at the nodes. This is always true for beams
subjected to some form of distributed load that are modeled using the cubic displacement
function. The exception to this result is at the nodes, where the beam theory and finite element
results are identical because of the work-equivalence concept used to replace the distributed
load by work-equivalent discrete loads at the nodes.

The beam theory solution predicts a quartic (fourth-order) polynomial expression for y
[Eq. (4.5.5)] for a beam subjected to uniformly distributed loading, while the finite element
solution v(x) assumes a cubic displacement behavior in each beam element under all load
conditions. The finite element solution predicts a stiffer structure than the actual one. This is
expected, as the finite element model forces the beam into specific modes of displacement and
effectively yields a stiffer model than the actual structure. However, as more and more elements
are used in the model, the finite element solution converges to the beam theory solution.

For the special case of a beam subjected to only nodal concentrated loads, the beam theory
predicts a cubic displacement behavior, as the moment is a linear function and is integrated
twice to obtain the resulting cubic displacement function. A simple verification of this cubic
displacement behavior would be to solve the cantilevered beam subjected to an end load. In this
special case, the finite element solution for displacement matches the beam theory solution for
all locations along the beam length, as both functions y(x) and v(x) are then cubic functions.
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4.5 Comparison of the Finite Element Solution to the Exact Solution for a Beam

Monotonic convergence of the solution of a particular problem is discussed in Reference [3],
and proof that compatible and complete displacement functions (as described in Section 3.2) used
in the displacement formulation of the finite element method yield an upper bound on the true
stiffness, hence a lower bound on the displacement of the problem, is discussed in Reference [3].

Under uniformly distributed loading, the beam theory solution predicts a quadratic moment
and a linear shear force in the beam. However, the finite element solution using the cubic dis-
placement function predicts a linear bending moment and a constant shear force within each
beam element used in the model.

We will now determine the bending moment and shear force in the present problem based
on the finite element method. The bending moment is given by

2
dx? dx?

M = EDL”

as {d} is not a function of x. Or in terms of the gradient matrix [B] we have
M = EI[B]{d} (4.5.14)

where

d*[N] [( 6 IZxJ( 4 6x]( 6 IZxJ( 2 6xﬂ
B| = =ll-=+—=||l-"—"*tT=||l=——|l-—+—= 4.5.15
L8] dx? r L r)\\rr L I? ( )
The shape functions given by Eq. (4.1.7) are used to obtain Eq. (4.5.15) for the [B] matrix. For

the single-element solution, the bending moment is then evaluated by substituting Eq. (4.5.15)
for [B] into Eq. (4.5.14) and multiplying [B] by {d} to obtain

6 12x 4 6x 6 12x 2 6x

(4.5.16)

Evaluating the moment at the wall, x = 0, with v = ¢; = 0, and v, and ¢, given by Eq.
(4.4.14) in Eq. (4.5.16), we have

2
M(x = 0) = —IO;LL = —10,416.7 N-m (4.5.17)

Using Eq. (4.5.16) to evaluate the moment at x = 1.25 m, we have

Evaluating the moment at x = 2.5 m by using Eq. (4.5.16) again, we obtain
The beam theory solution using Eq. (4.5.2) predicts
_WLZ
M(x =0)= = —12,500 N-
=0=— m (4.5.20)
M(x =1.25m) = —3125 N-m
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4 | Development of Beam Equations

and M(x=25m)=0

Figures 4-31(a) through (c) show the plots of the displacement variation, bending moment
variation, and shear force variation through the beam length for the beam theory and the one-
element finite element solutions. Again, the finite element solution for displacement matches
the beam theory solution at the nodes but predicts smaller displacements (less deflection) at
other locations along the beam length.

v(x)
(mm)
1.25m 25m
0 | |
se========- g
__________ —0. mm
Beam theory_/ s
[Eq. (4.5.8)]
Finite element (one element) —2.35 mm
(a)
M(x)
(N-m)
2,083.3
1.25m — 2?
0 1 — 30
——4,166.7
Beam theory [Eq. (4.5.2)]
—10,416.7 Finite element (one element)
—12,500
(b)
V(x)
N)
10,000 Beam theory [Eq. (4.5.2)]
5,000 — T_ ————————————————————
Finite element (one element)

©

m Figure 4-31 Comparison of beam theory and finite element results for a cantilever beam
subjected to a uniformly distributed load: (a) displacement diagrams, (b) bending moment
diagrams, and (c) shear force diagrams
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4.5 Comparison of the Finite Element Solution to the Exact Solution for a Beam

The bending moment is derived by taking two derivatives on the displacement function.
It then takes more elements to model the second derivative of the displacement function.
Therefore, the finite element solution does not predict the bending moment as well as it does
the displacement. For the uniformly loaded beam, the finite element model predicts a linear
bending moment variation as shown in Figure 4-31(b). The best approximation for bending
moment appears at the midpoint of the element.

The shear force is derived by taking three derivatives on the displacement function. For
the uniformly loaded beam, the resulting shear force shown in Figure 4-31(c) is a constant
throughout the single-element model. Again, the best approximation for shear force is at the
midpoint of the element.

It should be noted that if we use Eq. (4.4.11), thatis, { f} = [k]{d} — {fo}, and subtract
off the { fo } matrix, we also obtain the correct nodal forces and moments in each element. For
instance, from the one-element finite element solution we have for the bending moment at node 1

T4 w3 ]2 2
mfl) _ EI 6L wlL Lo wlL B wlL _ wlL
r 8EI 6EI 12 2

and at node 2 mi" =

To improve the finite element solution we need to use more elements in the model (refine
the mesh) or use a higher-order element, such as a fifth-order approximation for the displace-
ment function, that is, v(x) = a; + axx + azx? + asx® + asx* + agx?, with three nodes (with
an extra node at the middle of the element).

We now present the two-element finite element solution for the cantilever beam subjected
to a uniformly distributed load. Figure 4-32 shows the beam discretized into two elements
of equal length and the work-equivalent load replacement for each element. Using the beam
element stiffness matrix [Eq. (4.1.13)], we obtain the element stiffness matrices as follows:

1 2
2
12 6 —-12 6l (4.5.21)
(kD] = (k@] = Ell 6l 47 -6l 28
Bl-12 -6l 12 =6l
6l 21> —6l 47

where [ = 1.25 m is the length of each element and the numbers above the columns indicate
the degrees of freedom associated with each element.

_wl _(wl | wl _wl

2 <2+2) 2
N O FL

L 1=125m \_ 2/ 1=125m \o
_wi? w2 _wi? wi?
12 12 12 12

W Figure 4-32 Beam discretized into two elements and work-equivalent load replacement for
each element
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4 | Development of Beam Equations

Applying the boundary conditions v; = 0 and ¢»; = 0 to reduce the number of equations
for a normal longhand solution, we obtain the global equations for solution as

24 0 12 6l || —wl
EIl 0 82 -6 22(|%2[ _] o0 4.5.22)
Bl-12-60 12 =6l ||vs —wl /2

6l 202 —6l 42||ds| (wP/12

Solving Eq. (4.5.22) for the displacements and slopes, we obtain

—17wi* —2wi4 —Twli3 —4wl3
_ _ _ _ (4.5.23)
Y El $2=—m T3

Substituting the numerical values w = 4000 N/m, [ =1.25m, E = 210 X 10° N/m?2, and
I =4 X 107 m*into Eq. (4.5.23), we obtain

vy =—0.823mm v; =-235mm ¢, = —0.001085 rad
¢3 = —0.00124 rad

The two-element solution yields nodal displacements that match the beam theory results
exactly [see Egs. (4.5.9) and (4.5.12)]. A plot of the two-element displacement throughout the
length of the beam would be a cubic displacement within each element. Within element 1, the
plot would start at a displacement of 0 at node 1 and finish at a displacement of —0.823 mm
at node 2. A cubic function would connect these values. Similarly, within element 2, the plot
would start at a displacement of —0.823 mm and finish at a displacement of —2.35 mm at
node 2 [see Figure 4-31(a)]. A cubic function would again connect these values.

X0 Beam Element with Nodal Hinge

In some beams an internal hinge may be present. In general, this internal hinge causes a
discontinuity in the slope or rotation of the deflection curve at the hinge. Consider the beam
shown with two elements and a nodal hinge at node 2 separating the two elements as shown
in Figure 4-33(a). In general, (l)(zl) for element 1 is not equal to c[>(22) for element 2, as shown in
Figures 4-33(b) and (c). At hinge nodes, rotations are said to be double valued. To model the
hinge, we consider the hinge to be placed on either the right end of element 1 or on the left end
of element 2 but not on both elements at node 2. Examples 4.10 and 4.11 will illustrate how to
solve beam problems with nodal hinges.

Also, the bending moment is zero at the hinge. We could construct other types of connec-
tions that release other generalized end forces; that is, connections can be designed to make
the shear force or axial force zero at the connection. These special conditions can be treated by
starting with the generalized unreleased beam stiffness matrix [Eq. (4.1.14)] and eliminating
the known zero force or moment. This yields a modified stiffness matrix with the desired force
or moment equal to zero and the corresponding displacement or slope eliminated.
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4.6 Beam Element with Nodal Hinge

@ Hinge
1] Q |3
L 2 L
(@)
b Y ¢, # 0, in general ¢, # 0, in general
my, ¢1 m, = 0 m; = 0

e s
2 i

WV ’ f Y ' !

Jips Vi Sfays V2 fip 2 Jaye V3

(b) (©

m Figure 4-33 (a) Beam with 2 elements and nodal hinge, (b) hinge considered to be at right
end of element 1, and (c) hinge considered to be at left end of element 2

‘We now consider the most common cases of a beam element with a nodal hinge at the right
end or left end, as shown in Figure 4-33. For the beam element with a hinge at its right end,
the moment m, is zero and we partition the [k] matrix [Eq. (4.1.14)] to eliminate the degree of
freedom ¢, (which is not zero, in general) associated with m, = 0 as follows:

12 6L —12§ 6L
EIl 6L 417 —6L) 2I? (4.6.1)

k= =—
[&] 3| —12 —6L 12 1—6L

We condense out the degree of freedom ¢, associated with m, = 0. Partitioning allows
us to condense out the degree of freedom ¢, associated with m, = 0. That is, Eq. (4.6.1) is
partitioned as shown below:

(Kl | [Ki]

(k] =| 2X313%3 (4.6.2)

The condensed stiffness matrix is then found by using the equation { f} = [k]{d} partitioned
as follows:

{£} (Kl {[Ke] || {a}

3 X1 3X313X%X1 3X1
-------- el R e L (4.6.3)
{~} [Ka] i [K22] || {d2}

1X1 IX311x1 1x1
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4 | Development of Beam Equations

Vi
where {d} =1 & {dr} = {4,2} (4.6.4)

V2

Equations (4.6.3) in expanded form are

{Ai} = [Kul{di} + [Kia][{d2}

4.6.5
1A} =[Kul{di} + [Kn]{d2} (46

Solving for {d> } in the second of Egs. (4.6.5), we obtain
{d2} = [K2] ({fz} — [Ka] {dl}) (4.6.6)

Substituting Eq. (4.6.6) into the first of Egs. (4.6.5), we obtain
i} = ( K] — [Ki2][K2] [Kzl]){dl} + [Kl[K»] A} (4.6.7)
Combining the second term on the right side of Eq. (4.6.7) with { f; }, we obtain
(£} =K.} (4.6.8)
where the condensed stiffness matrix is
(K] = [Kn] = [Ki2][K2] "' [Kai] (4.6.9)
and the condensed force matrix is
{£.} = {A} - [Knllkn] {A} (4.6.10)

Substituting the partitioned parts of [k] from Eq. (4.6.1) into Eq. (4.6.9), we obtain the
condensed stiffness matrix as

(K] = [Kil — [Ki2l[K22 1 K1)

o 12 6L —12 o 6L |
=—| 6L 42 —6L |- 4 2I° —[6L 212 —6L]
3 412
—12 —6L 12 —6L

1 L -1 2
L I? —L b 4.6.11)

-
L I

V2
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4.6 Beam Element with Nodal Hinge

and the element equations (force/displacement equations) with the hinge at node 2 are

ﬁy 1 L _1 V]

3EI )
m s = i L I* —L|<¢y (4.6.12)
by -1 —L 1 v

The generalized rotation ¢, has been eliminated from the equation and will not be calculated
using this scheme. However, ¢, is not zero in general. We can expand Eq. (4.6.12) to include ¢,
by adding zeros in the fourth row and column of the [k] matrix to maintain m, = 0, as follows:

fiy 1 L -1 0"
m| _3EI| L 12 -L o||® (4.6.13)
Foy I} | -1 —L 1 0f|»
my 0 0 0 0|

For the beam element with left node 1 and right node 2 with a hinge at its left end, the
moment m is zero, and we partition the [k] matrix [Eq. (4.1.14)] to eliminate the zero moment
my and its corresponding rotation ¢, to obtain

Siy 1 -1 L Vll
byt = % -1 1 -L [{v (4.6.14)
s L —-L I? ¢2J

iy 10 -1 L [|"
m | _3EIl 00 0 0 |/¢ (4.6.15)
f2y »B31—-10 1 —L %)
- L 0 —-L ||

EXAMPLE 4.10

Determine the displacement and rotation at node 2 and the element forces for the uniform
beam with an internal hinge at node 2 shown in Figure 4-34. Let EI be a constant.

P
p Hinge
ol o
1 ) 3
a | b
| Z

M Figure 4-34 Beam with internal hinge
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4 | Development of Beam Equations

SOLUTION:

We can consider the hinge as part of element 1. Therefore, with the hinge located at the
right end of element 1, Eq. (4.6.13) contains the correct stiffness matrix for element 1. The
stiffness matrix of element 1 with L = a is then

Vi 1 V2 ¢
1 a —1 0
] 3EI 4 4 —a 0 (4.6.16)
[kD] = =
a’ -1 —a 1 0
0O 0 00

As the hinge is considered to be part of element 1, we do not consider it again as part of
element 2. So we use the standard beam element stiffness matrix obtained from Eq. (4.1.14)
for element 2 as

V2 ¢ w3 b3

12 66 —12  6b
_EL | 6b 4b> —6b 2B (4.6.17)
T | —12-6b 12 —6b

6b 20> —6b  4b?

Superimposing Eqgs. (4.6.16) and (4.6.17) and applying the boundary conditions
vi=0 ¢ =0, v3i=0, ¢3=0

we obtain the total stiffness matrix and total set of equations as

3 12 6
@ v|[n]_[-r
EIl ¢ - (4.6.18)
6 4 || o2 0
b? b
Solving Eq. (4.6.18), we obtain
o — —-a’b’p
27303 3
3% +a)El (4.6.19)
& a’b?P
2

T2 + D)EI

The value ¢, is actually cb(zz) that associated with element 2—that is, ¢, in Eq. (4.6.19) is
actually (]5(22). The value of ¢, at the right end of element 1 (c/)(zl)) is, in general, not equal to
¢(22). If we had chosen to assume the hinge to be part of element 2, then we would have used
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4.6 Beam Element with Nodal Hinge

Eq. (4.1.14) for the stiffness matrix of element 1 and Eq. (4.6.15) for the stiffness matrix of
element 2. This would have enabled us to obtain (b(zl), which is different from d>(22), that is,

the slope at node 2 is double valued.
Using Eq. (4.6.12) for element 1, we obtain the element forces as

0
1 -1
Sy _ 3E 4 0
m o = a—3 a as —a YRS (4.6.20)
_1 — S
Jay ¢ 3060 + a3)EIJ
Simplifying Eq. (4.6.20), we obtain the forces as
b3P
fiy = b +a’
3
m = bfb+ P . 4.621)
a
b’p
foy = b +ad’

Using Eq. (4.6.17) and the results from Eq. (4.6.19), we obtain the element 2 forces as

_a’b’p
Joy 12 6b —12 6b 3(b® + a®)EI
my | _ ﬂ 6b 4b* —6b 2b? a’b?p (4.6.22)
By b3 |—12 —6b 12 —6b 2b3 + a®)EI
ms 6b 2b* —6b 4b? 0
0

Simplifying Eq. (4.6.22), we obtain the element forces as

a’P
foy = P+
nmp = 0
2P (4.623)
b s
R ba’P
b +ad’
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4 | Development of Beam Equations

It should be noted that another way to solve the nodal hinge of Example 4.10 would be
to assume a nodal hinge at the right end of element 1 and at the left end of element 2. Hence,
we would use the three-equation stiffness matrix of Eq. (4.6.12) for the left element and the
three-equation stiffness matrix of Eq. (4.6.14) for the right element. This results in the hinge
rotation being condensed out of the global equations. You can verify that we get the same result
for the displacement as given by Eq. (4.6.19). However, we must then go back to Eq. (4.6.6)
using it separately for each element to obtain the rotation at node 2 for each element. We leave
this verification to your discretion.

EXAMPLE 4.11

Determine the slope at node 2 and the deflection and slope at node 3 for the beam with
internal hinge located at node 3, as shown in Figure 4-35. Nodes 1 and 4 are fixed, and there
is a knifeedge support at node 2. Let E = 210 GPaand I = 2 X 10™* m*.

10 kKN/m

1 ® 2 (@3 4
O

| ®

1m | 1 m—

1
!

2m

W Figure 4-35 Beam with internal hinge and uniformly distributed loading

SOLUTION:

Discretize the beam into three elements, as shown in Figure 4-35. Use Eq. (4.1.14) to
determine element one stiffness matrix as

Vi b1 v P % % _% %

12 12 —-12 12

_ 3 2 3 1 (4.6.24)
[ka)]:% 216 —12 8| _,, ) 2

-12 -12 12 -12 -3/ =3/ 3/ -
2 8 —12 16 3/2 72 _3/2 72
Bhoo1Tho 2

Assume the hinge as part of element 2 and use Eq. (4.6.13) to obtain the element 2
stiffness matrix as

Vo by vz @3
bor-ho (4.6.25)
k@] = 3£l I -10 o
13 -1 -1 1 0
0 0 0 0

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



4.6 Beam Element with Nodal Hinge

As the hinge is considered to be at the right end of element 2, we do not consider it to be
part of element 3. So we use Eq. (4.1.14) to obtain the stiffness matrix as

Vi @3 v4 Py
12 6 —-12 6 4.626)
[k®] = El 6 4 -6 2 e
13 —-12 -6 12 -6
6 2 —6 4

Using the direct stiffness method and the element stiffness matrices in Egs. (4.6.24 through
4.6.26), we assemble the global stiffness matrix as

Vi b1 va vz 3 vs Py

% % H B 0 0 0 0

% 2 % 1 0 0 0 0

A A %A A 7300000 4.6.27)
kl=ke1l% 1 » 5 -3 0 0 0

0 0 -3 -3 15 6 —12 6

0 0 0 0 6 4 —6 2

0 0 0 0 -12-6 12 -6

0 0 0 0 6 2 -6 4

Applying the boundary conditions v; = ¢; = v, =v4 = ¢4 = 0, we obtain the reduced
stiffness matrix and equations for solution as

5 =3 0| 0
EI|-3 15 6|{v;; = —5kN (4.6.28)
0 6 41|¢; —0.833 kN -m
—wL —10(1 —wl?
where by work equivalence F3, = % = % = —5kNand M3 = IVZ =
_ 2
1?2(1) = —0.833 kN-m

Substituting numerical values for E and I into Eq. (4.6.28), and solving simultaneous,
we obtain

v3 = —2.126 X105 m, ¢ = —1.276 X 1075 rad, ¢3 =2.693 X 10 5 rad  (4.6.29)

Notice that ¢ is actually that associated with element three, that is, ¢3 in Eq. (4.6.29) is
actually q§§3) as the hinge was assumed to be part of element two and ¢(32) was condensed
out of the stiffness matrix for element two.
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4 | Development of Beam Equations

Potential Energy Approach to Derive Beam
Element Equations

We will now derive the beam element equations using the principle of minimum potential

energy. The procedure is similar to that used in Section 3.10 in deriving the bar element equa-

tions. Again, our primary purpose in applying the principle of minimum potential energy is to

enhance your understanding of the principle. It will be used routinely in subsequent chapters

to develop element stiffness equations. We use the same notation here as in Section 3.10.
The total potential energy for a beam is

T, =U+Q @.7.1)

where the general one-dimensional expression for the strain energy U for a beam is given by

U= m%ae dv 4.7.2)

and for a single beam element subjected to both distributed and concentrated nodal loads, the
potential energy of forces is given by

2 2
Q=—[[Tvds = Y Pyvi— Dmi (4.7.3)
) .

i=1 i=1

where body forces are now neglected. The terms on the right-hand side of Eq. (4.7.3) repre-
sent the potential energy of (1) transverse surface loading 7, (in units of force per unit surface
area, acting over surface S; and moving through displacements over which T, act); (2) nodal
concentrated force F,, moving through displacements v;; and (3) moments m; moving through
rotations ¢;. Again, v is the transverse displacement function for the beam element of length
L shown in Figure 4-36.

Consider the beam element to have constant cross-sectional area A. The differential vol-
ume for the beam element can then be expressed as

dV = dA dx 4.7.4)
y,v
Nanww
AT T
0= e
L
Py, Py,

W Figure 4-36 Beam element subjected to surface loading and concentrated nodal forces
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4.7 Potential Energy Approach to Derive Beam Element Equations

and the differential area over which the surface loading acts is
dS = bdx (4.7.5)

where b is the constant width. Using Egs. (4.7.4) and (4.7.5) in Egs. (4.7.1) through (4.7.3),
the total potential energy becomes

Ty = J‘J‘I{%C"xadi dx — I:bTy v dx — ,zi'l(Piyw + m; ¢ (4.7.6)

Substituting Eq. (4.1.4) for v into the strain/displacement relationship Eq. (4.1.10), repeated
here for convenience as

dv 4.7.7)

e, = —y2Y
dx?

we express the strain in terms of nodal displacements and rotations as

12x — 6L 6xL — 41> —12x + 6L 6xL — 212
{ex) = —y[ e I e B }{d} (4.7.8)
or
{e.} = —y[BI{d] (4.7.9)
where we define
_ _AT2 _ A2
(8] = |:12x 6L 6xL — 412 — 12x + 6L 6xL — 2L } 47.10)
L3 L3 L3 L3

The stress/strain relationship is given by
{oc} =[Dl{ex} 4.7.11)
where [D] = [E] 4.7.12)

and E is the modulus of elasticity. Using Eq. (4.7.9) in Eq. (4.7.11), we obtain
{o.} = —y[DIBI{d} (4.7.13)

Next, the total potential energy Eq. (4.7.6) is expressed in matrix notation as

T = ”{%{‘TX}T {e.JdA dx — [T, vIT dx — {d}" (P} 4.7.14)
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4 | Development of Beam Equations

Using Egs. (4.1.5), (4.7.9), (4.7.12), and (4.7.13), and defining w = bT), as the line load (load
per unit length) in the y direction, we express the total potential energy, Eq. (4.7.14), in matrix
form as

LEI .
T, = jo T{d}T[B]T[B]{d}dx - jo w{dY INT dv — {dY' (P} (47.15)
where we have used the definition of the moment of inertia

I= jij dA (4.7.16)
A

to obtain the first term on the right-hand side of Eq. (4.7.15). In Eq. (4.7.15), 7, is now
expressed as a function of {d}.

Differentiating 7, in Eq. (4.7.15) with respect to vy, ¢, v2, and ¢, and equating each term
to zero to minimize 7, we obtain four element equations, which are written in matrix form as

EIJ‘OL[B]T[B] dx{d) — jOL[N]Tw dx — [P} =0 4.7.17)

The derivation of the four element equations is left as an exercise (see Problem 4.47).
Representing the nodal force matrix as the sum of those nodal forces resulting from distributed
loading and concentrated loading, we have

L
(Fh = [ INITw dx + (P) (4.7.18)

Using Eq. (4.7.18), the four element equations given by explicitly evaluating Eq. (4.7.17)
are then identical to Eq. (4.1.13). The integral term on the right side of Eq. (4.7.18) also rep-
resents the work-equivalent replacement of a distributed load by nodal concentrated loads. For
instance, letting w(x) = —w (constant), substituting shape functions from Eq. (4.1.7) into the
integral, and then performing the integration result in the same nodal equivalent loads as given
by Eqgs. (4.4.5) through (4.4.7).

Because { f} = [k]1{d}, we have, from Eq. (4.7.17),

[k] = EIJOL[B]T[B] dx (4.7.19)

Using Eq. (4.7.10) in Eq. (4.7.19) and integrating, [k] is evaluated in explicit form as

12 6L —12 6L
412 —6L 212

= EL 6 (4.7.20)
3 12 —6L

Symmetry 417
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4.8 Galerkin's Method for Deriving Beam Element Equations

Equation (4.7.20) represents the local stiffness matrix for a beam element. As expected, Eq.
(4.7.20) is identical to Eq. (4.1.14) developed previously.

It is worth noting that the strain energy U is the first term on the right side of Eq. (4.7.15)
and {d} is not a function of x. If we also consider E and I to be constant over each element
length L, we can express U as

rEl

v ={d}' 3

jOL[B]T[B]dx{d} 4721)

By using Eq. (4.7.19), we realize the stiffness matrix, {k}, is £ times the integral in Eq. (4.7.21).
Therefore, we show U to be expressed again in quadratic form as U = % {d}" [k]{d}:

Galerkin’s Method for Deriving
Beam Element Equations

We will now illustrate Galerkin’s method to formulate the beam element stiffness equations. We
begin with the basic differential Eq. (4.1.1h) with transverse loading w now included; that is,

4
EI% +w=0 4.8.1)

We now define the residual R to be Eq. (4.8.1). Applying Galerkin’s criterion [Eq. (3.12.3)] to
Eq. (4.8.1), we have

L d*v
j EI=— +w|Nidx=0 (i=123,4) 4.8.2)
0 dx*

where the shape functions N; are defined by Egs. (4.1.7).
We now apply integration by parts twice to the first term in Eq. (4.8.2) to yield

L L
jo EI(v, 000 )Njdx = jo EI, ) (Niyw )dx + EIN; (o) = (N ) ()] @83)

where the notation of the comma followed by the subscript x indicates differentiation with
respect to x. Again, integration by parts introduces the boundary conditions.
Because v = [N]{d} as given by Eq. (4.1.5), we have

12x — 6L 6xL — 4I1* — 12x + 6L 6xL — 217
Vix = { IE IE IE IE }{d} (4.8.4)
or, using Eq. (4.7.10),
Viex = [B]{d} (4.8.5)
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4 | Development of Beam Equations

Substituting Eq. (4.8.5) into Eq. (4.8.3), and then Eq. (4.8.3) into Eq. (4.8.2), we obtain
J.OL(Ni’xx )EI[B] dx{d} + J()L Njw dx + [N;V — (N;,, )m] |0 = (i=1273,4) (4.8.6)

where Eqs. (4.1.11) have been used in the boundary terms. Equation (4.8.6) is really four
equations (one each for N; = Nj, N», N3, and N,). Instead of directly evaluating Eq. (4.8.6)
for each N;, as was done in Section 3.12, we can express the four equations of Eq. (4.8.6) in
matrix form as

JOL[B]TEI[B] dx{d} = jOL— [NI"w dx + (N1 ,xm — [N]TV) 1% 4.8.7)

where we have used the relationship [N],,, = [B]in Eq. (4.8.7).

Observe that the integral term on the left side of Eq. (4.8.7) is identical to the stiffness
matrix previously given by Eq. (4.7.19) and that the first term on the right side of Eq. (4.8.7)
represents the equivalent nodal forces due to distributed loading [also given in Eq. (4.7.18)].
The two terms in parentheses on the right side of Eq. (4.8.7) are the same as the concentrated
force matrix {P} of Eq. (4.7.18). We explain this by evaluating [N],, and [N], where [N] is
defined by Eq. (4.1.6), at the ends of the element as follows:

[Nlxlo =[0100] [Nlxle =[0001]

(4.8.8)
[N]lp =[1000] [N]l. =[0010]
Therefore, when we use Eqgs. (4.8.8) in Eq. (4.8.7), the following terms result:
m(L) — m(0) — V(L) + V(0) (4.8.9)

0
0
0
1

oS o = O
o = O O
oS o o=

These nodal shear forces and moments are illustrated in Figure 4-37.

Ay
L
m(O)( ) 3 " X
L
V(0) V(L)

M Figure 4-37 Beam element with shear forces, moments, and a distributed load

C m(t) (
e
v(0)

V(L)

W Figure 4-38 Shear forces and moments acting on adjacent elements meeting at a node

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Summary Equations

Note that when element matrices are assembled, two shear forces and two moments from
adjacent elements contribute to the concentrated force and concentrated moment at the node
common to the adjacent elements as shown in Figure 4-38. These concentrated shear forces
V(0) — V(L) and moments m(L) — m(0) are often zero; thatis, V(0) = V(L) and m(L) = m(0)
occur except when a concentrated nodal force or moment exists at the node. In the actual com-
putations, we handle the expressions given by Eq. (4.8.9) by including them as concentrated
nodal values making up the matrix {P}.

SUMMARY EQUATIONS

Displacement function assumed for beam transverse displacement:
v(x) = aix® + arx? + azx + ay (4.1.2)
Shape functions for beam element:

1 1
Ny = = Qx* =3x°L + ) Ny = (L — 22712 +xL?)
L L (4.1.7)

1 1
Ny = E(—2x3 + 3x2L) Ny = E(x3L — x2I?)

Beam bending stress or flexure formula:

g, = MY (4.1.10b)

Stiffness matrix for beam element:

12 6L —12 6L

_ EI} 6L 4% —6L 21 (4.1.14)
D|—12 —6L 12 —6L
6L 21} —6L 417

[k]

Stiffness matrix including transverse shear deformation (Timoshenko beam theory):

12 6L —-12 6L
2 _ 2
k] = EI 6L (4 + @)L 6L (2 — @)L (4.1.150)
D1+ )| —12 —6L 12 —6L
6L (2—@I* —6L 4+ @)l?
Work due to distributed loading:
L
Wiisuibuted = Jo w(x)v(x) dx (4.4.1)
Work due to discrete nodal forces:
Waiserete = 1 + my o +fly \%1 +f2yv2 4.4.2)
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4 | Development of Beam Equations

General formulation for beam with distributed loading:
{F} =[kl{d} - {Fo} (4.4.8)
Work-equivalent replacement matrix for beam with uniform load:

—wL

2
_WLZ

(Fr=14 12 (4.4.10)
—wL
2
wl?

12

Beam stiffness matrix with right end nodal hinge:

1 L —1

3EI| L [ —-L
k= —

K] » -1 —-L 1

0 0 0

(4.6.13)

=N eNelel

Total potential energy for beam element:
LE] L
Ty = fo z{d}T [BI"[Bl{d}dx — jo w{d} [N"dx — {d} (P}  (4.7.15)

Strain energy expression for beam element:

rEl

U={ay 3

L
[ 1B (Blax(d) 4721)
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Problems

PROBLEMS

4.1 What are the differences between truss and beam elements? That is, what degrees
of freedom does each one have? What forces do they resist?

4.2 What kind of element would we have by combining the two elements (truss and
beam) into one? What could that new element be used for?

4.3 Use Egs. (4.1.7) to plot the shape functions N, and N3 and the derivatives (dN, /dx)
and (dN4/dx); which represent the shapes (variations) of the slopes ¢, and ¢, over
the length of the beam element.

44 Derive the element stiffness matrix for the beam element in Figure 41 if the rota-
tional degrees of freedom are assumed positive clockwise instead of counterclock-
wise. Compare the two different nodal sign conventions and discuss. Compare the
resulting stiffness matrix to Eq. (4.1.14)

Solve all problems using the finite element stiffness method.

4.5  For the beam shown in Figure P4-5, determine the rotation at pin support A and the
rotation and displacement under the load P. Determine the reactions. Draw the shear
force and bending moment diagrams. Let EI be constant throughout the beam.

P P
| L L
| 2 2 L 2
A B 4 U B
4
= 2 2
W Figure P4-5 W Figure P4-6

4.6 For the cantilever beam subjected to the free-end load P shown in Figure P4-6,
determine the maximum deflection and the reactions. Let EI be constant throughout
the beam.

4.7-4.13 For the beams shown in Figures P4-7 through P4—13, determine the displacements
and the slopes at the nodes, the forces in each element, and the reactions. Also, draw
the shear force and bending moment diagrams.

5 kN

| 2 3V E=210GPa
I=4x10"m*
6m &{{Q 6m .

M Figure P4-7
,/ 5 kN

1 3y

A E =210 GPa
I=4X10"m*
2@ =10 mm gap (Compare answers with P4-7,)

+——— 6m I 6 m

M Figure P4-8
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4 | Development of Beam Equations

7
@ 25 kN 25 kN
1 2y E =210GPa

I=4x10"m*

21 1
Y T 2m
Y

H Figure P4-9

20 kN
7 2
1 3
E = 210 GPa

s J20kN - m

i

[=4x10*m*
7 3m \T/ 3m 7
H Figure P4-10
80 kN
—2 m—|
1 . |5 E=70GPa
- -4 4
&% 1 & s 4 \ I=1x10"*m
I 3m ! 4 m ! 3m |

m Figure P4-11

10 kN
71 E = 200 GPa

2 I1=28x10"m*

6m
k =200 kN/m
S 3
H Figure P4-12
L24 kN
. 4m 2 4m - E = 70 GPa
I =2x10"*m*
\-& N\
k = 200 kN/m
43

M Figure P4-13

4.14  For the fixed-fixed beam subjected to the uniform load w shown in Figure P4-14.
determine the midspan deflection and the reactions. Draw the shear force and bend-
ing moment diagrams. The middle section of the beam has a bending stiffness of
2EI; the other sections have bending stiffnesses of EI.
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Problems

1
s
|

W Figure P4-14

4.15 Determine the midspan deflection and the reactions and draw the shear force and
bending moment diagrams for the fixed-fixed beam subjected to uniformly dis-
tributed load w shown in Figure P4-15. Assume EI constant throughout the beam.
Compare your answers with the classical solution (that is, with the appropriate
equivalent joint forces given in Appendix D).

w w
Z 7
y
A ; \ v B A 4 - ¥ B
7 L 2 ANN\\N :
M Figure P4-15 M Figure P4-16

4.16 Determine the midspan deflection and the reactions and draw the shear force and
bending moment diagrams for the simply supported beam subjected to the uniformly
distributed load w shown in Figure P4—16. Assume EI constant throughout the beam.

4.17 For the beam loaded as shown in Figure P4—17, determine the free-end deflection
and the reactions and then draw the shear force and bending moment diagrams.
Assume EI constant throughout the beam.

' B
Ag B ¢ Al
% L L L
3 |

m Figure P4-17 m Figure P4-18

4.18 Using the concept of work equivalence, determine the nodal forces and moments
(called equivalent nodal forces) used to replace the linearly varying distributed load
shown in Figure P4-18.

4.19 For the beam shown in Figure 4-19, determine the displacement and slope at the
center and the reactions. The load is symmetrical with respect to the center of the
beam. Assume EI constant throughout the beam.

w

BANNNN

2 L

M Figure P4-19
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4 | Development of Beam Equations

4.20  For the beam subjected to the linearly varying line load w shown in Figure P4-20,
determine the right-end rotation and the reactions. Assume EI constant throughout
the beam.

A4 . %

M Figure P4-20

4.21-4.26 For the beams shown in Figures P4-21 through P4-26, determine the nodal displace-
ments and slopes, the forces in each element, and the reactions.

4kN/m
/ E = 70 GPa
;l 2y y E !=3X]0_‘m4
? 3
4m I 4m
B Figure P4-21
10 kN/m 10 kN/m
E = 210 GPa
2 3 I=4x10*m
| 3
A\
N
l 6 m 6m
k = 1000 kN/m
43
B Figure P4-22
30 kN/m
E = 200 GPa
1=8X10"m*
\ A R ¥
1 3
Z 2 <
|
5m 5m -

M Figure P4-23

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




Problems

60 kN/m
E = 200 GPa
\ I1=6X10"m*
1 3
Z A
Sm I S5m
M Figure P4-24
7.5 kN/m b 0GP
4 7 = a
4 f I1=4x10°m*
1 1 Y 1 1 1 /
14 3
Z 12 4
Je— 6m 6 m L,
k =800 kN/m
4
W Figure P4-25
5000 N/m
E = 210 GPa
| y 2 ' , [=2x10*m

-

5m ! 4m;l

B Figure P4-26

determine the maximum deflection and maximum bending stress. Let E = 200 GPa

4.27-4-32 For the beams shown in Figures P4-27 through P4-32 use a computer program to @
for all beams as appropriate for the rest of the units in the problem. Let ¢ be the

half-depth of each beam.
w = 100 kN/m 3 kN/m
EEEEEERREE R I I
AL =5 Doc Am= = B - C
| | | | 10 m | 20 m |
c=025m,1=100x 10"°m* ¢=0.25m, I =500(107%) m*
W Figure P4-27 B Figure P4-28
400 kKN 30 kN/m
} Fiiiid 10 KN/m
L5 =c =Zp 4 IRRRY )lc
|——5m—-|-—5m 10m —
| 31 I | 10m l—5m—]
¢=250mm, /=20 X 10° m* ¢=030m, =700 x 100 m*
W Figure P4-29 W Figure P4-30
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4 | Development of Beam Equations

100 kN
25 kN/m 10 kN/m
NEEEEEEEE IEEREEREERRY:
§ c A O ¢
=B ol —
| | | | 12m | 6m
| 3m | 3m | | 7 | 57 |
£=250 mm, =16 X 10 m* ¢=0.30m, 7=700x 10 m*
M Figure P4-31 Figure P4-32

For the beam design problems shown in Figures P4-33 through P4-38, determine
the size of beam to support the loads shown, based on requirements listed next to
each beam.
4.33 Design a beam of ASTM A36 steel with allowable bending stress of 160 MPa to
@ support the load shown in Figure P4-33. Assume a standard wide flange beam
from Appendix F, or some other source can be used. Also what is the maximum
deflection?

w =50 kN/m

e B e

|

W Figure P4-33

able bending stress must not exceed 170 MPa, and the allowable deflection must not

@ 4.34 Select a standard steel pipe from Appendix F to support the load shown. The allow-
exceed L/360 of any span.

2.5kN 2.5kN 2.5kN
I

|

M Figure P4-34

for the beam in Figure P4-35. The allowable bending stress should not exceed 170
MPa, and the allowable deflection must not exceed (L = 2 m)/360.

a /
O

I 2m I 2m

@ 4.35 Select a rectangular structural tube from Appendix F to support the loads shown

B S S

M Figure P4-35
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Problems

4.36 Select a standard W section from Appendix F or some other source to support the
loads shown for the beam in Figure P4-36. The bending stress must not exceed
160 MPa, and the allowable deflection must not exceed (L. = 6 m)/360.

10 kN/m

e
I 6.0 m I 6.0 m I 6.0 m I

W Figure P4-36

4.37 For the beam in Figure P4-37, determine a suitably sized W section from Appendix
F or from another suitable source such that the bending stress does not exceed 150
MPa and the maximum deflection does not exceed L/360 of any span.

70kN 70 kN
17 kN

25m| 2.5m

P S
<—5m—.|

I 10 m 10 m I

W Figure P4-37

for each section shown such that the bending stress does not exceed 160 MPa and

4.38  For the stepped shaft shown in Figure P4-38, determine a solid circular cross section @
the maximum deflection does not exceed L/360 of the span.

200 kN
B D
A f.\ D E
— C —

m Figure P4-38

4.39 For the beam shown in Figure P4-39 subjected to the concentrated load P and dis-
tributed load w, determine the midspan displacement and the reactions. Let EI be
constant throughout the beam.

) 2 w P P
; L L L
Y2 7 3 l 3 l 3 b
. v
1 L ap L
/s
W Figure P4-39 W Figure P4-40
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4 | Development of Beam Equations

4.40 For the beam shown in Figure P4—40 subjected to the two concentrated loads P,
determine the deflection at the midspan. Use the equivalent load replacement
method. Let EI be constant throughout the beam.

441 For the beam shown in Figure P4-41 subjected to the concentrated load P and the
linearly varying line load w, determine the free-end deflection and rotation and the
reactions. Use the equivalent load replacement method. Let EI be constant through-
out the beam.

L P w P = 5 kN
2 . l
Hinge
Y —
L 2m i 2 m—»
m Figure P4-41 W Figure P4-42

4.42-4.44 For the beams shown in Figures P4—42 through P4—44, with internal hinge, deter-
mine the deflection at the hinge. Let E = 210 GPa and I = 2 X 10™* m*.

P = 5KN 20 kKN/m
P Z Hinge \{ I
Hinge \ O
0 A 25 ‘ Z
I 2m } 2 m ! 2m | 1 m | I m—
B Figure P4-43 B Figure P4-44

4.45 Derive the stiffness matrix for a beam element with a nodal linkage—that is, the
shear is 0 at node 7, but the usual shear and moment resistance are present at node j

(see Figure P4-45).
m;
(7
1& L
Jy=0

M Figure P4-45

4.46 Develop the stiffness matrix for a fictitious pure shear panel element (Figure P4-46)
in terms of the shear modulus, G, the shear web area, A,, and the length, L.
Notice that ¥ and v are the shear force and transverse displacement at each node,
respectively.
Gven D1=Gy, 2Y=1A,, 3)YVi+¥=0, 4 y=%
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Problems

L L
1 2 Y Y
Y. Y5, vy
Positive node force Element in equilibrium
sign convention (neglect moments)
Figure P4-46

4.47 Explicitly evaluate 7, of Eq. (4.7.15); then differentiate 7, with respect to v;, ¢y,
v2, and ¢, and set each of these equations to zero (that is, minimize ) to obtain
the four element equations for the beam element. Then express these equations in
matrix form.

4.48 Determine the free-end deflection for the tapered beam shown in Figure P4—48. Here
I(x) = Iy(1 + nx/L) where [ is the moment of inertia at x = 0. Compare the exact
beam theory solution with a two-element finite element solution for n = 7[12].

where b= —PI? 6 = 1 PI?
17.55 EI, 9.95 EI,

M w(x)

1 7
== ) T T
¢ T
e )
L 2

Figure P4-48 W Figure P4-49

4.49 Derive the equations for the beam element on an elastic foundation (Figure P4-49)
using the principle of minimum potential energy. Here k is the subgrade spring
constant per unit length. The potential energy of the beam is

ka2
2

T, = J.()L%El(v”)zdx + _[: dx — J:wv dx

4.50 Derive the equations for the beam element on an elastic foundation (see Figure P4-49)
using Galerkin’s method. The basic differential equation for the beam on an elastic
foundation is

(ENV"Y = —w + kyv
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4 | Development of Beam Equations

4.51-4.78 Solve Problems 4.7 through 4.13, 4.21 through 4.32, and 4.42 through 4.44 using a
@ suitable computer program.
4.79 For the beam shown in Figure P4-79, use a computer program to determine the
deflection at the mid-span using four beam elements, making the shear area zero
and then making the shear area equal 5/6 times the cross-sectional area (b times h).
Then make the beam have decreasing spans of 200 mm, 100 mm, and 50 mm with
zero shear area and then 5/6 times the cross-sectional area. Compare the answers.
Based on your program answers, can you conclude whether your program includes
the effects of transverse shear deformation?

50,000 N

200 mm | |<— b=25mm

g|; h =50 mm
e

‘ _>|

|

400 mm

M Figure P4-79

4.80  For the beam shown in Figure P4-79, use a longhand solution to solve the problem.
Compare answers using the beam stiffness matrix, Eq. (4.1.14), without transverse
shear deformation effects and then Eq. (4.1.150), which includes the transverse shear
effects.
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CHAPTER

Frame and Grid Equations

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Derive the two-dimensional arbitrarily oriented beam element stiffness matrix.

m Demonstrate solutions of rigid plane frames by the direct stiffness method.

m Describe how to handle inclined or skewed supports.

m Derive the stiffness matrix and equations for grid analysis.

m Provide equations to determine torsional constants for various cross sections.
m lllustrate the solution of grid structures.

m Develop the stiffness matrix for a beam element arbitrarily oriented in space.
m Present the solution of a space frame.

m Introduce the concept of substructuring.

Introduction

Many structures, such as buildings (Figure 5—1) and bridges, are composed of frames and/or grids.
This chapter develops the equations and methods for solution of plane and space frames and grids.

First, we will develop the stiffness matrix for a beam element arbitrarily oriented in a
plane. We will then include the axial nodal displacement degree of freedom in the local beam
element stiffness matrix. Then we will combine these results to develop the stiffness matrix,
including axial deformation effects, for an arbitrarily oriented beam element, thus making it
possible to analyze plane frames. Specific examples of plane frame analysis follow. We will
then consider frames with inclined or skewed supports.

Next, we will develop the grid element stiffness matrix. We will present the solution of a
grid deck system to illustrate the application of the grid equations. We will then develop the
stiffness matrix for a beam element arbitrarily oriented in space. We will also consider the
concept of substructure analysis.

m Two-Dimensional Arbitrarily Oriented Beam Element

We can derive the stiffness matrix for an arbitrarily oriented beam element, as shown
in Figure 5-2, in a manner similar to that used for the bar element in Chapter 3. The
local axes x' and y' are located along the beam element and transverse to the beam
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5 | Frame and Grid Equations

(@) (b)

M Figure 5-1 (a) The Arizona Cardinals’ football stadium under construction—a rigid building
frame (By Ed Yack) and (b) Mini Baja space frame constructed of tubular steel members
welded together (By Daryl L. Logan)

M Figure 5-2 Arbitrarily oriented beam element

element, respectively, and the global axes x and y are located to be convenient for the total
structure.

Recall that we can relate local displacements to global displacements by using Eq. (3.3.16),

repeated here for convenience as
wi_p ¢ S\u 5.1.1)
v’ =S C||v

Using the second equation of Egs. (5.1.1) for the beam element, we relate local nodal degrees
of freedom to global degrees of freedom by

uj

h s c o0 0 0 o0|M™
dil _| oo 1 0 0 o0f* 5
s 000 -5 C 0w (.12)

000 0 0 1]

¢2 b
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5.1 Two-Dimensional Arbitrarily Oriented Beam Element

where, for a beam element, we define

-S c 0 0 00
0 01 0 00O
T1 = AL
7] 0 00 —-S CO 1)
0 00 0 01

as the transformation matrix. The axial effects are not yet included. Equation (5.1.2) indicates
that rotation is invariant with respect to either coordinate system. For example, ¢| = ¢, and
moment m{ = my can be considered to be a vector pointing normal to the x" —y" plane or to
the x — y plane by the usual right-hand rule. From either viewpoint, the moment is in the 7' = z
direction. Therefore, moment is unaffected as the element changes orientation in the x — y plane.

Substituting Eq. (5.1.3) for [T] and Eq. (4.1.14) for local [k'] into Eq. (3.4.22),
[k] = [T]" [K'][T], we obtain the global element stiffness matrix as

) U Vi (o) [25) V2 2] ~
1252 —125C —6LS —1252 125C —6LS
12C*  6LC  125C —12C? 6LC

= 2 41> 6LS —6LC 217 G.14)
r 128> —125C  6LS
12¢2 —6LC
Symmetry 412

where, again, C = cosfand S = sinf. It is not necessary here to expand [7] given by Eq. (5.1.3)
to make it a square matrix to be able to use Eq. (3.4.22). Because Eq. (3.4.22) is a generally
applicable equation, the matrices used must merely be of the correct order for matrix multipli-
cation (see Appendix A for more on matrix multiplication). The stiffness matrix Eq. (5.1.4) is
the global element stiffness matrix for a beam element that includes shear and bending resis-
tance. Local axial effects are not yet included. The transformation from local to global stiffness
by multiplying matrices [T']" [k'][T], as done in Eq. (5.1.4), is usually done on the computer.
‘We will now include the axial effects in the element, as shown in Figure 5-3. The element now
has three degrees of freedom per node (i}, v}, ¢}). For axial effects, we recall from Eq. (3.1.13),

S AET 1 —17]|ui
_ AL 1.
R 51

Combining the axial effects of Eq. (5.1.5) with the shear and principal bending moment effects
of Eq. (4.1.13), we have, in local coordinates,

Tl om0 0 -¢, 0 o 1"
iy 0 126, 6GL 0 —12C, 6CL ||M
mi | | 0 6GL 4GP 0 —6C,L  2GI2 ||} 5.16)
£, -, 0 0 a0 0 5
“ 0 —12C, —6CGL 0 12C, —6C.L || |
) vV
PLoLo 6GL 202 0 —6GL 4G ||
mh b2
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5 | Frame and Grid Equations

74 Fayv3

T
m
Fio o

m Figure 5-3 Local forces and displacements acting on a beam element
where C = 7 and C, = 2 (5.1.7)
and, therefore,
oo 0 - 0 o |
0 12C, 6C,L 0 -12C, 6C,L
, 0 6C,L  4GI2 0 —6CL  2C,I7
[£'] = ¢ 0 0 ¢ 0 0 (5.1.8)
0 —12C, —-6C,L 0 12C, —6C,L

0 6C,L  2C,17 0 —6CL 4G

The [k'] matrix in Eq. (5.1.8) now has three degrees of freedom per node and now includes
axial effects (in the x" direction), as well as shear force effects (in the y’ direction) and principal
bending moment effects (about the 7' = z axis). Using Egs. (5.1.1) and (5.1.2), we now relate
the local to the global displacements by

“wl Tec s 0o 0o o olf
vi -S C 0 0 0 O0l|wn
oY 0 0 1 0 0 0|
w| |0 0 0o ¢ s oflw (5.1.9)
, 0 0 0 —S C 0|2
V2
i o 0 0o o0 o 1%
¢ L ]
where [7] has now been expanded to include local axial deformation effects as
¢ s 0o 0o o0 0]
) C 0 0 0 0
r 0 0 1 0 0 0 S 110
=109 0o o ¢ s o (5.1.10)
0 0 0o —S C 0
0 0 0 0 0 1
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5.2 Rigid Plane Frame Examples

Substituting [7] from Eq. (5.1.10) and [k'] from Eq. (5.1.8) into Eq. (3.4.22), ([k] = [TT' [K'1[T])
we obtain the general transformed global stiffness matrix for a beam element that includes axial
force, shear force, and bending moment effects as follows:

ac + 2 g (A - E)cs L —(ACZ + ESZJ —(A - ﬁ)Cs -8
2 2 L 2 j2

as2+ 2o O —(A - ﬂ)Cs —(ASZ + ﬂczj e
I L I ?

L |(5.1.11)
E 41 QS —6—IC 21
[k] = 7% L L
AC? + ES2 (A - E)CS 6—IS
? e L
AS? + %Cz —6—IC
L L
Symmetry 41

The analysis of a rigid plane frame can be undertaken by applying stiffness matrix Eq. (5.1.11).
A rigid plane frame is defined here as a series of beam elements rigidly connected to each
other; that is, the original angles made between elements at their joints remain unchanged after
the deformation due to applied loads or applied displacements.

Furthermore, moments are transmitted from one element to another at the joints. Hence,
moment continuity exists at the rigid joints. In addition, the element centroids, as well as
the applied loads, lie in a common plane (x — y plane). From Eq. (5.1.11), we observe that the
element stiffnesses of a frame are functions of E, A, L, I, and the angle of orientation 6 of the
element with respect to the global-coordinate axes. It should be noted that computer programs
often refer to the frame element as a beam element, with the understanding that the program
is using the stiffness matrix in Eq. (5.1.11) for plane frame analysis.

B3 Rigid Plane Frame Examples

To illustrate the use of the equations developed in Section 5.1, we will now perform complete
solutions for the following rigid plane frames.

EXAMPLE 5.1

As the first example of rigid plane frame analysis, solve the simple “bent” shown in Figure 5—4.

L im |

oW | ,/‘\SOON—m

2l @ i/
v
© 3 ;b
A x’ bIm
IR\LK xwé -

m Figure 5-4 Plane frame for analysis, also showing local x" axis for each element
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5 | Frame and Grid Equations

SOLUTION:

The frame is fixed at nodes 1 and 4 and subjected to a positive horizontal force of 40 kN
applied at node 2 and to a positive moment of 500 N-m. applied at node 3. The global-
coordinate axes and the element lengths are shown in Figure 5-4.

Let E = 200 GPa and A = 6500 mm? for all elements, and let / = 80 X 10°® mm? for
elements 1 and 3, and I = 40 X 10 mm* for element 2.

Using Eq. (5.1.11), we obtain the global stiffness matrices for each element.

Element 1

For element 1, the angle between the global x and the local x" axes is 90° (counterclockwise)
because x’ is assumed to be directed from node 1 to node 2. Therefore,

X2 — X1 —-1.5 _(_1.5) _

C = cos90° = O 3 0
§=singpr =20 320 _,
g 3
X 6
Also, —12] = —12(80 10°) = 106.67 mm? (5.2.1)
I? (3000)2
X 6
ﬂ = 76(80 10°) = 160,000 mm?3
L 3000
X 3
E = M = 66.67 N/mm3
L 3000

Then, using Egs. (5.2.1) to help in evaluating Eq. (5.1.11) for element 1, we obtain the
element global stiffness matrix as

u Vi b 175 V2 b2
[ 0106 0 —~160  —0.106 0 ~160 |
0 6.5 0 0 —6.5 0
KO — 6667107 ~160 0 320,000 160 0 160,000 | N (5:2.2)
—0.106 0 160 0106 0 160 | mm
0 -6.5 0 0 6.5 0
~160 0 160,000 160 0 320,000

where all diagonal terms are positive.

Element 2

For element 2, the angle between x and x' is zero because x' is directed from node 2 to node
3. Therefore,

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



5.2 Rigid Plane Frame Examples

6
Also. 120 _ 1240X109 _ ool

I (3000)?
I 40 X 10°
6— = M = 80,000 mm?3 (5.2.3)
L 3000
E = 66.67 X 10° l
L mm?3

Using the quantities obtained in Egs. (5.2.3) in evaluating Eq. (5.1.11) for element 2, we obtain

Uy ) b2 u3 V3 b3
[ 65 0 0 —65 0 0]
0  0.0533 80 0  —00533 80
KO~ 6667107 80 160,000 0 —80 80,000 | N (524
—-6.5 0 0 6.5 0 0 | mm
0 -00533 -80 0 00533  —80
80 80,000 0 —80 160,000

Element 3

For element 3, the angle between x and x’ is 270° (or —90°) because x’ is directed from
node 3 to node 4. Therefore,

c=0 S=-1
Therefore, evaluating Eq. (5.1.11) for element 3, we obtain
u3 V3 b3 Uy V4 on
[ 0106 0 160  —0.106 0 160 |
0 6.5 0 0 —65 0
160 0 320,000 —160 0 160,000 | N (5.2.5)
KT = 666710 | 106 160 0106 0 ~160 | mm
0 —6.5 0 0 6.5 0
160 0 160,000 —160 0 320,000

Superposition of Eqgs. (5.2.2), (5.2.4), and (5.2.5) and application of the boundary condi-

tionsu; =v; =¢; =0 and uy =v4 = ¢4 = 0 at nodes 1 and 4 yield the reduced set of
equations for a longhand solution as

4%10% 6.606 0 160 —6.5 0 0 | (u,
0 0 6.5553 80 0 —0.0533 80 || v,
0 160 80 480,000 0 —80 80,000 ||¢2| (5.2.6)
= 66.67 X103
0 —6.5 0 0 6.606 0 160 || u3
0 0 —0.0533 —80 0 6.5553 —80 || V3
5%103 0 80 80,000 160 —80 480,000 | |#3
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5 | Frame and Grid Equations

Solving Eq. (5.2.6) for the displacements and rotations, we have

Uy 5.007 mm

2 0.0345 mm

b2 —0.00144 rad

wy [ | 4961 mm (5.2.7)
V3 —0.0345 mm

b3 —0.00140 rad

The results indicate that the top of the frame moves to the right with negligible vertical
displacement and small rotations of elements at nodes 2 and 3.

The element forces can now be obtained using { '} = [k'][T]{d} for each element, as
was previously done in solving truss and beam problems. We will illustrate this procedure
only for element 1. For element 1, on using Eq. (5.1.10) for [T'] and Eq. (5.2.7) for the
displacements at node 2, we have

0 1 0 0 0 0{y=0
-1 0 0 0 0 Oj|lw=0
0o 0 1 0 0 O0f|l¢1=0
TR =15 o o 0 1 0|lw=5007mm (5:2.8)
0 0 0 -1 0 0|v2 =0.0345mm
0 0 0 0 0 11192 = —0.00144 rad
On multiplying the matrices in Eq. (5.2.8), we obtain
0
0
71y = 4 © (52.9)
0.0345 mm
—5.007 mm
—0.00140 rad
Then using [k'] from Eq. (5.1.8), we obtain element 1 local forces as
[ 65 0 0 —65 0 0] 0
0 0.106 160 O —0.106 160 0
() = ITId) = 66.67X 10° 0 160 320,000 0O —160 160,000 80345
—6.5 0 0 65 0 0 :
0 —0.106 —-160 O 0.106 —160 —3.007
0 160 160,000 0 —160 320,000 —0.00144
(5.2.10)
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5.2 Rigid Plane Frame Examples

Simplifying Eq. (5.2.10), we obtain the local forces acting on element 1 as

fix —14950 N

fy 20023 N

mp | _ 38049902 N-mm (5.2.11)
fie 14950 N

3y —20023 N

mh 22689134 N-mm

A free-body diagram of each element is shown in Figure 5-5 along with equilibrium
verification. In Figure 5-5, the x" axis is directed from node 1 to node 2—consistent with
the order of the nodal degrees of freedom used in developing the stiffness matrix for the
element. Since the x—y plane was initially established as shown in Figure 54, the z axis is
directed outward—consequently, so is the z’ axis (recall 7’ = z). The y" axis is then estab-
lished such that x’ cross y’ yields the direction of z’. The signs on the resulting element forces
in Eq. (5.2.11) are thus consistently shown in Figure 5-5. The forces in elements 2 and 3
can be obtained in a manner similar to that used to obtain Eq. (5.2.11) for the nodal forces
in element 1. Here we report only the final results for the forces in elements 2 and 3 and
leave it to your discretion to perform the detailed calculations. The element forces [shown
in Figures 5-5(b) and (c)] are as follows:

Element 2
fx=20243N  f5, = —14950N m) = —22689134 N-mm (5.2.12a)
fle =—20243N f{, =14950N  mj = —2264437 N-mm

Element 3
fix = 14950 N fiy = 20243 N mjs = 22870420 N-mm (5.2.12b)

fix = —14950N fi, = —20243N mj = 37948705 N-mm
Considering the free body of element 1, the equilibrium equations are
Y Fo: —20023 + 20023 = 0
Y Fy: —14950 + 14950 = 0
ZMQ : 38,049,902 + 22,689,134 — 20,023(3000) = 0
Considering moment equilibrium at node 2, we see from Egs. (5.2.12a) and (5.2.12b) that on
element 1, m5 = 22,689,134 N-mm, and the opposite value, —22,689,134 N-mm, occurs on

element 2. Similarly, moment equilibrium is satisfied at node 3, as m4 from elements 2 and 3
add to the 505,983 N-m applied moment. That is, from Egs. (5.2.12a) and (5.2.12b) we have

—22,364,437 + 22,870,420 = 505,983 N-mm
=500 N-m
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5 | Frame and Grid Equations

14,950 N Y
22,689,134 N-mm
2 20,023 N 2,234,437 N-mm
N
e 3m e
@ 20,243 N - [ J=~—20243N
3
2 v, 22,689,134 N-mm
3m
x/
14,950 N 14,950 N
38,049,902 N-mm 1 \ (®)
y’ 20,023 N
1 14,950 N
’/‘i\22,870,420 N-mm
2 14,950 N ¥
20,243 N l
() x
Z,
3m
20,243 N
\?)37,948,705 N-mm
14,950 N
(©)

m Figure 5-5 Free-body diagrams of (a) element 1, (b) element 2, and (c) element 3

EXAMPLE 5.2

To illustrate the procedure for solving frames subjected to distributed loads, solve the rigid
plane frame shown in Figure 5-6. The frame is fixed at nodes 1 and 3 and subjected to
a uniformly distributed load of 13 kN/m applied downward over element 2. The global-
coordinate axes have been established at node 1. The element lengths are shown in the figure.
Let E = 200 GPa, A = 0.06 m? and I = 3.6 X10~* m* for both elements of the frame.

SOLUTION:

We begin by replacing the distributed load acting on element 2 by nodal forces and moments
acting at nodes 2 and 3. Using Egs. (4.4.5)—(4.4.7) (or Appendix D), the equivalent nodal
forces and moments are calculated as

wL _ (13X10%)12 _

fy=—7= 78,000 N = —78 kKN
2 2
wi? (13 X10%)122 (5.2.13)
my = ——— =~ —— = 156,000 N-m = ~156 kN-m
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5.2 Rigid Plane Frame Examples

13 kN/m

@ 12m

X1
45°
]
A X
[L 9m
(@)

-78 kN —78 kN
!
-~ \F

—156 kN-m —156 kN-m

. (b)

M Figure 5-6 (a) Plane frame for analysis and (b) equivalent nodal forces on frame

L 13X103)12
= _WT - _% — —78,000N = —78 kN
2 1031122
my = wh” _ (3X10°)127 156,000 N-m = 156 kN-m

We then use Eq. (5.1.11) to determine each element stiffness matrix:

Element 1
A = 45° C =0.707 S =0.707 ID =12.72 m = 12720.0 mm

3
E _ 200107 _ o0y N
L 12720 mm?3
30,010 29,980 12,005 (5.2.14)

[kD]=15.72]|29,980 30,010 —12,005 N3

12,005 —12,005 1.44x10°
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5 | Frame and Grid Equations

Simplifying Eq. (5.2.14), we obtain

up V2 2
0.3001 02998  0.12005
(kD] = 1572 X 105 02998 03001  —0.12005 |—— (5.2.13)
mm-

0.12005 —0.12005 14,400

where only the parts of the stiffness matrix associated with degrees of freedom at node 2
are included because node 1 is fixed.

Element 2

62 = 0° Cc=1 S=0 L? =12 m = 12,000 mm

X 3
E _ 200 X10 16,67 N
L 12,000 mm?
60,000 O 0 N (5.2.16)
[k®] =16.67 0 30 180,000 3
mm?*
0 180,000 1.44x10°
Simplifying Eq. (5.2.16), we obtain
up V2 b2
0.6 0 0 (52.17)
[k®]=16.67%105| 0 00003 1.8 —N3 o

0 1.8 14,000

where, again, only the parts of the stiffness matrix associated with degrees of freedom at
node 2 are included because node 3 is fixed. On superimposing the stiffness matrices of the
elements, using Egs. (5.2.15) and (5.2.17), and using Eq. (5.2.13) for the nodal forces and
moments only at node 2 (because the structure is fixed at node 3), we have

Fe =0 1471.95 47128  1887.18 | |12
By, =—78X103 | = (10%)| 471.28 472.25 1341 [v2 ¢ (5.2.18)
M,y = —156 X 10° 1887.18  113.41 46,641,600 | | ¢,

Solving Eq. (5.2.18) for the displacements and the rotation at node 2, we obtain

U 0.0803 mm
V2 ¢ = 1-0.2374 mm (5.2.19)
b2 —0.0033 rad

The results indicate that node 2 moves to the right (u; = 0.0803 mm) and down
(v = —0.2374 mm) and the rotation of the joint is clockwise (¢, = —0.0033 rad).
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5.2 Rigid Plane Frame Examples

The local forces in each element can now be determined. The procedure for elements
that are subjected to a distributed load must be applied to element 2. Recall that the local
forces are given by {f'} = [k'][T]{d}. For element 1, we then have

[ 0707 0707 0 0 0 ol o
—0.707 0.707 0 0 0 of| o0
ryay=| 0 0 Lo 0 00 (5.2.20)
0 0 0 0.707 0.707 0| 0.0803
0 0 0 —0.707 0.707 0]|—0.2374
0 0 0 0 0 1 |[-0.0033
Simplifying Eq. (5.2.20) yields
0
0
(Tiay =1 ° (5.2.21)
—0.11108 -
—0.224632
—0.003342
Using Eq. (5.2.21) and Eq. (5.1.8) for [£’], we obtain
i - )
P 5893 0 0 —5893 0 0 0
by 2730  694.8 0 —2730 694.8 0
{ 117,900 0  —694.8 117,900
il 0 (52.22)
#, 5893 0 0 —0.11108
) 2730 —694.8 ||—0.224632
Jay Symmetry 235,800 | | —0.003342
mh ) B
Simplifying Eq. (5.2.22) yields the local forces in element 1 as
/. =104.77 kKN /= —8827kN mj, = —37.22 kN-m
fix fiy i (5.2.23)

fe =—10477kN f5, =8827kN  mb, = —75.05 kN-m

For element 2, the local forces are given by Eq. (4.4.11) because a distributed load is acting
on the element. From Egs. (5.1.10) and (5.2.19), we then have

r 71 0.0803

—0.2374

—0.0033

[T){d} = 0 (52.24)

0
0

- o O O o O

S O = O OO
S = O O OO

[l elNeleoNe S
=R eNeNel =
S OO = OO
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Simplifying Eq. (5.2.24), we obtain

0.0803

—0.2374

—0.0033
0 (5.2.25)

0
0

Using Eq. (5.2.25) and Eq. (5.1.8) for [k’], we have

6250 0 0 —6250 0 o || 00803
3.25 781.1 0 —3.25 781.1 —0.2374
250,000 0 —781.1 125,000 ||—0.0033
K'Hd'} = [K'TIHd} = ’ ’
[k'I{d"} = [K'NITI{d} . 0 0 0
325 —781.1 0
Symmetry 250,000 0
(5.2.26)
Simplifying Eq. (5.2.26) yields
80.316 kN
—10.018 kKN
—80.316 kN
—10.018 kN
—40.320 kN-m

To obtain the actual element local nodal forces, we apply Eq. (4.4.11); that is, we must
subtract the equivalent nodal forces [Eqs. (5.2.13)] from Eq. (5.2.27) to yield

Jix 80.316 0
fay —-10.018 78
my | | —79.928 —156
[ T 1-80316( 0 (5.2.28)
fhy 10.018 —78
, —40.32 156
m3
Simplifying Eq. (5.2.28), we obtain
fx =80.316 KN f5, =67.98 kN  mb = 76.07 kN-m
(5.2.29)

fir = —80316 kKN f{, =88.018 kN m} = —196.32 kN-m
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104.77 kN
75.05 kKN-m 13 kN/m 196.32 KN-m
80316 kN /747N R
6.07kN-m¥ $2' @ 3 80316 KN
g7y 0TI
12m
37.22kN-m o 67.98 kN 88.018 kN
1\»\/

104.77 kN 8.827 kN

W Figure 5-7 Free-body diagrams of elements 1 and 2

Using Eqgs. (5.2.23) and (5.2.29) for the local forces in each element, we can construct
the free-body diagram for each element, as shown in Figure 5-7. From the free-body
diagrams, one can confirm the equilibrium of each element, the total frame, and joint 2 as
desired.

In Example 5.3, we will illustrate the equivalent joint force replacement method for a
frame subjected to a load acting on an element instead of at one of the joints of the structure.
Since no distributed loads are present, the point of application of the concentrated load could
be treated as an extra joint in the analysis, and we could solve the problem in the same manner
as Example 5.1.

This approach has the disadvantage of increasing the total number of joints, as well as the
size of the total structure stiffness matrix [K]. For small structures solved by computer, this
does not pose a problem. However, for very large structures, this might reduce the maximum
size of the structure that could be analyzed. Certainly, this additional node greatly increases
the longhand solution time for the structure. Hence, we will illustrate a standard procedure
based on the concept of equivalent joint forces applied to the case of concentrated loads. We
will again use Appendix D.

EXAMPLE 5.3

Solve the frame shown in Figure 5-8(a). The frame consists of the three elements shown and
is subjected to a 65-kN horizontal load applied at midlength of element 1. Nodes 1, 2, and 3
are fixed, and the dimensions are shown in the figure. Let E = 200 GPa, = 3.0 X10™* m?,
and A = 5.0 X 1073 m? for all elements.

SOLUTION:

1.  We first express the applied load in the element 1 local coordinate system (here x’ is
directed from node 1 to node 4). This is shown in Figure 5-8(b).

2. Next, we determine the equivalent joint forces { fy } at each end of element 1, using the
table in Appendix D. (These forces are of opposite sign from what are traditionally
known as fixed-end forces in classical structural analysis theory [1].) These equivalent
forces (and moments) are shown in Figure 5-8(c).
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TN

58.12 kN

29.06 kN

(a) Rigid frame (b) Applied load expressed
in element 1 local-
coordinate system

14.53 kN
97.5 kN-m
97.5 kN-m 325N
= (from Appendix D)
8
(58.12)(13.42) ®
- 8
= 97.5 kN-m
32.5kN
1453 kN 97.5 kN-m
(c) Equivalent joint forces expressed (d) Final equivalent joint forces
in local-coordinate system expressed in global-coordinate
system

M Figure 5-8 Rigid frame with a load applied on an element

3. We then transform the equivalent joint forces from the present local-coordinate-system
forces into the global-coordinate-system forces, using the equation { f} = [T]" { f'}, where
[T] is defined by Eq. (5.1.10). These global joint forces are shown in Figure 5-8(d).

4. Then we analyze the structure in Figure 5-8(d), using the equivalent joint forces (plus
actual joint forces, if any) in the usual manner.

5. We obtain the final internal forces developed at the ends of each element that has an
applied load (here element 1 only) by subtracting step 2 joint forces from step 4 joint
forces; that is, Eq. (4.4.11) ({f} = {f®} — {fo}) is applied locally to all elements that
originally had loads acting on them.

The solution of the structure as shown in Figure 5-8(d) now follows. Using Eq. (5.1.11),
we obtain the global stiffness matrix for each element.
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5.2 Rigid Plane Frame Examples

Element 1

For element 1, the angle between the global x and the local x" axes is 63.43° because x’ is
assumed to be directed from node 1 to node 4. Therefore,

— X1 _6_0

C = cos63.43° = 2 = = 0.447
LD 13.42
S = sin6343° = 2N 1270 _ 40
o 13.42
X104 X107
120 _12GX107) _gggxpo-s O = SGXI0T) 3455107
I? (13.42)2 L 13.42
9
E_ 200 X 107 =1.49 X100
L 13.42
Using the preceding results in Eq. (5.1.11) for [k], we obtain
Uy V4 (o
15.12  29.78 1.78 (5.2.30)

[kD] = (10%)| 29.78 59.73 —0.88
1.78 —0.88 17.88

where only the parts of the stiffness matrix associated with degrees of freedom at node 4
are included because node 1 is fixed and, hence, not needed in the solution for the nodal
displacements.

Element 3

For element 3, the angle between x and x’ is zero because x’ is directed from node 4 to
node 3. Therefore,

121 _ 123.0X1074)

c=1 S=0 — =1.6X107°
I? (15)2
0xX1074 %X 109
g = 76(3 0X1077) =12x10"* E_ 200 X 107 =1.33X100
L 15 L 15
Substituting these results into [k], we obtain
Uy V4 by

66.67 0 0
[kD7=(10% 0 021 1.59
0 159 1599

(5.2.31)

since node 3 is fixed.
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5 | Frame and Grid Equations

Element 2

For element 2, the angle between x and x’ is 116.57° because x” is directed from node 2 to
node 4. Therefore,

c=2"2_ gay s-0120
13.42 13.42

= 0.895

2r_ 1.998 X 1073 S _ 1.341 X104 E_ 1.49 X100
12 L L

since element 2 has the same properties as element 1. Substituting these results into [k],
we obtain

Uy V4 on
15.12 —29.78 1.78 (5.2.32)

[k®] = (10%)| —29.78  59.73 0.88
1.78 0.88 17.88

since node 2 is fixed. On superimposing the stiffness matrices given by Egs. (5.2.30),
(5.2.31), and (5.2.32), and using the nodal forces given in Figure 5-8(d) at node 4 only,
we have

—32.5kN 9691 0 3.56 | uy
0 =10 119.67  1.59 |{va (5.2.33)
—97.5 kN-m 3.56 159 51.75 || 9=

Simultaneously solving the three equations in Eq. (5.2.33), we obtain

uy = —0.267 mm
vq = 0.025 mm (5.2.34)
¢4 = —0.001866 rad

Next, we determine the element forces by again using { '} = [k'][T1{d}. In general, we have

c s 0 0 0 o]l
—Scooooz‘
rHay=| 0 0 1 0 0 0|
00 0 C S ollw

00 0 -S C 0|y

00 0 00 1flg

L 11
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Thus, the preceding matrix multiplication yields

5.2 Rigid Plane Frame Examples

Cu,' + SV,'
—Sui + Cvi
&i
[T]{d} N Cblj + SVj
—Suj + CVJ‘
b
Element 1
0 0
0 0
0 0
[THd} = _ —4 N _s5
(0.447)(—=2.67X107%) + (0.895)(2.5X107™) 9.697 X10
(—0.895)(—2.67 X 107%) + (0.447)(2.5X1079) 2.5%X1074
—0.001866 —0.001186
Using Eq. (5.1.8) for [k'] and Eq. (5.2.36), we obtain
[ 74.51 0 0 —7451 0 0 |
0 0.297  1.996 0 —0.297 1.996
0 1.996 17.86 0 —1.996 8.93
’ — 6 X
KTy = (107) —-74.51 0 0 74.51 0 0
0 —0.297 —1.996 0 0.297 —1.996
| 0 1.996 8.93 0 —1.996 17.86 |

(5.2.35)

(5.2.36)

0

0

0
—0.0969

0.025 mm
—0.001186 rad

(5.2.37)

These values are now called effective nodal forces {f©}. Multiplying the matrices of
Eq. (5.2.37) and using Eq. (4.4.11) to subtract the equivalent nodal forces in local coordinates
for the element shown in Figure 5-8(c), we obtain the final nodal forces in element 1 as

7.25kN —14.53kN
_3725KN 29.06 kN
{f/(l)} — - 1666 kN-m _ 975 kN—m
~725kN —14.53kN
3.725 kN 29.06
—33.33kN —97.5kN-m

21.78 kN

—32.785 kN
—114.66 kN-m
7.28 kN

—25.335 kN
64.17 kN-m

(5.2.38)

Similarly, we can use Egs. (5.2.35) and (5.1.8) for elements 3 and 2 to obtain the local
nodal forces in these elements. Since these elements do not have any applied loads on
them, the final nodal forces in local coordinates associated with each element are given by
{f'} = [K'][T1{d}. These forces have been determined as follows:

Element 3

fiy = —17.78 kN f4,
i =1778kN  f3,

—2.695 kN mj = —29.866 kN-m
2.965 kN —14.933 kKN-m

(5.2.39)

m3
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10.53 kN 29.866 kN-m

17.78ka\ /N 1778 kN
B \14 G B5m J

2.965 kN

7.28 kKN

3
64.17 kN-m 1 14.933 kN-m

2.965 kN

34.0 kN-m
65 kN
32.785 kN 3.785 kN
114.66 kN-m 17.22 kN-m
10.53 kN

21.78 kN

W Figure 5-9 Free-body diagrams of all elements of the frame in Figure 5-8(a)

Element 2

B =—1053kN f5, = —3.785kN mj = —17.22 kN-m

5.2.40
fix =10.53kN  f{, =3.785kN  mj = —34.0 kN-m ( )

Free-body diagrams of all elements are shown in Figure 5-9. Each element has been deter-
mined to be in equilibrium, as often occurs even if errors are made in the longhand calcula-
tions. However, equilibrium at node 4 and equilibrium of the whole frame are also satisfied.
For instance, using the results of Eqgs. (5.2.38) through (5.2.40) to check equilibrium at
node 4, which is implicit in the formulation of the global equations, we have

ZM4 =64.17 — 29.866 — 34.0 = 0.304 kN-m (close to zero)

ZFx =7.28(0.447) + 25.335(0.895) — 10.53(0.447)
—3.785(0.895) — 17.78 = —0.05 kN (close to zero)

2 F, = 7.28(0.895) — 25.335(0.447) + 10.53(0.895)
—3.785(0.447) — 2.965 = 0.039 kN (close to zero)

Thus, the solution has been verified to be correct within the accuracy associated with a
longhand solution.

To illustrate the solution of a problem involving both bar and frame elements, we will
solve the following example.

EXAMPLE 5.4

The bar element 2 is used to stiffen the cantilever beam element 1, as shown in
Figure 5-10. Determine the displacements at node 1 and the element forces. For the bar, let
A =1.0X 1073 m2 Forthe beam,let A =2 X103 m2, I =5 X 10 m*, and L =3 m.
For both the bar and the beam elements, let E = 210 GPa. Let the angle between the beam
and the bar be 45°. A downward force of 500 kN is applied at node 1.
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5.2 Rigid Plane Frame Examples

500 kN

m Figure 5-10 Cantilever beam with a bar element support

SOLUTION:

For brevity’s sake, since nodes 2 and 3 are fixed, we keep only the parts of [k] for each
element that are needed to obtain the global [K] matrix necessary for solution of the nodal
degrees of freedom. Using Eq. (3.4.23), we obtain [k] for the bar as

(k@ = (12 107)(210 X 10 [0.5 0.5}

(3/cos45°) 0.5 05

or, simplifying this equation, we obtain

uy Vi
K = 70 x 103 | 0354 0354] KN (5.2.41)
0.354 0354| m

Using the upper left 3 X 3 part of Eq. (5.1.11), we obtain [k] for the beam (including axial

effects) as
u Vi <l'>1
2 0 0
[kD]=70 %103 |0 0.067 0.10 KN (5.242)
0 010 020 ™

where (E / L) X 1073 has been factored out in evaluating Eq. (5.2.42).
We assemble Eqgs. (5.2.41) and (5.2.42) in the usual manner to obtain the global stiff-
ness matrix as

2354 0354 0

kN
[K]=70 X 10% [ 0.354 0.421 0.10 |— (5.2.43)
0 0.10 020 ™
The global equations are then written for node 1 as
Fix 0 2.354 0354 0 u
Fiyp =41-500 =70 X 10*] 0.354 0.421 0.10 |[<v (5.2.44)
M, 0 0 0.10 020 |¢,
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Solving Eq. (5.2.44), we obtain
u; = 0.00338 m v = —0.0225 m ¢ = 0.0113 rad (5.2.45)

In general, the local element forces are obtained using {f'} = [k'][T]{d}. For the bar
element, we then have

fix :A_[ 1 —1][C S 0 0] Vi (52.46)
f3/x L |—1 1110 0 C S||us

The matrix triple product of Eq. (5.2.46) yields (as one equation)
AE
Six = T(Cul + Svi) (5.2.47)

Substituting the numerical values into Eq. (5.2.47), we obtain

o= (1x1073 m?2)(210 X 10 kN/m?) [/2
W 424 m 2

(0.00338 — 0.0225) (5.2.48)

Simplifying Eq. (5.2.48), we obtain the axial force in the bar (element 2) as
fix=—670 kN (5.2.49)

where the negative sign means f, is in the direction opposite x’ for element 2. Similarly,
we obtain

fix = 670 kN (5.2.50)

which means the bar is in tension as shown in Figure 5-11. Since the local and global axes
are coincident for the beam element, we have {f'} = {f} and {d'} = {d}. Therefore, from
Eq. (5.1.6), we have at node 1

i ¢ 0 0 1[u
flat =10 12C; 6CL | (5.2.51)
0 6C,L 4C,I2 ||d

~

mj

where only the upper left 3 X 3 part of the stiffness matrix is needed because the displace-
ments at node 2 are equal to zero. Substituting numerical values into Eq. (5.2.51), we obtain

ye 20 0 0.00338
b =70%103|0 0067 0.10|]—-0.0225
m 0 0.10 0.20 0.0113

—_~

The matrix product then yields
fix =473 kN fly = —26.5kN m{ = 0.0kN-m (5.2.52)
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670 kN

y/

_ 78.3kN - m
r\o.o kKN - m @
——t 3 473 kN
1 3m A
670 kN
26.5 kN 26.5 kN

M Figure 5-11 Free-body diagrams of the bar (element 2) and beam (element 1) elements
of Figure 5-10

Similarly, using the lower left 3 X 3 part of Eq. (5.1.6), we have at node 2,

Fix -2 0 0 0.00338
Byt =70X103| 0 —0.067 —0.10 |2 —0.0225
0 0.10 0.10|| 0.0113

o~

m

The matrix product then yields
By =—473kN 5, =265kN  m5 =—783kN-m (5.2.53)

To help interpret the results of Egs. (5.2.49), (5.2.50), (5.2.52), and (5.2.53), freebody
diagrams of the bar and beam elements are shown in Figure 5-11. To further verify the
results, we can show a check on equilibrium of node 1 to be satisfied. You should also verify
that moment equilibrium is satisfied in the beam.

85D Inclined or Skewed Supports—Frame Element

For the frame element with inclined support at node 3 in Figure 5-12, the transformation matrix
[T] used to transform global to local nodal displacements is given by Eq. (5.1.10).
In the example shown in Figure 5-12, we use [7] applied to node 3 as follows:

4
u .
3 cosa sina O |u3

vy r = | —sina cosa 0|]v; (5.3.1)

& 0 0 1][es

~

~

The same steps as given in Section 3.9 then follow for the plane frame. The resulting
equations for the plane frame in Figure 5-12 are [see also Eq. (3.9.13)]

[T1{f} = [GIUKITT {d} (5.3.2)
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1

g T X

W Figure 5-12 Frame with inclined support

E}c uy = 0
Fly V1 = O
M, ¢1 =0
F2x up
Pt < mkimr )2 s34
or M, b (5.3.3)
F3/x I/té
Fé/y Vé =0
M; &% = ¢s
(/1 [0] [O]
where [T;1=1[[0] [I] [O] (5.3.4)
[0] [O] [r]
cosa sina O
and [t3] = | —sina cosa O (5.3.5)

0 0 1

&8 Grid Equations

A grid is a structure on which loads are applied perpendicular to the plane of the structure,
as opposed to a plane frame, where loads are applied in the plane of the structure. We will
now develop the grid element stiffness matrix. The elements of a grid are assumed to be
rigidly connected, so that the original angles between elements connected together at a node
remain unchanged. Both torsional and bending moment continuity then exist at the node point
of a grid. Examples of grids include floor and bridge deck systems. A typical grid structure
subjected to loads Fi, F», F3, and Fj is shown in Figure 5-13.

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.
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£

e
8

m Figure 5-13 Typical grid structure

We will now consider the development of the grid element stiffness matrix and element
equations. A representative grid element with the nodal degrees of freedom and nodal forces is
shown in Figure 5-14. The degrees of freedom at each node for a grid are a vertical deflection
v/ (normal to the grid), a torsional rotation ¢}, about the x" axis, and a bending rotation ¢,
about the 7" axis. Any effect of axial displacement is ignored; that is, u; = 0. The nodal forces
consist of a transverse force fj, a torsional moment ;. about the x’ axis, and a bending moment
mj, about the 7" axis. Grid elements do not resist axial loading; that is f; = 0.

To develop the local stiffness matrix for a grid element, we need to include the torsional
effects in the basic beam element stiffness matrix Eq. (4.1.14). Recall that Eq. (4.1.14) already
accounts for the bending and shear effects.

We can derive the torsional bar element stiffness matrix in a manner analogous to that used
for the axial bar element stiffness matrix in Chapter 3. In the derivation, we simply replace f;;
with m{y, u} with ¢%, E with G (the shear modulus), A with J (the torsional constant, or stiffness
factor), o with 7 (shear stress), and & with -y (shear strain).

The actual derivation is briefly presented as follows. We assume a circular cross section
with radius R for simplicity but without loss of generalization.

Step 1
Figure 5—15 shows the sign conventions for nodal torque and angle of twist and for element
torque.
Step 2
We assume a linear angle-of-twist variation along the x’ axis of the bar such that

¢ =a; + ayx’ (5.4.1)

YA
™~ mix’ ¢ix , ¢ix
myg ¢1z€ G i Graméz! ¢£7
L e
7 fip v fap v2

W Figure 5-14 Grid element with nodal degrees of freedom and nodal forces
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mi., ¢i, Mss 3 m, é; mg, .

Va\ ~ Ja il
1 [ O~ 1] [ O~

\A L \\” ) L \ s

m Figure 5-15 Nodal and element torque sign conventions

Using the usual procedure of expressing a; and a; in terms of unknown nodal angles of twist
o1, and ¢5,, we obtain

d)/ _ (d’éx ; ¢1/x)x/ + d)fx (542)

or, in matrix form, Eq. (5.4.2) becomes

4
1x

¢’ =[N N2y, (5.4.3)
¢2x

with the shape functions given by

N, = (5.4.4)

x
L
Step 3

We obtain the shear strain y/angle of twist ¢’ relationship by considering the torsional defor-
mation of the bar segment shown in Figure 5-16. Assuming that all radial lines, such as OA,
remain straight during twisting or torsional deformation, we observe that the arc length AB
is given by

AB = ymaxdx’ = Rdp’

W Figure 5-16 Torsional deformation of a bar segment
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Solving for the maximum shear strain yp,x, we obtain

Rd¢’
Ymax = dxdl)

Similarly, at any radial position r, we then have, from similar triangles OAB and OCD,

_de _r .,
= L(¢2x dix) (5.4.5)

Y

where we have used Eq. (5.4.2) to derive the final expression in Eq. (5.4.5).
The shear stress 7/shear strain y relationship for linear-elastic isotropic materials is
given by

T =Gy (5.4.6)

where G is the shear modulus of the material.

Step 4

We derive the element stiffness matrix in the following manner. From elementary mechanics,
we have the shear stress related to the applied torque by
7

R

my =

(5.4.7)

where J is called the polar moment of inertia for the circular cross section or, generally, the
torsional constant for noncircular cross sections. Using Egs. (5.4.5) and (5.4.6) in Eq. (5.4.7),
we obtain

GJ
my = T(d)éx — ¢ix) (5.4.8)
By the nodal torque sign convention of Figure 5-15,

miy = —m; 54.9)

or, by using Eq. (5.4.8) in Eq. (5.4.9), we obtain

’ G‘] 14 /
mix = T(dnx = ¢ix) (5.4.10)
Similarly, mh, = m 5411
GJ
or m/Zx = T((béx - (bl/x) (5412)
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5 | Frame and Grid Equations

Expressing Eqgs. (5.4.10) and (5.4.12) together in matrix form, we have the resulting torsion
bar stiffness matrix equation:

Mol G T ¢‘f (5.4.13)
myy L |—1 1 ¢2x
Hence, the stiffness matrix for the torsion bar is
G/ 1 -1
Kl1= —= 5.4.14
1= 1] sars

The cross sections of various structures, such as bridge decks, are often not circular.
However, Eqgs. (5.4.13) and (5.4.14) are still general; to apply them to other cross sections,
we simply evaluate the torsional constant J for the particular cross section. For instance, for
cross sections made up of thin rectangular shapes such as channels, angles, or I shapes, we
approximate J by

1
J= ngit? (5.4.15)

where b; is the length of any element of the cross section and #; is the thickness of any element
of the cross section. In Table 5—1, we list values of J for various common cross sections.
The first four cross sections are called open sections. Equation (5.4.15) applies only to these
open cross sections. (For more information on the J concept, consult References [2] and [3],
and for an extensive table of torsional constants for various cross-sectional shapes, consult
Reference [4].) We assume the loading to go through the shear center of these open cross
sections in order to prevent twisting of the cross section. For more on the shear center consult
References [2] and [5].

On combining the torsional effects of Eq. (5.4.13) with the shear and bending effects of
Eq. (4.1.13), we obtain the local stiffness matrix equation for a grid element as

[ 12E1 6EI —12EI 6EI |
0 = 0o =
L3 2 I3 L2
GJ —-GJ
Fiy A
mix 4El  —6EI  2EI Pix
m/ - ) - ’
,lz _ L L L (ibiz (5.4.16)
5y 2EL —6E || ¥
mh, L L? by
m; g 0 $3;
L
4EI
Symmetry a
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5.4 Grid Equations

Table 5-1 Torsional constants J and shear centers SC for various cross sections

Cross Section Torsional Constant
1. Channel
t
3
v - J = —(h+ 2b)
Y 3
l__, £} _ h*t
sce z h T Tu
}<—e—>| | 1 h\2
7 143 1 s a2
oy I=I, = ;3th +2[12 ht +bt(2) }
b
t
2. Angle
_’ 1 J = %(bll‘f + bzl‘%)
b
1)
SC|e
b, X
3. Z section
b § ! /3
T J = ?(217 +h)
t S—(; o | h
Jran)

Yoo

4. Wide-flanged beam with unequal flanges

t
’ J =Lt} +bot3 + hd)

4

5. Solid circular

J=Zp
2
6. Closed hollow rectangular
t
I ;= 2@ —nb —n)
3 at + bty — 1> — 1}

I—A ft— *SC

]

f— O —~
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5 | Frame and Grid Equations

where, from Eq. (5.4.16), the local stiffness matrix for a grid element is

12E1 6EI —12EI 6EI |
L3 I3 e
0 Gy o 9
L L
6El o 4Bl —6EL = 2EI
(k] = 2 L L2 L (5.4.17)
G —12Er —6EI  12EI —6EI
L3 L2 L3 L2
0 __GJ 0 0 ﬂ 0
6EI 2EI  —6EI 4EI
el 0 = = 0 =
L2 L 12 L |

and the degrees of freedom are in the order (1) vertical deflection, (2) torsional rotation, and
(3) bending rotation, as indicated by the notation used above the columns of Eq. (5.4.17).
The transformation matrix relating local to global degrees of freedom for a grid is given by

(1 0 00 0 0]
0 C S0 00
0 -S C0 00
To) = 41
=10 001 0 o0 (54.18)
0 000 C S
0 0 00 -S C|

where 6 is now positive, taken counterclockwise from x to x” in the x — z plane (Figure 5-17) and
— X . Zi — 7
! S = sing = 2L

L

Xj
C = cosf =

where L is the length of the element from node i to node j. As indicated by Eq. (5.4.18) for a
grid, the vertical deflection V' is invariant with respect to a coordinate transformation (that is,
y =y") (Figure 5-17).

| Figure 5-17 Grid element arbitrarily oriented in the x — z plane
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5.4 Grid Equations

The global stiffness matrix for a grid element arbitrarily oriented in the x — z plane is then
given by using Eqgs. (5.4.17) and (5.4.18) in

lkg] = [T61" kG T5] (5.4.19)

Now that we have formulated the global stiffness matrix for the grid element, the proce-
dure for solution then follows in the same manner as that for the plane frame.

To illustrate the use of the equations developed in Section 5.4, we will now solve the
following grid structures.

EXAMPLE 5.5

Analyze the grid shown in Figure 5—18. The grid consists of three elements, is fixed at
nodes 2, 3, and 4, and is subjected to a downward vertical force (perpendicular to the x—z
plane passing through the grid elements) of 400 kN. The global-coordinate axes have been
established at node 3, and the element lengths are shown in the figure. Let E = 200 GPa,
G =80 GPa, I =150 X10° mm#*, and J = 40 X 10° mm* for all elements of the grid.

y
6 m
X
4
6m/ 3 @ @
WAV £
6in =
®
2
z F\ =400 kN

m Figure 5-18 Grid for analysis showing local x’ axis for each element

SOLUTION:

Substituting Eq. (5.4.17) for the local stiffness matrix and Eq. (5.4.18) for the transformation
matrix into Eq. (5.4.19), we can obtain each element global stiffness matrix. To expedite the
longhand solution, the boundary conditions at nodes 2, 3, and 4

Vo = oy =, =0 3 =3 =3, =0 V4 = ay = dy; =0 (5.4.20)

make it possible to use only the upper left-hand 3 X 3 partitioned part of the local stiffness
and transformation matrices associated with the degrees of freedom at node 1. Therefore,
the global stiffness matrices for each element are as follows:

Element 1

For element 1, we assume the local x’ axis to be directed from node 1 to node 2 for the
formulation of the element stiffness matrix. We need the following expressions to evaluate
the element stiffness matrix:
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5 | Frame and Grid Equations

C = cosf = = = —0.894
Ly 6.708
S=sing= 2" 370 sy
Lo 6.708
3 6
12EL _ 12(200 X 10°)(150X10°) _ 000106
L (6.708 X 103)3
6EI  6(200 X 103)(150 X 10°) . (5.4.21)
- = =4.0X%10
12 (6.708 X 103)2
3 6
GJ _ (80 X 107)MA0X10%) _ 0 o6
L (6.708 X 103)
X 103 %106
4EL _ 4200 X 109150 X109 _ oeo 106
L (6.708 X 10%)

Considering the boundary condition Egs. (5.4.20), using the results of Egs. (5.4.21) in
Eq. (5.4.17) for [k'] and Eq. (5.4.18) for [T ], and then applying Eq. (5.4.19), we obtain
the upper left-hand 3 X 3 partitioned part of the global stiffness matrix for element 1 as

1 0 0 0.0012 0 401 0 0
kP1=10 —0.894 —0.447 |(10%)|0 477.04 0 [|0 —089%4 0447
0 0447 —0.894 4 0 17889 |0 —0.447 —0.894

Performing the matrix multiplications, we obtain the global element grid stiffness matrix

Vi b b2

0.0012 —1.788  —3.576
(k] = (10%)| —1.788 3950 6958.13

—3.576  6958.13 14392.84

KN (5.4.22)

where the labels next to the columns indicate the degrees of freedom.

Element 2

For element 2, we assume the local x’ axis to be directed from node 1 to node 3 for the
formulation of the element stiffness matrix. We need the following expressions to evaluate
the element stiffness matrix:

X3 — X —-6—-0

C= St = gy~ 08%

i e (5.4.23)
§=5_% _ — —0.447

Jig 6.708

Other expressions used in Eq. (5.4.17) are identical to those in Eqgs. (5.4.21) for element 1
because E, G, I, J, and L are identical. Evaluating Eq. (5.4.19) for the global stiffness matrix
for element 2, we obtain
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5.4 Grid Equations

1 0 0 0.0012 0 4011 0 0
kP1=10 —0.894  0.447|(10%)]| 0 477.04 0 ||0 —0.894 —0.447
0 —0447 —0.894 4.0 0 17889 ||0 0447 —0.894

Simplifying, we obtain

Vi o &1,
0.0012 1.788 —-3.576
4.24
k] =(10%)| 1.788 3950 —6958.13 KN (5.4.24)

—3.576  —6958.13  14392.84

Element 3

For element 3, we assume the local x” axis to be directed from node 1 to node 4. We need
the following expressions to evaluate the element stiffness matrix:

X4 — X _6—6:

== ~ 3 70
4 — 2 0-3 _
3 6
12EL _ 12(200 X 10%)(150X10%) _ 1 aas 106
r (3 X 10°)}
6EI _ 6(200 X 103)(150 X 10°) . (5.4.25)
- = =20X10
L2 (3 X 103)2
3 6
GJ _ (80 X10°)40X10%) _ oo 106
L (3 X 10%)
X 103 X 106
4EL _ 4200 X 100A50X109) _ )0 00100
L (3 X 109)

Using Eqgs. (5.4.25), we can obtain the upper part of the global stiffness matrix for
element 3 as

Vi bix 1.
00133 20 0

(k2] = (10%)] 20 10,000 0] =N (5.4.26)
0 0 1066

Superimposing the global stiffness matrices from Egs. (5.4.22), (5.4.24), and (5.4.26), we
obtain the total stiffness matrix of the grid (with boundary conditions applied) as

Vi d)lx d)lz
0.0157 20 —7.152
5.4.27
[Kg1=(10%] 20 47900 0 ﬁ ( )
—7.152 0 29851.68
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5 | Frame and Grid Equations

The grid matrix equation then becomes

Fy =—400 0.0157 20 —1.152]| v
My, =0 =(10%)| 20 47900 0 b1 (5.4.28)
M. =0 ~7.152 0 29851.68 ||

The force £y, is negative because the load is applied in the negative y direction. Solving for
the displacement and the rotations in Eq. (5.4.28), we obtain

y; = —70.96 mm
¢d1r = 0.0296 rad (5.4.29)
¢1. = —0.0169 rad

The results indicate that the y displacement at node 1 is downward as indicated by the minus
sign, the rotation about the x axis is positive, and the rotation about the z axis is negative.
Based on the downward loading location with respect to the supports, these results are
expected.

Having solved for the unknown displacement and the rotations, we can obtain the local
element forces on formulating the element equations in a manner similar to that for the beam
and the plane frame. The local forces (which are needed in the design/analysis stage) are
found by applying the equation { '} = [k ][T;1{d} for each element as follows:

Element 1
Using Egs. (5.4.17) and (5.4.18) for [kG] and [T;;] and Eq. (5.4.29), we obtain

1o 0 0 0 0 7096

0 —0.894 0447 0 0 0 0.0296

0 —0.447 —0.894 0 0 0 —0.0169
[Teltdy =14 0 10 0 0

0 0 0 0 —0894 0447|| O

0 0 0 0 —0447 —0894 || 0

Multiplying the matrices, we obtain

—70.96

—0.03401
0.001877

[Te)d) =1 ¢ (5.4.30)

0
0
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5.4 Grid Equations

Then {f'} = [kG][Tc1{d} becomes

el T 00012 0 4.0 ~0.0012 0 40 (7096
mi 0 477.04 0 0 —477.04 0 —0.03401
mi, 4.0 0 17889 —4.0 0 8944.5 0.001877
£ S| —00012 0 —4.0 0.0012 0 —4.0 0
, 0 —477.04 0 0 477.04 0 0
max
f 4.0 0 8944.5 —4.0 0 17889 0
mp; - -
(5.4.31)
Multiplying the matrices in Eq. (5.4.31), we obtain the local element forces as
f Y —77.644 kN
M —16.244 kN-m
m] — :
= | _ ]—250.262 kN-m (5.4.32)
fhy 77.644 kN
s 16.244 kN-m
, —267.05 kN-m
my;

The directions of the forces acting on element 1 are shown in the free-body diagram of
element 1 in Figure 5-19.

351.76 kN
827.2 kN-m

230.2 kN-m 18.015 kN-m

351.76 kN

250.262 kN-m

267.05 kKN-m @ 16.244 kKN-m

16.244 kN-m 77.644 kN

77.644 kN

m Figure 5-19 Free-body diagrams of the elements of Figure 5-18 showing local-coordinate
systems for each
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5 | Frame and Grid Equations

Similarly, using { f'} = [k’ [T 1{d} for element 2, with the direction cosines in Egs. (5.4.23),

Element 2
we obtain
My [ 0.0012 0
miy 0 477.04
mi,| | 40 0
£ -0.0012 0
, 0 —477.04
m3y
4.0 0
méz -
1o 0
0 —0.894 —0.447
% 0 0447 —-0.894
0O O 0
0O 0 0
0O O 0

40  —0.0012
0 0

17889 —4.0
—4.0 0.0012
0 0

8944.5 —4.0

0 0 0 |
0 0 0

0 0 0

1 0 0

0 —0.894 —0.447
0

0.447 —0.894

0
—477.04
0

0
477.04

0

—70.96
0.0296

—0.0169
0

0
0

4.0 |
0
8944.5

—4.0
0

17889

(5.4.33)

Multiplying the matrices in Eq. (5.4.33), we obtain the local element forces as

Element 3

/
fly
/
mjx
’/
I’I’l]Z
%
Fy
4
n3x

4
ns;

= 28.207 kN
—9.019 kN-m
= 223.13 kKN-m
= —28.207 kN

= 9.019 kN-m
—30.354 kN-m

(5.4.34)

Finally, using the direction cosines in Egs. (5.4.25), we obtain the local element forces as

fiy [ 0.0133

miy 0

m{z B 20

£, —0.0133
0

méx 20

méz -

0
1066

0

0
—1066

0

20 —0.0133 0

0 0 —1066
40,000 —20 0
—20 0.01333 0

0 0 1066
20,000 —20 0

20
0

20,000
—20

0
40,000
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5.4 Grid Equations

1 0 000 O0f[=7096
00 —-100 O 0.0296
01 00 0 0])-00169
X 5.4.35

00 010 O 0 ( )
00 O0O0O0 -1 0

00 00 1 0] O

Multiplying the matrices in Eq. (5.4.35), we obtain the local element forces as

fly =351.76 kN

mi, = 18.015 kN-m

mi; = —235.2 kN-m

(5.4.36)

fiy = 35176 kN
mh, = —18.015 kKN-m
—827.2 kN-m

’
my,

Free-body diagrams for all elements are shown in Figure 5-19. Each element is in equilib-
rium. For each element, the x’ axis is shown directed from the first node to the second node,
the y" axis coincides with the global y axis, and the 7’ axis is perpendicular to the x"-y’ plane
with its direction given by the right-hand rule.

To verify equilibrium of node 1, we draw a free-body diagram of the node show-
ing all forces and moments transferred from node 1 of each element, as in Figure 5-20.
In Figure 5-20, the local forces and moments from each element have been transformed
to global components, and any applied nodal forces have been included. To perform this
transformation, recall that, in general, {f'} = [T1{f}, and therefore {f} = [T]” { '} because
[T]" = [T]". Since we are transforming forces at node 1 of each element, only the upper
3 X 3 part of Eq. (5.4.18) for [T ] need be applied. Therefore, by premultiplying the local

126.37 kN-m

X
/8.015 kN-m
28.207 kN

<L<— 235.2 kN-m

T351.76 kN

~195.44 kN—;l/(

m Figure 5-20 Free-body diagram of node 1 of Figure 5-18
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5 | Frame and Grid Equations

element forces and moments at node 1 by the transpose of the transformation matrix for
each element, we obtain the global nodal forces and moments as follows:

Element 1
fiy 1 0 0 77.644
myp =10 —0894 —0447 |4 —16.244
my, 0 0.447 —0.894 || —250.262

Simplifying, we obtain the global-coordinate force and moments as
fiy = —77.664 kN my, = 126.37 kN-m my; = 21648 kN-m  (5.4.37)

where fi, = fi’, because y =y’

Element 2
fis 1 0 0 28.702
my,r =10 —0.894 0.447 —-9.019
my; 0 —0.447 —-0.894 228.13

Simplifying, we obtain the global-coordinate force and moments as

Jfiy = 28.207 kN my, = 107.80 kN-m my, = —195.44 kN-m (5.4.38)
Element 3

h I 0 0|-351.76 kN-m
m, s =10 0 1 18.015 kN-m
0

—1 0||—235.2 kN-m

<

m

Z

Simplifying, we obtain the global-coordinate force and moments as
fiy = —351.76 kN my, = —235.2 kN-m my; =18.015kN-m  (5.4.39)

Then forces and moments from each element that are equal in magnitude but opposite
in sign will be applied to node 1. Hence, the free-body diagram of node 1 is shown in
Figure 5-20. Force and moment equilibrium are verified as follows:

ZFly = —400 — 28.207 + 77.644 + 351.76 = 1.197 kN (close to zero)
ZMlx = —126.37 — 107.80 + 235 = 0.83 kN (close to zero)
ZMIZ = —216.48 + 195.44 + 18.015 = —3.025 kN (close to zero)

Thus, we have verified the solution to be correct within the accuracy associated with a
longhand solution.
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5.4 Grid Equations

EXAMPLE 5.6

Analyze the grid shown in Figure 5-21. The grid consists of two elements, is fixed at nodes
1 and 3, and is subjected to a downward vertical load of 22 kN. The global coordinate
axes and element lengths are shown in the figure. Let £ = 210 GPa, G = 84 GPa,
I =166 X107 m* andJ = 4.6 X 107> m*.

Se
w
W

W Figure 5-21 Grid example

SOLUTION:

As in Example 5.5, we use the boundary conditions and express only the part of the stiff-
ness matrix associated with the degrees of freedom at node 2. The boundary conditions at
nodes | and 3 are

Vi=¢=¢;=0 V3 =3, =3, =0 (5.4.40)

The global stiffness matrices for each element are obtained as follows:

Element 1
For element 1, we have the local x" axis coincident with the global x axis. Therefore, we
obtain
B O A _nta 373
J70) 3 o 3

Other expressions needed to evaluate the stiffness matrix are

12EI  12(210 X 109 kN/mz)(16.6 X 1075 m*)

= =1.55 x 10*

3 (3 m)?

X 109)(16.6 X 1073
OEI _ 6(210 X 100)(16.6 X 107) _, o0 10
L2 (3)2

. . (5.4.41)
GJ _ (84 X 10°)(4.6 X 107°) _ 128 X 10°
L 3
6 =5

4_51 _ 4210 X 10 )3(16.6 X107°) _ 4 s 5 104

Considering the boundary condition Egs. (5.4.40), using the results of Eqgs. (5.4.41) in
Eq. (5.4.17) for [k'¢] and Eq. (5.4.18) for [T ], and then applying Eq. (5.4.19), we obtain
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5 | Frame and Grid Equations

the reduced part of the global stiffness matrix associated only with the degrees of freedom

at node 2 as
1 0 0 1.55 0 —-2.32 1 0 0
kP1=10 1 0}l 0 0128 0 |d0H|o 1 0
0 0 1|-232 0 4.65 0 01

Since the local axes associated with element 1 are parallel to the global axes, we observe
that [T ] is merely the identity matrix; therefore, [kg] = [k’ ]. Performing the matrix mul-
tiplications, we obtain

155 0 —-2.32
kP1=1 0 0128 0 (104)g (5.4.42)
m
-2.32 0 4.65

Element 2

For element 2, we assume the local x’ axis to be directed from node 2 to node 3 for the
formulation of [k¢ ]. Therefore,

_)C3_)C2_0_0_ _Z3_Zz_0—3__
C=Zgt="F—=0 s=252=—"=-1 (5.4.43)

Other expressions used in Eq. (5.4.17) are identical to those obtained in Egs. (5.4.41) for
element 1. Evaluating Eq. (5.4.19) for the global stiffness matrix, we obtain

1 0 0l{[155 0 2.32 10 0
k&1=10 0 110 0.128 0 [d0%H|0 0 -1
0 -1 01[232 0 4.65 01 0

where the reduced part of [k ] is now associated with node 2 for element 2. Again perform-
ing the matrix multiplications, we have

155 232 0 N
kP1=12.32 465 0 (104) — (5.4.44)
0 0 0128 m

Superimposing the global stiffness matrices from Egs. (5.4.42) and (5.4.44), we obtain the
total global stiffness matrix (with boundary conditions applied) as

3.10 232 —2.32 N
[Kgl=| 232 478 0 |a0H— (5.4.45)
-232 0 4.78 m
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5.4 Grid Equations

The grid matrix equation becomes

by =22 3.10 232 —232 || w
My, =0 =] 232 478 0 Bt (10%) (5.4.46)
My =0 -232 0 478 || p,.

Solving for the displacement and the rotations in Eq. (5.4.46), we obtain
vy =—0.259 X102 m
¢dre = 0.126 X 1072 rad (5.4.47)
by, = —0.126 X 1072 rad
We determine the local element forces by applying the local equation { f'} = [k [T 1{d}

for each element as follows:

Element 1
Using Eq. (5.4.17) for [k ], Eq. (5.4.18) for [T ], and Egs. (5.4.47), we obtain

1000 0 0] 0
010000 0
_loo1 000 0
[Tc {d} = 0001 0 0/1-025 %102
000O0T1 0|l 0126x1072
100000 1f-0126x102
Multiplying the matrices, we have
0
0
To){d}) = 0 5.4.48
[T611d) =1 _( 250 % 10-2 (5.4.48)
0.126 X 1072
—0.126 X 1072
Using Eqs. (5.4.17), (5.4.41), and (5.4.48), we obtain the local element forces as
fly 155 0 232 —155 0 232 ] 0
mi, 0.128 0 0 -0.128 O 0
Mz | _ o 465 —232 0 233 0
. =310% b (5.4.49)
fy 155 0 —2.32 || —0.259 x 107
mh, 0.128 0 0.126 X 1072
mh, | Symmetry 4.65 | —0.126 X 1072
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5 | Frame and Grid Equations

Multiplying the matrices in Eq. (5.4.49), we obtain

fiy =11.0kN miy =—150kN-m mj; =31.0kN-m

5.4.50
foy =—11.0KN mj, =150kN-m  mj, =1.50kN-m ( )

Element 2

We can obtain the local element forces for element 2 in a similar manner. Because the
procedure is the same as that used to obtain the element 1 local forces, we will not show
the details but will only list the final results:

—11.OKN ms,
1LOKN  ms,

1.50kN-m  mj, = —1.50 kN - m
—1.50kN-m mj, = —31.0kN-m

fay

5.4.51
£ G431

Free-body diagrams showing the local element forces are shown in Figure 5-22.

3LOKN -m 3
1.50 kN - m

vy’ 1.50 kN - m
1.50KN - m |y ) /i 7
31.0kNM 'O
11 kN 11 KN

m Figure 5-22 Free-body diagram of each element of Figure 5-21

B0 Beam Element Arbitrarily Oriented in Space

In this section, we develop the stiffness matrix for the beam element arbitrarily oriented
in space, or three dimensions. This element can then be used to analyze frames in three-
dimensional space.

First we consider bending about two axes, as shown in Figure 5-23.

We establish the following sign convention for the axes. Now we choose positive x’ from
node 1 to 2. Then y' is the principal axis for which the moment of inertia is minimum, /,. By
the right-hand rule we establish z’, and the maximum moment of inertia is /.
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5.5 Beam Element Arbitrarily Oriented in Space

’

y
’ ’
’ ’ m ’ ’
m1y9 ¢1y 2y ¢2y‘ fZZ’WZ
z ’ ’
, , Alz’wl
Mz, ¢lz —x’
Al L / ? 2
’ / r
my., $3. J23: 12
-’ ’
z’ fly’vl

m Figure 5-23 Bending about two axes y” and z’

Bending in x” - z’ Plane

First consider bending in the x" -z’ plane due to m;. Then clockwise rotation ¢} is in the
same sense as before for single bending. The stiffness matrix due to bending in the x' -7’
plane is then

12L —6I> —12L —6I7?

,. EI 43 61> 203

[kl = = (5.5.1)
L 12L 612
Symmetry 43

where /, is the moment of inertia of the cross section about the principal axis y’, the weak axis;
thatis, I, < I..

Bending in the x"— y’ Plane

Now we consider bending in the x’ — y' plane due to m.. Now positive rotation ¢/ is coun-
terclockwise instead of clockwise. Therefore, some signs change in the stiffness matrix for
bending in the x" — 7" plane. The resulting stiffness matrix is

12L 61* —12L 612

,. EI 413 —61> 20

(k] = —F (5.5.2)
L 12 —612
Symmetry 40}

Direct superposition of Egs. (5.5.1) and (5.5.2) with the axial stiffness matrix Eq. (3.1.14) and
the torsional stiffness matrix Eq. (5.4.14) yields the element stiffness matrix for the beam or
frame element in three-dimensional space as
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5 | Frame and Grid Equations

u' Vi wi [ XTI YT X u’ vh wh dhe  dhy b4
AE 0 0o 0 0o -2 0 0o 0 0
L L
o 12EL 0 0 0 6EI, 121 0 0 0 6EI,
r 12 r 12
12E1 El, 12E1, El,
0 0 Y JSEL 0o -2 _SEL
L3 LZ L3 L2
0 0 0 % 0 0 0 0 o -9 0
0 0 _OEL,  A4E o o 0 6EI, o 2EL
JZ L ' 12 L
61521z 0 0 0 4EI, 3 6E21z 0 0 0 2EI,
[K]= Y S L L e L__
_AE 0 0 0 0 i AE 0 0 0 0 0
L PoL
o _12EL 0 0 o  _OEL 12EI, 0 0 o _OEL
r I r I
12EI 6FI, 12EI, 6EI
0 0o -——= 0 ! 0o ! 0 0 ! x 0
L3 LZ H L3 L2
0 0 o -9 0 0 0 0 Gl 0 0
L L
6FI, 2EI 6EI 4EI,
0 0 - ) 0 =y 0 0 y y 0
r L i r L
0 6EI, 0 0 2EL |, _GEL 0 0 0 4FI,
| 2 L 12 L |
(5.5.3)
The transformation from local to global axis system is accomplished as follows:
(k] =[TT"[K1[T] (5.54)
where [k] is given by Eq. (5.5.3) and [T'] is given by
[Al3x3
[Al3x3
[T]= (5.5.5)
[Al3x3
[Al3x3
where
Cow Cy Cu
[Al=|Cy Cyy " (5.5.6)
sz’ Cyz’ sz’

Here C,,» and C,, are not necessarily equal. The direction cosines are shown in part in
Figure 5-24.
Remember that direction cosines of the x” axis member are

x' =

cosyi + cosb,j + cosf .k 5.5.7
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5.5 Beam Element Arbitrarily Oriented in Space

m Figure 5-24 Direction cosines associated with the x axis

=
=

z

W Figure 5-25 lllustration showing how local y’ axis is determined

where
cosf, = 22X —y
L
costy, = 22— — (5.5.8)
L
2~
cosf, = 7 =n

The y” axis is selected to be perpendicular to the x” and z axes in such a way that the cross
product of global z with x” results in the y” axis, as shown in Figure 5-25. Therefore,

i
Lo o 1 (5.5.9)
D

Il m n

/ = _ﬂi + L i

YT ' T o (5.5.10)

and D = (? + m?)?
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5 | Frame and Grid Equations

The z” axis will be determined by the orthogonality condition z” = x” X y” as follows:

i j Kk
1
T=x Xy =—| I 5.5.11
TEXXY =5 m n ( )
-m [ 0
or
7 = _l_ni — @j + Dk (5.5.12)
D D
Combining Egs. (5.5.7), (5.5.10), and (5.5.12), the 3 X 3 transformation matrix becomes
l m n
m l
A =|-— —= 0 5.5.13
[Alsxs D D ( )
L _mne
- D D -

This vector [A] rotates a vector from the local coordinate system into the global one. This is the
[A] used in the [7] matrix. In summary, we have

cosf,, = —%
l

cosfly, = )

cosf, =0

’ (5.5.14)

In

cosly, = )

cosf,, = —%

cosf,, =D

Two exceptions arise when local and global axes have special orientations with respect to
each other. If the local x’ axis coincides with the global z axis, then the member is parallel to
the global z axis and the y’ axis becomes uncertain, as shown in Figure 5-26(a). In this case the
local y" axis is selected as the global y axis. Then, for the positive x" axis in the same direction
as the global z, [A] becomes

0 0 1
[AT=] 0O 1 O (5.5.15)
-1 0 0
For the positive x’ axis opposite the global z [Figure 5-26(b)], [A] becomes
0 0 —1]
[A]=]0 1 O (5.5.16)
1 0 O
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5.5 Beam Element Arbitrarily Oriented in Space

(a) x’in same direction as z (b) x”in opposite direction of z

W Figure 5-26 Special cases of transformation matrices

EXAMPLE 5.7

Determine the direction cosines and the rotation matrix of the local x, ', 7" axes in reference
to the global x, y, z axes for the beam element oriented in space with end nodal coordinates
of 1 (0,0, 0) and 2 (3, 4, 12), as shown in Figure 5-27.

1(0,0,0)

2(3,4,12)

|
|
14
:
|
M Figure 5-27 Beam element oriented in space
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5 | Frame and Grid Equations

SOLUTION:
First we determine the length of the element as
L=+32+4>4+122 =13

Now using Eq. (5.5.8), we obtain the direction cosines of the x’ axis as follows:

xz—x1=3—0 3

lx = = —
L 13 13
- 4 — 4
m =220 _4-0_ 4 (5.5.17)
L 13 13
P :12—022
! L 13 13

By Eq. (5.5.10) or (5.5.14), we obtain the direction cosines of the y" axis as follows:

3V (4] s
D= +m) = (_) n (_) 2 (5.5.18)
13 13 13
Define the direction cosines of the y’ axis as I, m,, and n,, where
4
L.
D 5
l 3
my = — = — 5.5.19
y=5 75 ( )
n, =0

For the 7' axis, define the direction cosines as I, m,, n, and again use Eq. (5.5.12) or (5.5.14)
as follows:

l - " = _ —
D 3 65
—4) (12
R %5(1) S (5.5.20)

D H 65

5

:D = —

B 13

Now check that /2 + m? + n? = 1.

2 2 2
Fory/: S 4" +12°
132
—4 2 + 2
Fory’: % =1 (5.5.21)

2 2 2
Forz’: (—ﬁ) + (—ﬁ) + (é) =1
65 65 65
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5.5 Beam Element Arbitrarily Oriented in Space

By Eq. (5.5.13), the rotation matrix is

[Alsxs = (5.5.22)

I
SR U Sl

gls 1 ol
Sl <@ Tl

Based on the resulting direction cosines from Eqs. (5.5.17), (5.5.19), and (5.5.20), the local
axes are also shown in Figure 5-27.

EXAMPLE 5.8

Determine the displacements and rotations at the free node (node 1) and the element
local forces and moments for the space frame shown in Figure 5-28. Also verify equilib-
rium at node 1. Let E = 200 GPa, G = 60 GPa, J = 20 X107® m*, I, = 40 X107° m*,
I, =40x107%m* A = 6.25 X107* m? and L = 2.5m for all three beam elements.

, 3
X
y _
‘ Fy=200kN /¢
5
‘ /q,
\)/
W x MX:—lookN-m{
W, v L=25m () \_f\@
z/
®
:: L=25m
|
( I
% _______ L] o
______ 1]
Joint 1 %

Plan

W Figure 5-28 Space frame for analysis

SOLUTION:

Use Eq. (5.5.4) to obtain the global stiffness matrix for each element. This requires us to first
use Eq. (5.5.3) to obtain each local stiffness matrix, Eq. (5.5.5) to obtain the transformation
matrix for each element, and Egs. (5.5.6) and (5.5.14) to obtain the direction cosine matrix
for each element.
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5 | Frame and Grid Equations

Element 1

We establish the local x’ axis to go from node 2 to node 1 as shown in Figure 5-28. There-
fore, using Eq. (5.5.8), we obtain the direction cosines of the x" axis as follows:

[=1 n=20
Also, D= (?+m?"?2 =1
Using Egs. (5.5.10) and (5.5.14), we obtain the direction cosines of the y’ axis as follows:

m=0 (5.5.23)

1
_mn_y m, =— =1
D D

Using Egs. (5.5.12) and (5.5.14), we obtain the direction cosines of the 7" axis as follows:

I ny =0 (5.5.24)

In mn
[, =——>==0 m, =——=20 n,=D=1 (5.5.25)
D D
Using Eqs. (5.5.23) through (5.5.25) in Eq. (5.5.13), we have
1 0 0
[A]=10 1 O (5.5.26)
0 0 1
Using Eq. (5.5.3), we obtain the local stiffness matrix for element 1 as
s vh wh XN by P ul Vi wi [ [ [XF
50000 0 0 0 0 0 —500.00 0 0 0 0 0
0 6.144 0 0 0 7.68 0 —6.144 0 0 0 7.68
0 0 6.144 0 768 0 0 0 —6.144 0 768 0
0 0 0 0.486 0 0 0 0 0 0486 0 0
0 0 ~7.68 0 128 0 0 0 768 0 640 0
voro| © 7.68 0 0 0 128 0 768 0 0 0 6.40
1= 50000 0 0 0 0 0 50000 0 0 0 0 0
0 6144 0 0 0 -768 0 6.144 0 0 0 -7.68
0 0 —6.144 0 768 0 0 0 6.144 0 768 0
0 0 0 048 0 0 0 0 0 048 0 0
0 0 ~7.68 0 64 0 0 0 768 0 128 0
0 7.68 0 0 0 6.4 0 768 0 0 0 12.8
(5.5.27)

Using Eq. (5.5.26) in Eq. (5.5.5), we obtain the transformation matrix from local to global

axis system as

(7] =

cleoBeoBeoNeoleleE=E=Rol ol
eleoBeoBeoBeoleleE=Relal =l
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eNeoNoNeoNeoBoloReoRal =N

el eoBeoBeoNoRoloRel S =N=Nw]

cleoBeoBeoNeoRolel =l =l

eleoBeoleoNelel =l =l

SO OO~ OO OO o0
(=N elNeNel =l =Nellollololw]
S OO~ OO OO oo o0

SO R OO OO OO o oo

=l eleleoBeleNeBololole]

— OO O oo oo oo oo

(5.5.28)
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Finally, using Eq. (5.5.4), we obtain the global stiffness matrix for element 1 as

k0] = [TV K O[T] =

iy 12 wa bax by b uy Vi wi bix b1y b1;
500 0 0 0 0 0 —500 0 0 0 0 0
0 6.144 0 0 0 7.68 0 —6.144 0 0 0 7.68
0 0 6.144 0 —17.68 0 0 0 —6.144 0 —7.68 0
0 0 0 0.486 0 0 0 0 0 —0486 0 0
0 0 —7.68 0 12.8 0 0 0 7.68 0 6.40 0
0 7.68 0 0 0 12.8 0 —17.68 0 0 0 6.40
=500 O 0 0 0 0 500 0 0 0 0 0
0 —6.144 0 0 0 —7.68 0 6.144 0 0 0 —7.68
0 0 —6.144 0 7.68 0 0 0 6.144 0 7.68 0
0 0 0 —0.486 0 0 0 0 0 0486 0 0
0 0 —17.68 0 6.4 0 0 0 7.68 0 12.8 0
0 7.68 0 0 0 6.4 0 —17.68 0 0 0 12.8
(5.5.29)
Element 2

We establish the local x" axis from node 3 to node 1 as shown in Figure 5-28. We note that
the local x” axis coincides with the global z axis. Therefore, by Eq. (5.5.15), we obtain

[A] = (5.5.30)

—_ O O
S = O
S O =

The local stiffness matrix is the same as the one in Eq. (5.5.27) as all properties are the
same as for element 1. However, we must remember that the degrees of freedom are for
node 3 and then node 1.

Using Eq. (5.5.30) in Eq. (5.5.5), we obtain the transformation matrix as follows:

ecNeNeNeNeNeN =l =Nelohle]

(5.5.31)

cleoNeoBololel=Reaoll el
cleNeoBololoRel=Relol ]
cleoNeoBeolole=E=Raholeh
cNeoNeoBoloReoR-l =N =Nelw]
cleoNeoBololeReE =l =N =le]
S OO~ OO OO OO oo
[N eNeNel = Neellelolo i)
S OO OO~ OO OO OO
LOOOOOOOOOOO
=l N eRelaoleoBeoBeoBole=2 =
SO R OO OO OO oo

Finally, using Eq. (5.5.31) in Eq. (5.5.4), we obtain the global stiffness matrix for
element 2 as
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5 | Frame and Grid Equations

u3 V3 w3 bsx b3y b3 u Vi wi brx b1y b1
6.144 0 0 0 7.68 0 —6.144 0 0 0 7.68 0
0 6.144 0 —7.68 0 0 0 —6.144 0 —7.68 0 0
0 0 500 0 0 0 0 0 —=500 0 0 0
0 —17.68 0 12.8 0 0 0 7.68 0 6.4 0 0
7.68 0 0 0 12.8 0 —17.68 0 0 0 6.4 0
. 0 0O 0 0 043 0 0 0 0 0 0486
—6.144 0 0 0 —7.68 0 6.144 0 0 0 —7.68 0
0 —6.144 0 7.68 0 0 0 6.144 0 7.68 0 0
0 0 —=500 0 0 0 0 0 500 0 0 0
0 —7.68 0 6.4 0 0 0 7.68 0 12.8 0 0
7.68 0 0 0 6.4 0 —7.68 0 0 0 12.8 0
0 0 0 0 0 —0.486 0 0 0 0 0 0.486 ]
Element 3 (5.5.32)

We establish the local x’ axis from node 4 to node 1 for element 3 as shown in Figure 5-28.
The direction cosines are now

ZZHZO m:wzl n:ﬁzo (5.5.33)
2.5 2.5 2.5
Also, D = 1.
Using Eq. (5.5.14), we obtain the rest of the direction cosines as
m L
l, = D =-1 my = 5 =0 ny =0 (5.5.34)
and
l n
Using Eqgs. (5.5.33) through (5.5.35), we obtain
0 10
[Al=]—-1 0 O (5.5.36)
0 0 1

The transformation matrix for element 3 is then obtained by using Eq. (5.5.5) as:

eNeoNeoBeoNeoBolel =l =]

(T] = (5.5.37)

eNeoNeoBeoNoBoloReohaoholh =
eNeoNeoBeoNololoRolRol ol S
eNeoNeoBeoNoRoloReolelh ==
cleoBeoBeBoleleE=R =l
[eNeoNeoNeNeNel ==l
SO OO, OO OO o oo
S OO OO~ OO OO oo
S OO OO OO oo oo
OLOOOOOOOOOO
SO~ OO OO OO o oo
—_ O OO OO oo oo oo
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5.5 Beam Element Arbitrarily Oriented in Space

The element 3 properties are identical to the element 1 properties; therefore, the local
stiffness matrix is identical to the one in Eq. (5.5.27). We must remember that the degrees
of freedom are now in the order node 4 and then node 1.

Using Eq. (5.5.37) in Eq. (5.5.4), we obtain the global stiffness matrix for element 3 as

Uy V4 Wy bax bay Dy u Vi wi brx by di:
6.144 0 0 0 0 —7.68 —6.144 0 0 0 0 —7.68
0 500 0 0 0 0 0 —500 0 0 0 0
0 0 6.144 7.68 0 0 0 0 —6.144 7.68 0 0
0 0 7.8 12.8 0 0 0 0 —7.68 6.4 0 0
0 0 0 0 12.8 0 0 0 0 0 —0.486 0

(k)] = —17.68 0 0 0 0 12.8 7.68 0 0 0 0 6.4
—6.144 0 0 0 0 7.68 6.144 0 0 0 0 7.68
0 —500 0 0 0 0 0 500 0 0 0 0
0 0 —6.144 —7.68 0 0 0 0 6.144 —7.68 0 0
0 0 7.68 6.4 0 0 0 0 —7.68 12.8 0 0
0 0 0 0 —12.8 0 0 0 0 0 0.486 0
—17.68 0 0 0 0 6.4 7.68 0 0 0 0 12.8
(5.5.38)

Applying the boundary conditions that displacements in the x, y, and z directions are all zero
at nodes 2, 3, and 4, and rotations about the x, y, and z axes are all zero at nodes 2, 3, and 4,
we obtain the reduced global stiffness matrix. Also, the applied global force is directed in the
negative y direction at node 1 and so expressed as Fi, = —200 kN, and the global moment
about the x axis at node 1 is M;, = —100 kN-m.

With these considerations, the final global equations are

0 512228 0 0 0o -768 768"
—200 0 512288 0 768 0 —768 ||
0 0 0 512228 —7.68 7.68 0 Wi
103 = (106
A0 g0 1Y 768 —7.68 26086 0 0 []%n
0 —7.78 0 7.68 0 26.086 0 ||y
0 768  —7.68 0 0 0 26.086) | ¢,.
(5.5.39)

Finally, solving simultaneously for the displacements and rotations at node 1, we obtain

1.747 X 107® m
—3.357 X107* m
—5.65X 10 m
—3.751 X 1073 rad
1.714 X 107 rad
| —9.935 X 107 rad |

{d} = (5.5.40)

We now determine the element local forces and moments using the equation
{f'} = [K'][T]{d} for each element as previously done for plane frames and trusses. As we
are dealing with space frame elements, these element local forces and moments are now
the normal force, two shear forces, torsional moment, and two bending moments at each
end of each element.
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5 | Frame and Grid Equations

Element 1

Using Eq. (5.5.27) for the local stiffness matrix, Eq. (5.5.28) for the transformation
matrix, [7], and Eq. (5.5.40) for the displacements, we obtain the local element forces and
moments as

[—0.873 kN
1.299 kN

0.215 kN
1.822 kKN-m

—0.324 kN-m
1.942 kN-m (5.541)

0.873 kN

—1.299 kN
—0.215 kN
—1.822 kN-m
—0.214 kN-m
1.306 kN-m

(o) =

Element 2

Using Eq. (5.5.27) for the local stiffness matrix, Eq. (5.5.28) for the transformation matrix,
and Eq. (5.5.40) for the displacements, we obtain the local forces and moments as

28.250 kN
30.87 kN

—0.120 kN
0.048 kN-m

0.096 kN-m
26.584 kN-m (5.5.42)

—28.25 kN
—30.87 kN
0.120 kN

—0.048 kN-m
0.205 kN-m

50.59 kN-m

(@)=

Element 3

Similarly, using Egs. (5.5.27), (5.5.37), and (5.5.40), we obtain the local forces and
moments as
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5.5 Beam Element Arbitrarily Oriented in Space

167.85 kN

—0.752 kN

—28.46 kN

—0.0083 kN-m
23.57 kN-m

, —0.622 KN-m (5.5.43)
9= 1-167.85 kN
0.752 kN

28.46 kN

0.0083 kN-m

47.57 kN-m
—1.258 kN-m

We can verify equilibrium of node 1 by considering the node 1 forces and moments from
each element that transfer to the node. We use the results from Eqgs. (5.5.41), (5.5.42), and
(5.5.43) to establish the proper forces and moments transferred to node 1. (Note that based
on Newton’s third law, the opposite forces and moments from each element are sent to
node 1.) For instance, we observe from summing forces in the global y direction (shown in
the diagram that follows)

1.299 kN + 30.87 kN + 167.85 kN — 200 kN = 0.019 (close tozero) (5.5.44)

In Eq. (5.5.44), 1.299 kN is from the element 1 local y’ force that is coincident with the
global y direction; 30.87 kN is from the element 2 local y’ force that is coincident with the
global y direction, while 167.85 kN is from the element 3 local x’ direction that is coincident
with the global y direction. We observe these axes from Figure 5-28. Verification of the
other equilibrium equations is left to your discretion.

i 200 kN

1
1.299 kN TT30.87 kN

167.85 kN
Global y force equilibrium

An example using the frame element in three-dimensional space is shown in Figure 5-29.
Figure 5-29 shows a bus frame subjected to a static roof-crush analysis. In this model, 599
frame elements and 357 nodes were used. A total downward load of 100 kN was uniformly
spread over the 56 nodes of the roof portion of the frame. Figure 5-30 shows the rear of the
frame and the displaced view of the rear frame. Other frame models with additional loads
simulating rollover and front-end collisions were studied in Reference [6].
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5 | Frame and Grid Equations

X

W Figure 5-29 Finite element model of bus frame subjected to roof load [6]

Cant rail

Waist rail —

m Figure 5-30 Displaced view of the frame of Figure 5-29 made of square section members
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5.6 Concept of Substructure Analysis

B0 concept of Substructure Analysis

The problem of exceeding memory capacity on today’s personal computers has decreased sig-
nificantly for most applications. However, for those structures that are too large to be analyzed
as a single system or treated as a whole—that is, the final stiffness matrix and equations for
solution exceed the memory capacity of the computer—the concept of substructure analysis
can be used. The procedure to overcome this problem is to separate the whole structure into
smaller units called substructures. For example, the space frame of an airplane, as shown in
Figure 5-31(a), may require thousands of nodes and elements to model and describe com-
pletely the response of the whole structure. If we separate the aircraft into substructures, such
as parts of the fuselage or body, wing sections, and so on, as shown in Figure 5-31(b), then we
can solve the problem more readily and on computers with limited memory.

The analysis of the airplane frame is performed by treating each substructure separately while
ensuring force and displacement compatibility at the intersections where partitioning occurs.

To describe the procedure of substructuring, consider the rigid frame shown in Figure 5-32
(even though this frame could be analyzed as a whole). First we define individual separate
substructures. Normally, we make these substructures of similar size, and to reduce computa-
tions, we make as few cuts as possible. We then separate the frame into three parts, A, B, and C.

(®)

(a)

m Figure 5-31 Airplane frame showing substructuring. (a) Boeing 747 aircraft (shaded area
indicates portion of the airframe analyzed by finite element method). (b) Substructures for
finite element analysis of shaded region

Substructure B

- bo ] e} ] &b

O = substructure interface
Substructure A nodes, /

(b

777 7777 TI77 7777 V7 777 I, T

(a)

M Figure 5-32 (a) Rigid frame for substructure analysis and (b) substructure B
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5 | Frame and Grid Equations

We now analyze a typical substructure B shown in Figure 5-32(b). This substructure
includes the beams at the top (a-a), but the beams at the bottom (b-b) are included in substruc-
ture A, although the beams at top could be included in substructure C and the beams at the
bottom could be included in substructure B.

The force/displacement equations for substructure B are partitioned with the interface
displacements and forces separated from the interior ones as follows:

(ER)| _ | (KA IKED |f1ap)
{{FeB}}_ [Keli]i[Kg] {dB) (5.6.1)

where the superscript B denotes the substructure B, subscript i denotes the interface nodal
forces and displacements, and subscript e denotes the interior nodal forces and displacements
to be eliminated by static condensation. Using static condensation, Eq. (5.6.1) becomes

{F2} = [KFNdP) + [KENdE) (5.6.2)
(FP} = [KEWdPY + [KE1{dE) (5.63)
We eliminate the interior displacements {d, } by solving Eq. (5.6.3) for {d2}, as follows:
{dB} = [KEI'[(FF} — (K5 dP)Y] (5.6.4)
Then we substitute Eq. (5.6.4) for {d2} into Eq. (5.6.2) to obtain
(FP) — IKZUKET () = (IKF] — [KEUKET KA (5.6.5)
We define
{FB} = [KZUKETFPY  and  [KF]=[KE1— [KENKET'[KE] (5.6.6)
Substituting Eq. (5.6.6) into (5.6.5), we obtain
(F*) = {F*} = [Kf P (5.6.7)

Similarly, we can write force/displacement equations for substructures A and C. These
equations can be partitioned in a manner similar to Eq. (5.6.1) to obtain

() | K8 k) {u}
{{FeA}} (K4} LKA | (a2} (5.6.8)

Eliminating {d£}, we obtain
(72— A = [Riap) (5.6.9)
Similarly, for substructure C, we have

(FC} — {F:C} - [Eilc]{dic} (5.6.10)
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5.6 Concept of Substructure Analysis

The whole frame is now considered to be made of superelements A, B, and C connected at
interface nodal points (each superelement being made up of a collection of individual smaller
elements). Using compatibility, we have

{dl‘?op } = {dl%OttOm } and {dlB;OP } = {dﬁ)O[tOm } (5'6'1 1)
That is, the interface displacements at the common locations where cuts were made must be

the same.

The response of the whole structure can now be obtained by direct superposition of Egs.
(5.6.7),(5.6.9), and (5.6.10), where now the final equations are expressed in terms of the inter-
face displacements at the eight interface nodes only [Figure 5-32(b)] as

(7 - {F} = (Raltd) (5.6.12)

The solution of Eq. (5.6.12) gives the displacements at the interface nodes. To obtain the
displacements within each substructure, we use the force-displacement Eqs. (5.6.4) for {d}
with similar equations for substructures A and C. Example 5.9 illustrates the concept of sub-
structure analysis. In order to solve by hand, a relatively simple structure is used.

EXAMPLE 5.9

Solve for the displacement and rotation at node 3 for the beam in Figure 5-33 by using
substructuring. Let E = 200 GPa and I = 40 X 10~* m*.

SOLUTION:

To illustrate the substructuring concept, we divide the beam into two substructures, labeled
1 and 2 in Figure 5-34. The 45 kN force has been assigned to node 3 of substructure 2,
although it could have been assigned to either substructure or a fraction of it assigned to
each substructure.

90 kN 45 kN
7 l 150 kKN-m
2 3
1 -]
S/
| | | | ’
i 3m i 3m | 3m | 3m ———]

m Figure 5-33 Beam analyzed by substructuring

90 kN 90 kN
7,
150 kN-m
© . © —~
1 . 13 3 -] 5
4 _S
Substructure 1 Substructure 2

M Figure 5-34 Beam of Figure 5-33 separated into substructures
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5 | Frame and Grid Equations

The stiffness matrix for each beam element is given by Eq. (4.1.14) as

1 2

2 3

3 4

4 5

12 63 —12  603)
(200 X 10°)(4.0 X 1074)| 63)  4(3)* —6(3)  2(3)?

D=1k =1k®1=[kHD] =

(KT =TT = T = TR Gy —12 —63) 12 —6(3)

6(3) 23> —6(3) 4(3)?

(5.6.13)

12 18 —12 18
18 36 —18 18 (5.6.14)
~12 -18 12 —18

18 18 —18 36

= (2.96 X10°)

For substructure 1, we add the stiffness matrices of elements 1 and 2 together. The equations are

4+ — + i —
12 +12 18 + 18 : 12 18 vy 90 %10
T ) L S e S | . 0
96 X 100) | <= = m oo NI SR R —
—12 —18 i 12 ~18 V3 0
18 18 1 —18 36 o3 0
(5.6.15)

where the boundary conditions vi = ¢p; = 0 were used to reduce the equations.

Rewriting Eq. (5.6.15) with the interface displacements first allows us to use Eq. (5.6.6)
to condense out, or eliminate, the interior degrees of freedom, v, and ¢,. These reordered
equations are

(2.96X100)(12v3 — 18¢p3 — 12v, — 18¢,) =0
(2.96X10°)(—18v3 + 36¢5 + 18V, + 18¢5) =0
(2.96 X109)(—12v3 + 183 + 24v, + ¢pr) = —90 X103 (5.6.16)

(2.96 X 109)(—18v3 + 183 + Ovy + 722) =0

Using Eq. (5.6.6), we obtain equations for the interface degrees of freedom as

-1

12 —18 —12 —18({24 O —12 18 V3

2.96 X 10° -
( ){{—18 36} [ 18 18}[ 0 72} {—18 18}}{4)3}
-1 (5.6.17)
_Jo _[—12 —18] |24 O -90x103
0 18 18 0 72 0
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5.6 Concept of Substructure Analysis

Simplifying Eq. (5.6.17), we obtain

1416 —4392 || vs| _ |—15.324%1073
{—4.392 17.856H¢3} = { 22.98><10‘3} (5.6.18)
For substructure 2, we add the stiffness matrices of elements 3 and 4 together. The
equations are

12 18 -12 18 vy s 108
36 -18 18 b3 0
2.96 X10°
( )—12 —18 12+12 —18+18 || w4 0 (5.6.19)
18 18 —18+18 36 +36||P4 1.5X103

where boundary conditions vs = ¢s = 0 were used to reduce the equations.
Using static condensation, Eq. (5.6.6), we obtain equations with only the interface
displacements v3 and ¢3. These equations are

-1
o )| 12 18] _[—12 18{[24 0| |-12 —18|[])vs
(2'96X10){18 36} {—18 18“ 0 72} { 18 18}}{%}
-1
_ =10 _[-12 18][24 0 0
_{ 0} [—18 18}[ 0 72} {1.5><105} (5:620

Simplifying Eq. (5.6.20), we obtain

1.416 4392 || va| |—2797X1073
{4.392 17.856H¢3} = {—12.77><103 (3.621)
Adding Eqgs. (5.6.18) and (5.6.21), we obtain the final nodal equilibrium equations at the
interface degrees of freedom as

2.832 0]] v —43.294 1073
= 5.6.22
[ 0 35.712}{(#3} { —10.21><103} ( :
Solving Eq. (5.6.22) for the displacement and rotation at node 3, we obtain

vz = —0.01523=15.2 mm

¢3 = 0.000286 rad (5.6.23)

We could now return to Eq. (5.6.15) or Eq. (5.6.16) to obtain v, and ¢, and to
Eq. (5.6.19) to obtain v4 and ¢4.

We emphasize that this example is used as a simple illustration of substructuring and is
not typical of the size of problems where substructuring is normally performed. Generally,
substructuring is used when the number of degrees of freedom is very large, as might occur,
for instance, for very large structures such as the airframe in Figure 5-31.
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5 | Frame and Grid Equations

SUMMARY EQUATIONS

Stiffness matrix for rigid plane frame beam element:

E
k]=— X
(k] 3
AC? + ESZ (A - E)CS _6_IS —(ACZ + 252) —(A — E)CS _gs
12 ? L 2 2 L
12 12 12
as? + o2 Oe —(A - —I)cs —(ASZ + —Ic2) e
? L I? ? L
41 6—IS —QC 21
L L
AC2+£S2 (A—EJCS 6_15
12 2 L
as? + 2o O
e L
Symmetry 41
(5.1.11)
Equations for plane frame with inclined support at node 3:
le u = 0
Ey V1 = 0
M, ¢ =0
F2x u
By ¢ =[TIKNITT" v (5.3.3)
M, (03}
F3/x I/té
F3/y vé 0
M; b5 = s
where
(11 (01 [0]
[T:1=|[0] {1 [O] (5.3.4)

(0] (0] [#]
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Summary Equations

and

cosa sina 0
[t3] = | —sina cosa O (5.3.5)
0 0 1

Stiffness matrix for torsion bar element:

L_GI[ 1 -1
(k'] = L{_l J (5.4.14)

See Table 5-1 for torsional constants for various cross-sectional shapes:
1
J = 25 bit? (5.4.15)

Stiffness matrix for grid element:

Vi dix Pz i e P

[ 12E1 6EI —12EI 6EI |
0o — 0 —
3 12 I3 12
0 oI 0 o ¢
L L
@ 0 ﬂ —OEI 0 E
ho]= 2 L 2 L (5.4.17)
ST —12E1 —6EI  12EI —6EI
0 0
I3 12 I3 12
0 __GJ 0 0 g 0
L L
6EI 2EI  —6EI 4EI
o L 12 L |

Transformation matrix for grid element:

(1 000 0 0]
0o ¢ s 0 0 0
0O -s ¢ o0 00
Isl = 4.1
Tel=1o 001 0 0 (54.18)
o 0 00 C S
0 0 00 =S5 C]
Global stiffness matrix for grid element:
lkel = [Tl kG11T] (5.4.19)
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Stiffness matrix for beam or frame element in three-dimensional space:

u} Vi wi P Dy b u Vvh wh b dhy b
AE 0 0 0 o |-4E 0 0 0 0
L L
0 12EI. 0 0 0 OFL | 12EL 0 0 6EI.
L3 L2 : L3 LZ
12EI, EI i 12EI, EI
0 0 : SOEL g o — JSEL
L3 LZ : L3 L2
0 0 0 A 0o 1o 0 o Yoy 0
L : L
0 0 _OEL, o 4L o | o 0 6EI, 0 2EI, 0
12 L : 12 L
0 6FI, 0 0 0 4EL | _OFL 0 0 0 2FI,
[k]= ___________L_z _________________________________ L ___:_____________L_z ________________________________ L__
JAE 0 0 0 o 1 AE 0 0 0 0 0
L )
o _12EL 0 0 o  _OFL ' o 12EI, 0 0 o  _OFL
3 2} 5 I?
0 0 _leEL 6FI, o 1o 0 12FI, 6FI, 0
L3 L2 : L3 L2
0 0 o Yoy 0o I 0 0 0 Gl 0 0
L ! L
6El, 2EI ! 6EI, 4E],
0 0 - 2 0 Y o ! 0 0 2 0
12 L | 12 L
0 6FI. 0 0 2FI. Lo _ GEIL 0 0 0 4EI,
| 12 L 12 L |
(5.5.3)
Global stiffness matrix for the beam or frame element in three-dimensional space:
(k] =[T1[k'I[T] (5.5.4)
where
[Alsx3
[Alsx3
[T]= (5.5.5)
[Alsx3
[Alsxs
and
Cow Cy Cu
[Al=|Cy Cyy " (5.5.6)
Cr Cyy Cu
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PROBLEMS

Solve all problems using the finite element stiffness method.

5.1 For the rigid frame shown in Figure P5-1, determine (1) the displacement compo-
nents and the rotation at node 2, (2) the support reactions, and (3) the forces in each
element. Then check equilibrium at node 2. Let E = 210 GPa, A = 6.25X 1073 m?,
and I = 1.95X10™* m* for both elements.

20 kN @

2 30

2 40kN

@ @ 6m

12m

1 4
B AN\\N N\

A\
|<——9m 9m4—‘ ! 6 m {

W Figure P5-1 W Figure P5-2

5.2 For the rigid frame shown in Figure P5-2, determine (1) the nodal displacement
components and rotations, (2) the support reactions, and (3) the forces in each
element. Let E =210 GPa, A = 6.25X1073 m2, and I = 7.8 X105 m* for all
elements.

5.3 For the rigid stairway frame shown in Figure P5-3, determine (1) the displacements
at node 2, (2) the support reactions, and (3) the local nodal forces acting on each ele-
ment. Draw the bending moment diagram for the whole frame. Remember that the
angle between elements 1 and 2 is preserved as deformation takes place; similarly
for the angle between elements 2 and 3. Furthermore, owing to symmetry, u, = —us,
vo =3, and ¢, = —¢p3. What size A36 steel channel section would be needed to
keep the allowable bending stress less than two-thirds of the yield stress? (For A36
steel, the yield stress is 240 MPa.)
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5 | Frame and Grid Equations

N

m Figure P5-3

5.4  For the rigid frame shown in Figure P54, determine (1) the nodal displacements and
rotation at node 4, (2) the reactions, and (3) the forces in each element. Then check
equilibrium at node 4. Finally, draw the shear force and bending moment diagrams
for each element. Let E = 210 GPa, A = 5X 1073 m?2,and 7 = 3X10~* m* for all

elements.

7.5m

NN

12m

F—6m i 6m { 9m

m Figure P5-4

5.5-5.15 For the rigid frames shown in Figures P5-5 through P5-15, determine the displace-
ments and rotations of the nodes, the element forces, and the reactions. The values
of E, A, and I to be used are listed next to each figure.
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160 kN

le——4.5 m*»l———4.5 m—-'K

E =210 GPa 160 kN
A =6X10"3m?
I =8 X10~5m*

l«— 3 m —

80 kN
1

sn

M Figure P5-5

E =210 GPa
A=6Xx10"3m?2
I =8 X1075m*

6m
l 4
I‘—3m ~! 3m i 45m i
M Figure P5-6
80 kN
'~—4m—><—4m——l
2 7
E = 210 GPa ® 3}4
A=10x10?m 4m |
I=10x10*m* |
40 kN > ©, |
® |
4 m =
l 1 |
AN\ N\ S 4

H Figure P5-7
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8ON/m 2 ®) 3

E =210 GPa
A =0.01 m2
I =1x10"4m*

1 4
A\
!‘ 6m 1
M Figure P5-8
’/\600 kKN - m
©) 7
277 3 E = 210 GPa
5m ' A=2x10"2m
I=2x10"*m
@ 4 m
1
AN\
m Figure P5-9
10 kN E = 210 GPa
A=1x102m?
__ -4 4
i ® 2 SKN-m [=2XxX10"m
4
! 3m @
Am 10 kN
S5kN'm
45°, 3
® 4

|
n 3m *]
m Figure P5-10
i
4% E = 70 GPa
A=3x10?m?
I=3x%x10%m!

s f

m Figure P5-11
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A=8x 10"?m?
=12x107*m*

—~

3
ANN\\\
M Figure P5-12
| 6m {
20 kN ']
E =210GPa
2 3
A =6X10"3m2 @

I =8 X10~5m4
(for elements 1,
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5 | Frame and Grid Equations

5.16-5.18 Solve the structures in Figures P5—16 through P5—18 by using substructuring.

1 3 Sy
I

P =20 kN

E = 200 GPa
A=1x10"2m?

L=1Im
j 2 L 4 L 6

M Figure P5-16 (Substructure the truss at nodes 3 and 4)

40 kN 40 kN 40 kN

4 4
) E =185 GPa

3 3 4 I =4 Xx10~4m*

l— 3 m i 3m ; 3Im 3m —»

| Figure P5-17 (Substructure the beam at node 3)

2‘\ Im CE3
80 kN * m

200 GPa
1 x 1072 m?
2% 107 m?

B Figure P5-18 (Substructure the frame at node 2)

Solve Problems 5.19 through 5.39 by using a computer program.

5.19 For the rigid frame shown in Figure P5-19, determine (1) the nodal displacement
@ components and (2) the support reactions. (3) Draw the shear force and bend-
ing moment diagrams. For all elements, let E = 210 GPa, I = 8 X105 m*, and
A=6%X10"3 m?
5.20  For the rigid frame shown in Figure P5-20, determine (1) the nodal displacement
@ components and (2) the support reactions. (3) Draw the shear force and bending
moment diagrams. Let E = 240 GPa, I = 8 X107° m*, and A = 6 X1073 m? for
all elements, except as noted in the figure.
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5.21

5.22

Problems

4 kN-m

NG 4

60 kN SkN

[ =4x10-4m?
@ Sm 2 @ 5
o @ ®
L A
\ '—72,5m—;>l ) 7.5 m —

m Figure P5-19 m Figure P5-20

45m

For the slant-legged rigid frame shown in Figure P5-21, size the structure for min-
imum weight based on a maximum bending stress of 140 MPa in the horizontal
beam elements and a maximum compressive stress (due to bending and direct axial
load) of 105 MPa in the slant-legged elements. Use the same element size for the
two slant-legged elements and the same element size for the two 3-m sections of the
horizontal element. Assume A36 steel is used.

15 kN 60 kKN 60 kKN
3m 4 m 3.5 m—ee—3 m

l_;@ 3 ® TEONRY: @"'6
& /‘Ig\ 7.5 m N

@ < |

S O
[ l/ |
2 = 7

H Figure P5-21

For the rigid building frame shown in Figure P5-22, determine the forces in
each element and calculate the bending stresses. Assume all the vertical elements
have A =6X1073 m? and I =4X107> m* and all horizontal elements have
A=9%x10"2m? and I =6X107> m* Let E =200 GPa for all elements. Let
¢ = 125 mm for the vertical elements and ¢ = 150 mm for the horizontal elements,
where ¢ denotes the distance from the neutral axis to the top or bottom of the beam
cross section, as used in the bending stress formula o = (Mc/ I).

5.23-5.38 For the rigid frames or beams shown in Figures P5-23 through P5-38, deter-

mine the displacements and rotations at the nodes, the element forces, and the
reactions.

At

9
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H Figure P5-22
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(a) Design 1 (b) Design 2
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————
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(a) Design 1 () Design 2
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— I, =4x10""m*
E =70 GPa
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lg=1L=1Ig=4x10"%m*

M Figure P5-25 Two bicycle frame models (coordinates shown in inches)

15 kN/m
7
2
2 ! ) y \ y y 7
3 Z 6
HBe—25m—ef?2 LA Sle_25m_wb
1, A 35m | 5, A E =210 GPa
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! 35m

B Figure P5-26
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1.0 X 1074 m*
=1.0x 1072 m?
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W Figure P5-27
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W Figure P5-37
80 kN
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35m
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2 ® 4l @ 5 (o ¢
E = 210 GPa
I=20x10"*m*
A=10x 107?m? ® ® ® 8 m
1 3 7
300 kN/m SN AW AN
,L 7 m ~% 7m l

m Figure P5-38

5.39 Consider the plane structure shown in Figure P5-39. First assume the structure to
be a plane frame with rigid joints, and analyze using a frame element. Then assume @
the structure to be pin-jointed and analyze as a plane truss, using a truss element. If
the structure is actually a truss, is it appropriate to model it as a rigid frame?
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How can you model the truss using the frame (or beam) element? In other words, what
idealization could you make in your model to use the beam element to approximate

a truss?
7 4m 8
10 kN R
3m
5 6
20 kN D
E = 200 GPa
3 A=2x10""m?
m I=4x10"*m
4
20 kN 3
O/107aN0] OXL
14 2
Figure P5-39
5.40  For the two-story, two-bay rigid frame shown in Figure P5—40, determine (1) the
nodal displacement components and (2) the shear force and bending moments in

each member. Let E = 200 GPa, I = 2 X 10~*m?* for each horizontal member and
I = 1.5 X 10~*m* for each vertical member.

12 kN/m
R B I T O O O A I
G 1
H
12 KN/m sm
O e e e e e e P
E
Sm
Al Bl C v
} 10m } 10m |
H Figure P5-40
541 For the two-story, three-bay rigid frame shown in Figure P5—41, determine (1) the
nodal displacements and (2) the member end shear forces and bending moments.

(3) Draw the shear force and bending moment diagrams for each member. Let
E =200 GPa, I = 1.29 X 10~*m* for the beams and I = 0.462 X 10~*m?* for the
columns. The properties for / correspond to a W 610 X 155 and a W 410 X 114
wide-flange section, respectively, in metric units.
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25 kN

50 kKN —

sy
-

A | B C D

I 8m I 6m I 8m I

H Figure P5-41

rotations and (2) the member shear forces and bending moments. Let E = 200 GPa,
I = 0.795 X 10~*m* for the horizontal members, and I = 0.316 X 10~*m?* for the
vertical members. These I values correspond to a W 460 X 158 and a W 410 X 85
wide-flange section, respectively.

5.42 For the rigid frame shown in Figure P5—42, determine (1) the nodal displacements and @

G H 1
30 kKN — T
3m
60 KN —> 4**
D E F
3m
A cll v

o5 b5

H Figure P5-42

and rotations and (2) the shear force and bending moments in each member. Let
E =200 GPa,I = 1X1073 m* for the horizontal members and I = 4 X 10~* m* for
the vertical members. The 7 values correspond to a W 24 X 104 and a W 16 X 77.

5.43  For the rigid frame shown in Figure P5-43, determine (1) the nodal displacements @

M N
30 kKN —
45m
1 L
60 kN
J K
45m
60 kKN —>
E F G H
45m
A B C D
I 9m I 6 m I 9m I

M Figure P5-43
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5.44 A structure is fabricated by welding together three lengths of I-shaped mem-
@ bers as shown in Figure P5—44. The yield strength of the members is 250 MPa,
E =200 GPa, and Poisson’s ratio is 0.3. The members all have cross-section prop-
erties corresponding to a W 460 X 52. That is, A = 6640 mm?, depth of section is
d =450 mm, I, = 212X10% mm* S, =944 X103 mm? /, = 6.4 X10® mm* and
Sy = 84 X10° mm?3. Determine whether aload of Q = 40 kN downward is safe against
general yielding of the material. The factor of safety against general yielding is to be 2.0.
Also, determine the maximum vertical and horizontal deflections of the structure.

2m I y
__
X + X
2 m
(I
0 | —
y
Section A-A
I 2m A
W Figure P5-44
545 For the tapered beam shown in Figure P5—45, determine the maximum deflection using
one, two, four, and eight elements. Calculate the moment of inertia at the midlength

station for each element. Let E = 210 GPa, I, = 4 X107° m% and L = 2.5 m. Run
cases wheren = 1, 3, and 7. Use a beam element. The analytical solution for deflection
and slope at the free end for n = 7 is given by Reference [7] as shown below:

3 3
y = 1L (17 In 8 + 2.5) = L
49EI, 17.5 El,
2 2
o, = L mg—7 - L PL
49EI, 9.95 EI,

1(x) = I (1 + n%)

where n = arbitrary numerical factor and /, = moment of inertia of section at x = 0.

P = 2kN
7 x Ay 1 E’\ Y 2
Lw A 7, AA ——
L
One-element approximation
y

W Figure P5-45 Tapered cantilever beam
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5.46 Derive the stiffness matrix for the nonprismatic torsion bar shown in Figure P5—46.
The radius of the shaft is given by

r =1y + (x/L)ry, where ry is the radius at x = 0.

)

H Figure P5-46

5.47 Derive the total potential energy for the prismatic circular cross-section torsion bar
shown in Figure P5-47. Also determine the equivalent nodal torques for the bar
subjected to uniform torque per unit length (kN-m/m). Let G be the shear modulus
and J be the polar moment of inertia of the bar.

QOO0

M Figure P5-47

5.48 For the grid shown in Figure P5-48, determine the nodal displacements and the
local element forces. Let E =200 GPa, G = 80 GPa, I =8X107> m*, and
J = 4Xx107> m* for both elements.

744

3
/¥
y 20 kN
& /4
1 2

m)&
3m l’/

z

M Figure P5-48

5.49 Resolve Problem 5-48 with an additional nodal moment of 100 kN-m applied about
the x axis at node 2.
5.50-5.51 For the grids shown in Figures P5-50 and P5-51, determine the nodal displacements
and the local element forces. Let E = 210 GPa, G = 84 GPa, I = 2 X 10~*m*,
J=1X10"*m* and A =1 X 102m?2.
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5.52-5.57 Solve the grid structures shown in Figures P5-52 through P5-57 using a computer

@ program. For grids P5-52—P5-54,let E = 210 GPa,G = 84 GPa,I = 8 X107° m*,
and J = 4 X107 m*, except as noted in the figures. In Figure P5-54, let the cross

elements have 7 =20 X107% m*and J = 8 X107 m*, with dimensions and loads

/
/

I
VAV 3m —7
M Figure P5-52
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Problems
as in Figure P5-53. For grids P5-55 through P5-57, let E = 210 GPa, G = 84 GPa,

I=2X10"%m*J=1X10"*m* and A =1 X 1072m?2.

Y 4kN 4KN 4KN 4kN 4kN

Ly
LI T
zﬁ_6@1.8m=lo.8m-——7‘/

M Figure P5-53

X

(all loads 4 kN each)

Ly

—

/ ’
el
& S5
/4——6 @ 1.8 m = 108 m———e/
z
m Figure P5-54
Y 40 kN
1 X 60 kN - m 5 £
= 50 kN-my3 £
fo 4m - 4m o
&
40 kN e

H Figure P5-55
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4

i 4m

/

H Figure P5-56

> X

z

H Figure P5-57

5.58-5.59 Determine the displacements and reactions for the space frames shown in Figures
P5-58 and P5-59. Let I, =4 X107 m* [, =8X107° m*, I, =4 X107* m*,
E =200 GPa, G = 80 GPa, and A = 0.06 m? for both frames.

F, =160 kN
-
Fy =—20kN Vs
2 3
i -
1
m, =—120 kN-m
¥ 6 m
m Figure P5-58
o
Z
g >
T
»® —
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.
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g 6m (B
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B Figure P5-59

Use a computer program to assist in the design problems in Problems 5.60
through 5.79.

5.60 Design a jib crane as shown in Figure P5-60 that will support a downward load of
24 kN. Choose a common structural steel shape for all members. Use allowable @
stresses of 0.66S, (S, is the yield strength of the material) in bending, and 0.60S,
in tension on gross areas. The maximum deflection should not exceed 1/360 of
the length of the horizontal beam. Buckling should be checked using Euler’s or
Johnson’s method as applicable.

111
T 4
¢c=07m| [~—d= 1.4m4-‘<—e=2m—>
Lol
F
B oF
b= 14m 24 kN
C
o)
a=25m
D

H Figure P5-60
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5.61 Design the support members AB and CD for the platform lift shown in Figure P5-61.
@ Select a mild steel and choose suitable cross-sectional shapes with no more than a
4 : 1 ratio of moments of inertia between the two principal directions of the cross
section. You may choose two different cross sections to make up each arm to reduce
weight. The actual structure has four support arms, but the loads shown are for one
side of the platform with the two arms shown. The loads shown are under operating
conditions. Use a factor of safety of 2 for human safety. In developing the finite
element model, remove the platform and replace it with statically equivalent loads
at the joints at B and D. Use truss elements or beam elements with low bending
stiffness to model the arms from B to D, the intermediate connection E to F, and
the hydraulic actuator. The allowable stresses are 0.60S, in bending and 0.60S, in
tension. Check buckling using either Euler’s method or Johnson’s method as appro-
priate. Also check maximum deflections. Any deflection greater than 1/360 of the

length of member AB is considered too large.

,075m | 0.75m

1.8 m
N

T Dimensions are in meters

|

0.75m

rE,

W Figure P5-61

5.62 A two-story building frame is to be designed as shown in Figure P5-62. The mem-

@ bers are all to be I-beams with rigid connections. We would like the floor joists
beams to have a 0.38 m depth and the columns to have a 0.25 m width. The material

is to be A36 structural steel. Two horizontal loads and vertical loads are shown.

Select members such that the allowable bending in the beams is 170 MPa. Check

_r

1.5m
22.5kN

w=2.2 kN/m w=4.4 kN/m 240 m

muBEEE i

%/ /44 00

| 3m | 4.5 m |

M Figure P5-62
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buckling in the columns using Euler’s or Johnson’s method as appropriate. The
allowable deflection in the beams should not exceed 1/360 of each beam span. The
overall sway of the frame should not exceed 12.5 mm.

5.63 A pulpwood loader as shown in Figure P5-63 is to be designed to lift 10 kN.
Select a steel and determine a suitable tubular cross section for the main upright @
member BF that has attachments for the hydraulic cylinder actuators AE and DG.
Select a steel and determine a suitable box section for the horizontal load arm
AC. The horizontal load arm may have two different cross sections AB and BC to
reduce weight. The finite element model should use beam elements for all mem-
bers except the hydraulic cylinders, which should be truss elements. The pinned
joint at B between the upright and the horizontal beam is best modeled with end
release of the end node of the top element on the upright member. The allowable
bending stress is 0.60S, in members AB and BC. Member BF should be checked
for buckling. The allowable deflection at C should be less than 1/360 of the length
of BC. As a bonus, the client would like you to select the size of the hydraulic
cylinders AE and DG.

10 kN

m Figure P5-63

facilitate its installation. The ring is sufficiently thin (5 mm depth) to justify using
conventional straight-beam bending formulas. The ring requires a displacement of
2.5 mm at its separation for installation. Determine the force required to produce this
separation. In addition, determine the largest stress in the ring. Let E = 125 GPa,
G = 50 GPa, cross-sectional area A = 40 mm?, and principal moment of inertia
I =20 X 1072 m*. The inner radius is 46 mm, and the outer radius is 54 mm. Use
models with 4, 6, 8, 10, and 20 elements in a symmetric model until convergence to
the same results occurs. Plot the displacement versus the number of elements for a
constant force F predicted by the conventional beam theory equation of Reference [8].

5.64 A piston ring (with a split as shown in Figure P5-64) is to be expanded by a tool to @

_ 37 FR3 N 7FR N 6mFR
EI EA 5GA

1) where R = 50 mm and 6 = 2.5 mm
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5 | Frame and Grid Equations

t 0=2.5 mm required due to F
m Figure P5-64

5.65 A small hydraulic floor crane as shown in Figure P5—65 carries a 20 kN load. Determine
@ the size of the beam and column needed. Select either a standard box section or a wide-
flange section. Assume a rigid connection between the beam and column. The column
is rigidly connected to the floor. The allowable bending stress in the beam is 0.60S,. The
allowable deflection is 1/360 of the beam length. Check the column for buckling.

0.2 m
1.8 m
IA B
m—/ j
Y
' 20 kN
1.5m
c (2
bl

H Figure P5-65

5.66 Determine the size of a solid round shaft such that the maximum angle of twist

@ between C and B is 0.26 degrees per meter of length and the deflection of the beam
is less than 0.0127 cm under the pulley C for the loads, as shown in Figure P5-66.

Assume simple supports at bearings A and B. Assume the shaft is made from cold-

rolled AISI 1020 steel. (Recommended angles of twist in driven shafts can be found

in Machinery’s Handbook, Oberg, E., et. al., 26th ed., Industrial Press, N.Y., 2000.)

f«—0.4m } 0.5m |
yT "‘:7 0.15m
A ‘o Y B

C | Y @é{—»
"- . * X
LR T
D

Z 2 kN
5 kN

M Figure P5-66
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5.67 The shaft in Figure P5—67 supports a winch load of 3.5 kN and a torsional moment of

900 N-m at F (650 mm from the center of the bearing at A). In addition, a radial @
load of 2.25 kN and an axial load of 1.8 kN act at point E from a worm gearset.
Assume the maximum stress in the shaft cannot be larger than that obtained from
the maximum distortional energy theory with a factor of safety of 2.5. Also make
sure the angle of twist is less than 1.5 deg between A and D. In your model,
assume the bearing at A to be frozen when calculating the angle of twist. Bearings
at B, C, and D can be assumed as simple supports. Determine the required shaft
diameter.

- - Shaft

Winch

d
| 0.25m o
|

E

[<-0.25 m—{=—0.25m

m Figure P5-67

(comparable to an 125 km/h wind speed) for an industrial building. Assume this
is one of a typical frame spaced every 6 m. Select a wide flange section based
on allowable bending stress of 140 MPa and an allowable compressive stress of
70 MPa in any member. Neglect the possibility of buckling in any members. Use
ASTM A36 steel.

5.68 Design the gabled frame subjected to the external wind load shown in Figure P5-68 @

e————L=12m——
(@) (b)

H Figure P5-68
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5 | Frame and Grid Equations

(typical of the Midwest) for an apartment building. Select a wide flange section for
the frame. Assume the allowable bending stress not to exceed 140 MPa. Use ASTM
A36 steel.

@ 5.69 Design the gabled frame shown for a balanced snow load shown in Figure P5-69

1500 Pa

RN NY

(4 m spacing of frames)

: 6m 1

M Figure P5-69

motors, heat exchangers, and controls. This load should be placed at the center
of one of the main 3.6-m-long beams as shown in Figure P5-70, by the hoisting
device location. Note that this beam is on one side of the crane. Assume you are
using ASTM A36 structural steel. The crane must be 3.6 m long, 2.4 m wide,
and 4.5 m high. The beams should all be the same size, the columns all the same
size, and the bracing all the same size. The corner bracing can be wide flange
sections or some other common shape. You must verify that the structure is safe
by checking the beam’s bending strength and allowable deflection, the column’s
buckling strength, and the bracing’s buckling strength. Use a factor of safety
against material yielding of the beams of 5. Verify that the beam deflection is less
than L/360, where L is the span of the beam. Check Euler buckling of the long
columns and the bracing. Use a factor of safety against buckling of 5. Assume
the column-to-beam joints to be rigid while the bracing (a total of eight braces)
is pinned to the column and beam at each of the four corners. Also assume the
gantry crane is on rollers with one roller locked down to behave as a pin support
as shown.

@ 5.71 Design the rigid highway bridge frame structure shown in Figure P5-71 for a

@ 5.70 Design a gantry crane that must be able to lift 90 kN as it must lift compressors,

moving truck load (shown below) simulating a truck moving across the bridge.
Use the load shown and place it along the top girder at various locations. Use the
allowable stresses in bending and compression and allowable deflection given in
the Standard Specifications for Highway Bridges, American Association of State
Highway and Transportation Officials (AASHTO), Washington, D.C. or use some
other reasonable values.
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} 24m }

3.6 m

=)
=
3

4.5m

£

o —»

=]

90 kN
H Figure P5-70
A I 7.5 m I 15.0 m I 7.5 mr I D

w 0.8 W

| C
! B 45m
|
— e le—3m
F
02

FI

4.25 m—|

W = total weight of truck and load

H20 - 44 35kN 140 kN
H truck loading

H Figure P5-71

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




5 | Frame and Grid Equations

sections such that the maximum bending stress must not exceed 150 MPa, the com-
pressive stress to prevent buckling must not exceed that given by the Euler buckling
formula with a factor of safety of 2, and the maximum deflection will not exceed
L/360 in any span, L. Assume the three bottom supports to be fixed. All coordinates
are shown in units of millimeters.

@ 5.72 For the tripod space frame shown in Figure P5-72, determine standard steel pipe

4.5 kN

(=500, 750, 1500)

4.5 kN

(0, 250, 1500) (500,750,1500)

A
(=750, 1000, 0)

(750, 1000, 0)
(0,0,0)

m Figure P5-72

5.73 The curved semi-circular frame shown in Figure P5-73 is supported by a pin on
the left end and a roller on the right end and is subjected to a load P = 4.5 kN at its
apex. The frame has a radius to centerline cross section of R = 3 m. Select a struc-
tural steel W shape from Appendix F such that the maximum stress does not exceed
150 MPa. Perform a finite element analysis using 4, 8, and then 16 elements in your
finite element model. Also, determine the maximum deflection for each model. It is
suggested that the finite element answers for deflection be compared to the solution
obtained by classical methods, such as using Castigliano’s theorem. The expression
for deflection under the load is given by using Castigliano’s theorem as

_ 0.178 PR* n 0.393PR n 0.393PR
El AE AG

5y

where A is the cross sectional area of the W shape, A, is the shear area of the W
shape (use depth of web times thickness of web for the shear area); E = 210 GPa,
and G = 80 GPa.

Now change the radius of the frame to 0.5 m and repeat the problem. Run the
finite element model with the shear area included in your computer program input
and then without. Comment on the difference in results and compare to the predicted
analytical deflection by using the equation above for 6.
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H Figure P5-73

P5.74 For the water wheel frame shown in Figure P 5-74, determine a common cross
section of an aluminum alloy, such that the von Mises stress is less than one-half
of the yield strength of the material. The coordinates in centimeters are shown on
the figure. A horizontal force of 2 kN to simulate water pressure is applied at the
lowest node. The nodes at the center of the waterwheel are assumed to be fixed. (By
Caleb Johnson)

(5.48,19.23)

(-9.73, 17.48) (0, 13.75)

(9.73,9.73)
(17.48,9.73)
(-9.73,9.73)

(~19.25, 5.48)
(13.75, 0)

Only rotation
allowed about

(~13.75,0)

(19.25,-5.48)

(=17.48,-9.73)

(9.73,-9.73)

(-9.73,-9.73)

Force of 2 kN applied

horizontally to simulate water flow.
Total force would be 4 kN, but

it is split in half since water wheel
is symmetrical.

(9.73, —17.48)

(=5.48,-19.23)

W Figure 5-74 Water wheel frame (By Caleb Johnson)
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5 | Frame and Grid Equations

P5.75 A basketball hoop frame is to be design as shown in Figure P 5-75. Determine a
standard pipe size such that the most critical compression member does not buckle
and most critical tensile member does not yield. Also verify that the largest deflec-
tion is less than 12.5 mm. Assume the bottom supports are fixed. Apply a concen-
trated load of 2500 N downward to the end of the rim as shown in Figure P 5-75.
(Take your own measurements.)

m Figure P 5-75 Basketball hoop frame

P5.76 A space frame for a paraglider is shown in Figure P5-76(a). The applied forces and
boundary conditions are also shown on the figure (b). The nodal coordinates are also
listed below to assist in building the model. Determine a suitable pipe section based
on a maximum von Mises stress equal to one-half the yield strength of the material.
Try an aluminum alloy. Also determine the largest displacement and its location on
the frame. (By Matthew Groshek)

P5.77 A motorcycle frame is shown in Figure P 5-77. The loads and boundary conditions
are shown in the figure. The nodal coordinates are listed below to assist in building
the model. Determine a suitable cross section and material based on a maximum
von Mises stress equal to one-third of the yield strength of the material you select.
Also, what is the maximum displacement, and where is it located on the frame?
(By Kevin Roholt)
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Coordinates (cm)

[ x [ vy [ z |
( 9.125 0 0
21025 0 0
3730 77.025 0
35975 0 0
e 44.475  14.525 0
3730 27.30 0
35075 3125 0
21.025 1625 0
21.025 31.25 0
21.025  46.30 0
21.025 5625 0
21.025 78.75 0
‘ < 21025 9125 -18.625
21025 9120 -26.55

21.025  78.75 —45.0
21.025 56.25 —45.0
3730  77.025 —45.0
37.30  86.25 —45.0
46.525 86.25 —45.0
5645  86.25 —45.0
65.875  68.15 —45.0
37.30 2730 -45.0
44475 14525  —45.0
35.975 0 —45.0
21.025 0 -45.0
9.125 0 —45.0
21.025 16.25 —45.0
35.075 3125 —45.0
21.025  31.25 -45.0
65.875 68.15 0

3730  56.25 0

46.525 86.25 0

Parachute Load 37.30  86.25 0
(Human + Frame + Motor) 56.45 86.25 0
1375 N 3730  56.25 —45.0

QLWL DD DB DD [BI D [ = [ = = [t [ | e [ | ot | e |t
(Y SN VS | S ol el INa] [o) BN Ko Y QU0 N ROV § (S ) ol Rl o) o) BN Fo N RUL ) BN ROSY § (O ) Fog Kl INo) fo el BN Kopl KUL Y RN (OS] | (O3 )
e e e N N N T T e e N e e N T T T N N T W N e e

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

21.025  46.30 -45.0

(9%
o)}

Motor
250 N thrust

Human Load
1000 N

(b)
M Figure P5-76 (By Matthew Groshek)
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5 | Frame and Grid Equations

Constraint 2:
Angled fixed constraint
using a 1D spring
simulating where the
forks/handle bars would

Possible Loading: be
Nonuniform distributed load ranging from 0-6500—-1000N /

(Left to Right). Load concentration increases where the
engine and the rider(s) would be placed.

Constraint 1:
Fixed in the x, y, and z but
free to rotating simulating
the frames ability to flex
and rotate around the
rear wheel axel.

0.000 24.433 cm  48.865 73.295

4 Coordinates (x,y,z):
Sketch plane: xy
Units: Metric (cm)

1[(0,0, 10)
(0,0,-10)
(38.75, 23.75, 10)
(38.75, 23.75, -10)
(58.125, 46.875, 0)
(86.25, 50.313, 0)
(103.75, 59.688, 0)
(109.38, 52.188, 0)
9 9 [(103.13, 17.188, 0)

13 10 [(96.875, —17.813, -10)

12 11 [(96.875, —17.813, 10)
12 [(58.125, —17.813, -10)
13 [(58.125, —17.813, 0)
16 14 [(58.125, —17.813, 10)
15 |(38.75, -17.813, -10)
14 16 |(38.75, —17.813, 10)

[c I ENT o)} (W1} BoN (O] | )

h©

M Figure P 5-77 Motorcycle frame (By Kevin Roholt)
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Problems

P5.78 A go-kart frame is shown in Figure P 5.78. The nodal coordinates (in centimeter
units) are also listed along with the fixed nodes located at three axle locations.
Simulate a front end collision using 12.5 kN of force applied to four front end nodes.
Select a suitable pipe cross section that just reaches yielding of the material. Try
ASTM A 36 steel or maybe a chrome moly steel. (By Nathan Christian)

BOUNDARY COND. CODES  NODAL POINT COORDINATES

x| Ty | Tz [ Rx | Ry | Rz | X | v z

0 0 0 1.000E+01  0.000E+00 0.000E+00
0 0.000E+00  1.000E+01  0.000E+00
1 -1.000E+01  2.000E+02  0.000E+00
0 0.000E+00  3.000E+01  0.000E+00
0 7.500E+01  1.000E+01  0.000E+00
0 6500E+01  0.000E+00  0.000E+00
0 8500E+01  2.000E+01  0.000E+00
0 7.500E+01  3.000E+01  0.000E+00
0 0.000B+00  6.000E+01  0.000E+00
0  3750E+01  6.000E+01  0.000E+00
0  7.500E+01  6.000E+01  0.000E+00
0 0.000E+00  1.400E+02  0.000E+00
0 0.000E+00  1.700E+02  0.000E+00
1 0.000E+00  2.000E+02  0.000E+00
0 1.000E+01  2.100E+02  0.000E+00
0 6500E+01  2.100E+02  0.000E+00
I 7500E+01  2.000E+02  0.000E+00
0 7.500E+01  1.700E+02  0.000E+00
0 7500E+01  1.400E+02  0.000E+00
0 3750E+01  1400E+02  0.000E+00
0 1.000E+01  0.000E+00  1.500E+01
0 0.000E+00  1.000E+01  1.500E+01
0 -1.000E+01  2.000E+01  1.500E+01
0 0.000B+00  3.000E+01  1.500E+01
0 0.000E+00  9.000E+01  1.500E+01
0 0.000E+00  1.200E+02  2.250E+01
0  0.000E+00  2.000E+02  2.250E+01
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1

1.000E+01 2.100E+02  2.250E+01
6.500E+01 2.100E+02  2.250E+01
7.500E+01 2.000E+02  2.250E+01
7.500E+01 1.200E+02  2.250E+01
7.500E+01 9.000E+01  1.500E+01
7.500E+01 3.000E+01  1.500E+01
8.500E+01 2.000E+01  1.500E+01
7.500E+01 1.000E+01  1.500E+01
6.500E+01 0.000E+00  1.500E+01
0.000E+00  9.000E+01  0.000E+00
7.500E+01 9.000E+01  0.000E+00
0.000E+00 1.200E+02  0.000E+00
7.500E+01 1.200E+02  0.000E+00
0.000E+00  5.000E+01  5.250E+01
0.000E+00  9.000E+01  9.000E+01
7.500E+01 9.000E+01  9.000E+01
7.500E+01 5.000E+01  5.250E+01
0.000E+00 1.700E+02  9.000E+01
0.000E+00 1.700E+02  2.250E+01
7.500E+01 1.700E+02  9.000E+01
7.500E+01 1.700E+02  2.250E+01
0.000E+00  2.500E+14  0.000E+00
0.000E+00  0.000E+00  2.500E+14
2.500E+14  2.475E+01  0.000E+00
0.000E+00  —2.500E+14  0.000E+00
0.000E+00  0.000E+00  2.500E+14
—2.500E+14  0.000E+00  0.000E+00

M Figure P5-78 Go-kart frame 53

il e N e e lelelelolele oo Ne oo Ro o oo R = e o e N = === -N-Roh N Nel v - EeleloNeleleleleRol el =}
i N el eleNelelelele el NeleNeNele e e oo oS leNe o Reo e - - X R NN N i R leNeNeNeNele e Nl i)
—_—_— e e m, 0 0000 D000 —O0OO0O—~O0O0O0O0O0COCOO~O
il e e e Ne oo oBoNoo oo oo oo Ro o Bo oo o o Reo No o o Ro ol e == NN oo oo llo e oo ol o]
i N e ool leleoleole oo NeleNoNeNo B e oo o oo =Nl = Xe - X =N= i k=N N e leNe e Nele RNl e e}

(By Nathan Christian) 54

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




5 | Frame and Grid Equations

5.79 A hunting stand is shown in Figure P 5-79. The coordinates of all nodes are also
listed. Two 1.25 kN forces are applied to the top of the platform at the two center
most nodes as shown. The frame is rated for 2.5kN of force. Determine a standard
suitable square tube of steel or aluminum based on a factor of safety of 2 against
yielding of the material. (By Sam Hanson)

Nodes NODE | NODAL POINT COORDINATES (cm)
1.25 kN (Typ) No. X | Y | Z
1| 0.000E+00  0.000E+00  0.000E+00
2| 3.000E+01  0.000E+00  0.000E+00
3] 6.000E+01  0.000E+00  0.000E+00
4| 9.000E+01  0.000E+01  0.000E+00
5] 1.200E+02  0.000E+00  0.000E+00
6] 1.200E+02 —1.000E+02  0.000E+00
7] 1.200E+02  —2.000E+02  0.000E+00
8| 1.200E+02  —2.800E+02  0.000E+00

9| 1.200E+02 —-3.000E+02  0.000E+00
10| 0.000E+00  —1.000E+02  0.000E+00
11| 0.000E+00  —2.000E+02  0.000E+00
12| 0.000E+00  —2.800E+02  0.000E+00
13| 0.000E+00  —3.000E+02  0.000E+00
14| 0.000E+00 0.000E+00 —4.000E+01
15| 0.000E+00 0.000E+00 —8.000E+01
16 | 0.000E+00 0.000E+00 —1.200E+02
17| 3.000E+01 0.000E+00 —1.200E+02
18 | 6.000E+01 0.000E+00 —1.200E+02
19| 9.000E+01 0.000E+00 —1.200E+02
20| 1.200E+02 0.000E+00 —1.200E+02
21| 1.200E+02 0.000E+00 —8.000E+01
22| 1.200E+02 0.000E+00 —4.000E+01
23| 3.000E+01 0.000E+00 —4.000E+01
24| 3.000E+01 0.000E+00 —8.000E+01
25| 6.000E+01 0.000E+00 —4.000E+01
26| 6.000E+01 0.000E+00 —8.000E+01
1 27| 9.000E+01 0.000E+00 —4.000E+01

\ 28| 9.000E+01  0.000E+00 —8.000E+01
29] 0.000E+00 —1.000E+02 —1.200E+02

30] 0.000B+00 —2.000E+02 —1.200E+02

31| 0.000E+00 —2.800E+02 —1.200E+02

—0 32| 0.000E+00 —3.000E+02 —1.200E+02

3%
33| 1.200E+02 —1.000E+02 —1.200E+02
34| 1.200E+02 —2.000E+02 —1.200E+02
35| 1.200E+02 —2.800E+02 —1.200E+02
36| 1.200E+02  —3.000E+02 —1.200E+02
2
8
, 13
9

35

32
36

W Figure P5-79 Hunting stand frame (By Sam Hanson)
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CHAPTER

Development of the Plane
Stress and Plane Strain
- Stiffness Equations

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Review basic concepts of plane stress and plane strain.
m Derive the constant-strain triangular (CST) element stiffness matrix and equations.

m Demonstrate how to determine the stiffness matrix and stresses for a constant
strain element.

Describe how to treat body and surface forces for two-dimensional elements.
Evaluate the explicit stiffness matrix for the constant-strain triangle element.
Perform a detailed finite element solution of a plane stress problem.

Derive the bilinear four-noded rectangular (Q4) element stiffness matrix.

Compare the CST and Q4 model results for a beam bending problem and describe
some of the CST and Q4 element defects.

Introduction

In Chapters 2 through 5, we considered only line elements. Two or more line elements are
connected only at common nodes, forming framed or articulated structures such as trusses,
frames, and grids. Line elements have geometric properties such as cross-sectional area and
moment of inertia associated with their cross sections. However, only one local coordinate x
along the length of the element is required to describe a position along the element (hence, they
are called line elements or one-dimensional elements). Nodal compatibility is then enforced
during the formulation of the nodal equilibrium equations for a line element.

This chapter considers the two-dimensional finite element. Two-dimensional (planar)
elements are defined by three or more nodes in a two-dimensional plane (that is, x — y). The
elements are connected at common nodes and/or along common edges to form continuous
structures such as those shown in Figures 1-3, 14, 1-6, 6-2a, and 6-6(b). Nodal displacement
compatibility is then enforced during the formulation of the nodal equilibrium equations for
two-dimensional elements. If proper displacement functions are chosen, compatibility along
common edges is also obtained.

The two-dimensional element is extremely important for (1) plane stress analysis, which
includes problems such as plates with holes, fillets, or other changes in geometry that are
loaded in their plane resulting in local stress concentrations, as illustrated in Figure 6—1; and (2)
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

plane strain analysis, which includes problems such as a long underground box culvert sub-
jected to a uniform load acting constantly over its length, as illustrated in Figure 1-3, a long,
cylindrical control rod subjected to a load that remains constant over the rod length (or depth),
as illustrated in Figure 1-4, and dams and pipes subjected to loads that remain constant over
their lengths, as shown in Figure 6-2.

We begin this chapter with the development of the stiffness matrix for a basic two-
dimensional or plane finite element, called the constant-strain triangular element. We consider
the constant-strain triangle (CST) stiffness matrix because its derivation is the simplest among
the available two-dimensional elements. The element is called a CST because it has a constant
strain throughout it.

We will derive the CST stiffness matrix by using the principle of minimum potential
energy because the energy formulation is the most feasible for the development of the equations
for both two- and three-dimensional finite elements.

We will then present a simple, thin-plate plane stress example problem to illustrate the
assemblage of the plane element stiffness matrices using the direct stiffness method as pre-
sented in Chapter 2. We will present the total solution, including the stresses within the plate.

Finally, we will develop the stiffness matrix for the simple four-noded rectangular (Q4)
element and compare the finite element solution to a beam bending problem modeled using
the CST and Q4 elements.

{ED Basic Concepts of Plane Stress and Plane Strain

In this section, we will describe the concepts of plane stress and plane strain. These concepts
are important because the developments in this chapter are directly applicable only to systems
assumed to behave in a plane stress or plane strain manner. Therefore, we will now describe
these concepts in detail.

Plane Stress

Plane stress is defined to be a state of stress in which the normal stress and the shear stresses
directed perpendicular to the plane are assumed to be zero. For instance, in Figures 6—1(a)
and 6-1(b), the plates in the x — y plane shown subjected to surface tractions T (pressure acting
on the surface edge or face of a member in units of force/area) in the plane are under a state
of plane stress; that is, the normal stress o, and the shear stresses 7., and 7,, are assumed to
be zero. Generally, members that are thin (those with a small z dimension compared to the
in-plane x and y dimensions) and whose loads act only in the x — y plane can be considered to
be under plane stress.

Plane Strain

Plane strain is defined to be a state of strain in which the strain normal to the x — y plane &,
and the shear strains y,. and vy, are assumed to be zero. The assumptions of plane strain are
realistic for long bodies (say, in the z direction) with constant cross-sectional area subjected to
loads that act only in the x and/or y directions and do not vary in the z direction. Some plane
strain examples are shown in Figure 6-2 [and in Figures 1—4 (a long underground box culvert)
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M Figure 6-2 Plane strain problems: (a) dam subjected to horizontal loading (See the
full-color insert for a color version of this figure.); (b) pipe subjected to a vertical load

and 14 (a hydraulic cylinder rod end)]. In these examples, only a unit thickness (1 mm or 1 m)
of the structure is considered because each unit thickness behaves identically (except near
the ends). The finite element models of the structures in Figure 6-2 consist of appropriately
discretized cross sections in the x — y plane with the loads acting over unit thicknesses in the
x and/or y directions only.

Two-Dimensional State of Stress and Strain

The concept of a two-dimensional state of stress and strain and the stress/strain relationships
for plane stress and plane strain are necessary to understand fully the development and appli-
cability of the stiffness matrix for the plane stress/plane strain triangular element. Therefore,
we briefly outline the essential concepts of two-dimensional stress and strain (see References
[1] and [2] and Appendix C for more details on this subject).

First, we illustrate the two-dimensional state of stress using Figure 6-3. The infinitesimal
element with sides dx and dy has normal stresses o and o, acting in the x and y directions
(here on the vertical and horizontal faces), respectively. The shear stress 7, acts on the x edge
(vertical face) in the y direction. The shear stress 7y, acts on the y edge (horizontal face) in the
x direction. Moment equilibrium of the element results in 7, being equal in magnitude to .
See Appendix C.1 for proof of this equality. Hence, three independent stresses exist and are
represented by the vector column matrix
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e dx

yx

Oy

W Figure 6-3 Two-dimensional state of stress

Ox

{o} =10y (6.1.1)

Ty

The element equilibrium equations are derived in Appendix C.1.

The stresses given by Eq. (6.1.1) will be expressed in terms of the nodal displacement
degrees of freedom. Hence, once the nodal displacements are determined, these stresses can
be evaluated directly.

Recall from strength of materials [2] that the principal stresses, which are the maximum
and minimum normal stresses in the two-dimensional plane, can be obtained from the follow-
ing expressions:

2
o, to O, — O
o = - > 2 +\/( a 3 y) +T,%y = O'max

o, + o Oy — O 2
0227)‘2 L — (7)(2 ’j + T3 = Omin

Also, the principal angle 6, which defines the normal whose direction is perpendicular to the
plane on which the maximum or minimum principal stress acts, is defined by

6.1.2)

2T,y

tan20, = (6.1.3)

o — 0y

Figure 64 shows the principal stresses o and o, and the angle 6,,. Recall (as Figure 64
indicates) that the shear stress is zero on the planes having principal (maximum and minimum)
normal stresses.

In Figure 6-5, we show an infinitesimal element used to represent the general two-
dimensional state of strain at some point in a structure. The element is shown to be displaced
by amounts « and v in the x and y directions at point A, and to displace or extend an additional
(incremental) amount (du/dx) dx along line AB, and (9v/dy) dy along line AC in the x and y
directions, respectively. Furthermore, observing lines AB and AC, we see that point B moves
upward an amount (9v/dx) dx with respect to A, and point C moves to the right an amount
(0u/dy) dy with respect to A.
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W Figure 6-5 Displacements and rotations of lines of an element in the x — y plane

From the general definitions of normal and shear strains and the use of Figure 6-5, we obtain

Ju v u v
—_ _ —_ __+_

= &y = . 6.1.4
dx ? dy ? dy dx ( )

Ex

Appendix C.2 shows a detailed derivation of Egs. (6.1.4). Hence, recall that the strains ¢, and
&y are the changes in length per unit length of material fibers originally parallel to the x and
y axes, respectively, when the element undergoes deformation. These strains are then called
normal (or extensional or longitudinal) strains. The strain y,, is the change in the original
right angle made between dx and dy when the element undergoes deformation. The strain vy,
is then called a shear strain.

The strains given by Eqs. (6.1.4) are generally represented by the vector column matrix

Ex

{e} =1 ¢ (6.1.5)
yxy
The relationships between strains and displacements referred to the x and y directions

given by Eqgs. (6.1.4) are sufficient for your understanding of subsequent material in this
chapter.
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

We now present the stress/strain relationships for isotropic materials for both plane stress
and plane strain. For plane stress, we assume the following stresses to be zero:

0. =Te=1,=0 (6.1.6)

Applying Eq. (6.1.6) to the three-dimensional stress/strain relationship [see Appendix C,
Eq. (C.3.10)], the shear strains y,, = vy,, = 0, but &, # 0. For plane stress conditions, we

then have
{o} =[Dl{e} (6.1.7)
1 v 0
where D1 = - E ~ 1Y ! 13\/ (6.1.8)
B 00 5

is called the stress/strain matrix (or constitutive matrix), E is the modulus of elasticity, and vis
Poisson’s ratio. In Eq. (6.1.7), {o'} and {¢} are defined by Eqgs. (6.1.1) and (6.1.5), respectively.
For plane strain, we assume the following strains to be zero:

& =Y = Vy: =0 (6.1.9)

Applying Eq. (6.1.9) to the three-dimensional stress/strain relationship [Eq. (C.3.10)], the shear
stresses T, = Ty, = 0, but o, # 0. The stress/strain matrix then becomes

1—v \%
E \% 1—v

TaHwa-w)| o o, -2
2

0
D] 0 6.1.10)

The {o} and {¢} matrices remain the same as for the plane stress case. The basic partial differ-
ential equations for plane stress, as derived in Reference [1], are

ax>  ayr 2 \ay*  oxd

Y Y Y (6.1.11)
3% N v _1+v(d*v  du
ax*  9y? 2 \ax?  oaxay

Derivation of the Constant-Strain Triangular
Element Stiffness Matrix and Equations

To illustrate the steps and introduce the basic equations necessary for the plane triangular
element, consider the thin plate subjected to tensile surface traction loads 7 in Figure 6-6(a).
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y,ud v
Ts Ts m
- ] 12NV
n
X, U X
W Figure 6-6(a) Thin plate in tension M Figure 6-6(b) Discretized plate of

Figure 6-6(a) using triangular elements

Step 1 Select Element Type

To analyze the plate, we consider the basic triangular element in Figure 6-7 taken from the
discretized plate, as shown in Figure 6-6(b). The discretized plate has been divided into tri-
angular elements, each with nodes such as i, j, and m. We use triangular elements because
boundaries of irregularly shaped bodies can be closely approximated in this way, and because
the expressions related to the triangular element are comparatively simple. This discretization
is called a coarse-mesh generation if a few large elements are used. Each node has two degrees
of freedom—an x and a y displacement. We will let #; and v; represent the node i displacement
components in the x and y directions, respectively.

Here all formulations are based on this counterclockwise system of labeling of nodes,
although a formulation based on a clockwise system of labeling could be used. Remember
that a consistent labeling procedure for the whole body is necessary to avoid problems in the
calculations such as negative element areas. Here (x;,;), (x;,y;), and (x,,,y,,) are the known
nodal coordinates of nodes i, j, and m, respectively.

The nodal displacement matrix is given by

U;
Vi

{d;} "
J

(di=tdjhp =1 " (6.2.1)

J

{dm}
Uy
Vin

Mm
Ui

i(x;, y1)
B

uj

J&5 )

X

W Figure 6-7 Basic triangular element showing degrees of freedom
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

Step 2 Select Displacement Functions
We select a linear displacement function for each element as

u(x,y) =a; +axx +azy
(6.2.2)
v(x,y) = a4 +asx + agy

where u(x,y) and v(x,y) describe displacements at any interior point (x;, y;) of the element.

The linear function ensures that compatibility will be satisfied. A linear function with
specified endpoints has only one path through which to pass—that is, through the two points.
Hence, the linear function ensures that the displacements along the edge and at the nodes shared
by adjacent elements, such as edge i-j of the two elements shown in Figure 6-6(b), are equal.
Using Eqgs. (6.2.2), the general displacement function {¢/}, which stores the functions « and v,
can be expressed as

a
a;
ay +arx + azy 1 x y 00 Of|as
{y} = = (6.2.3)
as + asx + agy 00 0 1 x yl||as

das

ae

To obtain the a s in Eqgs. (6.2.2), we begin by substituting the coordinates of the nodal
points into Egs. (6.2.2) to yield

up = u(x;,y;) = a + axx; + aszy;

uj = u(x;,y;) =a + axx; + azy;

Uy = U(Xp, V) = a1 + asxy, + azy, (6.2.4)
vi = v(x;,y) = as + asx; + agy;

v; =v(xj,y;) = as +asx; + agy;

Vi = VX, Ym) = a4 + asx,, + asym

We can solve for the a s beginning with the first three of Eqs. (6.2.4) expressed in matrix
form as

1
Uuj =11 X Y ay (625)
I Xm ym ||B

or, solving for the a s, we have

{a} = [x]"{u} (6.2.6)
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6.2 Derivation of the Constant-Strain Triangular Element Stiffness Matrix and Equations

where [x] is the 3 X 3 matrix on the right side of Eq. (6.2.5). The method of cofactors (Appen-
dix A) is one possible method for finding the inverse of [x]. Thus,

a;p  aj

1
1= | g . B 6.2.7
[x] 2A B Bi B ( )
Yi Vi VYm
I x
where 2A= |1 x; vy (6.2.8)
1 Xm Ym

is the determinant of [x], which on evaluation is
2A=xi(y; —ym) tx;QOm —yi) T xu(yi — ;) (6.2.9)
Here A is the area of the triangle, and

O = Xj¥Ym — YVjiXm Q&j = YViXp — XiYm Qm = X;Yj — ViXj
Bi =Y, = Ym Bji =Ym — Vi Bn =i —Yj (6.2.10)

Yi =Xm —Xj Yi =X T Xm Ym = Xj = Xi

Having determined [x]~!, we can now express Eq. (6.2.6) in expanded matrix form as

a | o i Ay ||y
ay = g Bi Bj Bm Mj (6211)
a3 Yi Yi Ym ||Um

Similarly, using the last three of Egs. (6.2.4), we can obtain

ay 1 o A QA Vi
4= Bi Bj Bm|yvi (6.2.12)
do Yi Vi VYm Vi

We will derive the general x displacement function u(x, y) of {{/} (v will follow analo-
gously) in terms of the coordinate variables x and y, known coordinate variables o;, @; ..., Y,
and unknown nodal displacements u;, u;, and u,,. Beginning with Eqgs. (6.2.2) expressed in
matrix form, we have

a
{uy =11 x ylHa (6.2.13)
as

Substituting Eq. (6.2.11) into Eq. (6.2.13), we obtain
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

| o A QA U;
{u}=ﬁ[l x Y Bi Bi Bwm|yuj (6.2.14)
Yi Vi Ym ||Unm

Expanding Eq. (6.2.14), we have

. ity + ajuj oyl
Yidi T yjuj t Yl

Multiplying the two matrices in Eq. (6.2.15) and rearranging, we obtain
1
u(x,y) = a{(ai + Bix + yiviu + (aj + Bix + yiyu; + (o + BuX + Yt} (6.2.16)

Similarly, replacing u; by v;, u; by v;, and u,, by v,, in Eq. (6.2.16), we have the y displacement
given by

v(x,y) = ﬁ{(ai + Bix + yiyvi +(a; + Bjx + vy + (am + BuX + Ymy)m} (6.2.17)
To express Egs. (6.2.16) and (6.2.17) for u and v in simpler form, we define
N; = ﬁ(ai + Bix + viy)
N; = i(aj + Bix + v;y) (6.2.18)
Np = ﬁ(am + Bux + Ymy)

Thus, using Egs. (6.2.18), we can rewrite Eqgs. (6.2.16) and (6.2.17) as
u(x,y) = Njj + Nju;j + N,u,,

6.2.19
v(x,y) = Nivi + Njv; + Ny, ( )
Expressing Egs. (6.2.19) in matrix form, we obtain
u(x,y) N,’Mi +Njuj +Nmum
W= v(x,y) N +Njv; + Nyvy,
u;
Vi
. Ni 0 Nj 0 Nm 0 u; 6.2.20
o L VA S R R A A I (62.20)
Uy
Vi
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6.2 Derivation of the Constant-Strain Triangular Element Stiffness Matrix and Equations

Finally, expressing Eq. (6.2.20) in abbreviated matrix form, we have
(¥} = [IN){d} (6.2.21)
where [NV] is given by

N O Nj 0 Ny 0
[N] = (6.2.22)
0 Ny 0 N, 0 N,

We have now expressed the general displacements as functions of {d}, in terms of the
shape functions N;, N, and N,,. The shape functions represent the shape of {¢} when plotted
over the surface of a typical element. For instance, N; represents the shape of the variable
u when plotted over the surface of the element for ; = 1 and all other degrees of freedom
equal to zero; thatis, u; = u,, =v; =v; =v, = 0. In addition, u(x;, y;) must be equal to ;.
Therefore, we must have N; =1, N; = 0, and N, = 0 at (x;, y;) . Similarly, u(x;,y;) = u;.
Therefore, N; = 0, N; =1,and N,, = 0 at (x;, y;) . Figure 6-8 shows the shape variation of
N; plotted over the surface of a typical element. Note that N; does not equal zero except along
a line connecting and including nodes j and m.

Finally, N; + N; + N, = 1for all x and y locations on the surface of the element so that
u and v will yield a constant value when rigid-body displacement occurs. The proof of this
relationship follows that given for the bar element in Section 3.2 and is left as an exercise
(Problem 6.1). The shape functions are also used to determine the body and surface forces at
element nodes, as described in Section 6.3.

The requirement of completeness for the constant-strain triangle element used in a two-
dimensional plane stress element is illustrated in Figure 6-9. The element must be able to
translate uniformly in either the x or y direction in the plane and to rotate without straining
as shown in Figure 6-9(a). The reason that the element must be able to translate as a rigid
body and to rotate stress-free is illustrated in the example of a cantilever beam modeled with
plane stress elements as shown in Figure 6-9(b). By simple statics, the beam elements beyond
the loading are stress free. Hence these elements must be free to translate and rotate without
stretching or changing shape.

W Figure 6-8 Variation of N; over the x — y surface of a typical element
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

(a) Rigid-body modes of a plane stress element (from left to right, pure
translation in x and y directions and pure rotation)

Rigid-body translation
and rotation occurs for
elements to right of load

(b) Cantilever beam modeled using constant-strain triangle elements;
elements to the right of the loading are stress-free

B Figure 6-9 Unstressed elements in a cantilever beam modeled with CST

Step 3 Define the Strain/Displacement and Stress/Strain Relationships

We express the element strains and stresses in terms of the unknown nodal displacements.

Element Strains

The strains associated with the two-dimensional element are given by

Ju
e dx
X
d
ey =1e, =4 2 (6.2.232)
dy
Yoy Jdu av
- 4+ =
ady dx

Substituting displacement functions for «# and v from Eqgs. (6.2.2) into Eq. (6.2.23a), we have

&y = ay &y =ag Yo =a3 t+as (6.2.23Db)

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



6.2 Derivation of the Constant-Strain Triangular Element Stiffness Matrix and Equations

We observe from Eq. (6.2.23b) that the strains in the element are constant. The element is then
called a constant-strain triangle (CST). It should be also noted that based on the assumption
of choosing displacement functions that are linear in x and y, all lines in the triangle element
remain straight as the element deforms.

Using Eqgs. (6.2.19) for the displacements, we have

J J
P —uy = (N + Nju; + Nyt (6.2.24)
dx dx

or Uy =N uj ¥ Njuj + Ny ity (6.2.25)

where the comma followed by a variable indicates differentiation with respect to that variable.
We have used u; , = 0 because u; , = u(x;, y;) is a constant value; similarly, u; , = 0 and
Uy = 0.

Using Eqgs. (6.2.18), we can evaluate the expressions for the derivatives of the shape func-
tions in Eq. (6.2.25) as follows:

1 9 Bi
Niy = —— (o +Bix +viy) = — 6.2.26
YR (o + Bix + v:y) A ( )
Similarly, N, = % and Npx = 'f—:; (6.2.27)

Therefore, using Egs. (6.2.26) and (6.2.27) in Eq. (6.2.25), we have
du 1
E = E(Biui + ,Bjuj + Bmum) (6228)

Similarly, we can obtain

ﬂ:i( Vi + YV F YVm)
Jy oA YiVi ViV YmVm
(6.2.29)
@—l—ﬂzi( i + Bivi + yjuj + Biv; + Ymitm + Buvi)
Jy Ix 2A'Yzz iVi Yl iV YmUm mVm
Using Eqgs. (6.2.28) and (6.2.29) in Eq. (6.2.23a), we obtain
u;
Vi
B0 B0 s 0 |F
J
=—10 vy O 0 m 6.2.30
{e} 24 Y. Yi Y v ( )
Yio Biovi B Ym Bu||,
Vim
{d:}
or {e} = [[B:] [Bj] [Bul|{td;} (6.2.31)
{dn}
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where
1 Bi O 1 BJ' 0 Bn O
Bl=—]0 i Bil=—10 ; B,]=—10 m 1(6.2.32
[Bi] A Y [B;] A Vi [Bu] oA Y | ( )
vi Bi Y Bj Ym  Bm

Finally, in simplified matrix form, Eq. (6.2.31) can be written as
{e} = [Bl{d} (6.2.33)
where [B] = [[B] [B;] [Bal] (6.2.34)

The [B] matrix (sometimes called a gradient matrix) is independent of the x and y coordinates.
It depends solely on the element nodal coordinates, as seen from Eqgs. (6.2.32) and (6.2.10).
The strains in Eq. (6.2.33) will be constant (consistent with the simple expressions previously
given by Eq. (6.2.23b).

Stress/Strain Relationship

In general, the in-plane stress/strain relationship is given by

Ox Ex
o, r =[D)X &, (6.2.35)
Txy Vxy

where [D] is given by Eq. (6.1.8) for plane stress problems and by Eq. (6.1.10) for plane strain
problems. Using Eq. (6.2.33) in Eq. (6.2.35), we obtain the in-plane stresses in terms of the
unknown nodal degrees of freedom as

{o} = [DI[BI{d} (6.2.36)

where the stresses {0} are also constant everywhere within the element.

Step 4 Derive the Element Stiffness Matrix and Equations
Using the principle of minimum potential energy', we can generate the equations for a typical
constant-strain triangular element. Keep in mind that for the basic plane stress element, the

total potential energy is now a function of the nodal displacements u;, v;, uj, ..., v, (that is,
{d}) such that

n-p = n’p(uivvivuj,""vm) (6237)

'For one with an understanding of variational calculus, it might be appropriate to mention that the standard finite element
method displacement formulation, based on taking the variation of the total potential energy, inherently enforces the fact that
internal equilibrium and stress boundary conditions are enforced in an average or integral sense rather than point by point.
In the literature, the formal mathematical basis of the finite element method is called the weak form of the finite element
formulation. This is in opposition to the strong form where all the governing stress differential equations plus the boundary
conditions are stated and satisfied point by point.

Furthermore, the terminology of weak form versus strong form should not imply weakness of the weak form as both forms are
valid statements of a problem, such as the plane stress one. In fact, it can be shown that the weak form leads to the strong form
when infinitely many degrees of freedom are approached. For a more in-depth treatment of strong versus weak form, consult [3].
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6.2 Derivation of the Constant-Strain Triangular Element Stiffness Matrix and Equations

Here the total potential energy is given by

T, =U+Q +Q, +Q (6.2.38)

where the strain energy is given by
_1 T
U= j“[‘l.{a‘} {g}av (6.2.39)

or, using Eq. (6.2.35), we have

U= %J{J{s}T[D]{e} dv (6.2.40)

where we have used [D]T = [D] in Eq. (6.2.40).
The potential energy of the body forces is given by

Q= —jjj{l/f}T{X} dv (6.2.41)
14

where {/} is again the general displacement function, and {X} is the body weight/unit volume
or weight density matrix (typically, in units of kilonewtons per cubic meter).
The potential energy of concentrated loads is given by

Q, = —{d}" (P} (6.2.42)

where {d} represents the usual nodal displacements, and { P} now represents the concentrated
external loads.

The potential energy of distributed loads (or surface tractions) moving through respective
surface displacements is given by

Q = —[[tws) (Ts) ds (6.2.43)
N

where {Ts } represents the surface tractions (typically in units of kilonewtons per square meter),
{5} represents the field of surface displacements through which the surface tractions act, and
S represents the surfaces over which the tractions {7} act. Similar to Eq. (6.2.21), we express
{s}as {s} = [Ns]{d}, where [Ng] represents the shape function matrix evaluated along the
surface where the surface traction acts.

Using Eq. (6.2.21) for {¢/} and Eq. (6.2.33) for the strains in Eqgs. (6.2.40) through (6.2.43),
we have

x, = %jij{d}r[B]r[D][B]{d}dv - J.‘U{d}T[N]T{X} av — {d}"{P}
(6.2.44)
= 1@y s 1T Ty s
S
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

The nodal displacements {d} are independent of the general x — y coordinates, so {d} can be
taken out of the integrals of Eq. (6.2.44). Therefore,

1
ﬂ:p—E

(@ [[JIBY DB avid) — ()T [[[IN{x} av
v v (6.2.45)

— {d)T{P) — ()" [[INsIT{T5) dS
S

From Egs. (6.2.41) through (6.2.43), we can see that the last three terms of Eq. (6.2.45) repre-
sent the total load system {f} on an element; that is,

)= [[JngTixyav + (Py + [[INsT {T5} ds (6.2.46)
1% N

where the first, second, and third terms on the right side of Eq. (6.2.46) represent the body
forces, the concentrated nodal forces, and the surface tractions, respectively. Using Eq. (6.2.46)
in Eq. (6.2.45), we obtain

7y = AV [[[IBVIDBIAVIa) = (V1) (6.247)
\%4

Taking the first variation, or equivalently, as shown in Chapters 2 and 3, the partial derivative
of r, with respect to the nodal displacements since 7, = 7,({d}) (as was previously done for
the bar and beam elements in Chapters 3 and 4, respectively), we obtain

in, _ p B
— = B]'[D][B]dV|{d} — =0 6.2.48
T {j{j[][][] }{} i) (6.2.48)
Rewriting Eq. (6.2.48), we have
[[[iBrrD1BIaV{d} = (1} (6.2.49)
|4

where the partial derivative with respect to matrix {d} was previously defined by Eq. (2.6.12).
From Eq. (6.2.49) we can see that

(k1= [[[tBI D1BY AV (6.2.50)
|4

For an element with constant thickness, #, Eq. (6.2.50) becomes
(k] =1 j j [BI"[D][B] dx dy (6.2.51)
A

where the integrand is not a function of x or y for the constant-strain triangular element and
thus can be taken out of the integral to yield

(k] = tA[B]"[DI[B] (6.2.52)
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6.2 Derivation of the Constant-Strain Triangular Element Stiffness Matrix and Equations

where A is given by Eq. (6.2.9), [B] is given by Eq. (6.2.34), and [D] is given by Eq. (6.1.8) or
Eq. (6.1.10). We will assume elements of constant thickness. (This assumption is convergent
to the actual situation as the element size is decreased.)

From Eq. (6.2.52) we see that [k] is a function of the nodal coordinates (because [B] and
A are defined in terms of them) and of the mechanical properties E and v (of which [D] is a
function). The expansion of Eq. (6.2.52) for an element is

[kil  [kil  [kin]
(k] = | [ki] kil lkjml (6.2.53)
[kmi] [kmj] [kmm]

where the 2 X 2 submatrices are given by
[ki] = [B;]" [D][B;JiA
[k;] = [Bi]"[DI[B;1tA (6.2.54)
[kin]1 = [B;1" [D][ B, ItA

and so forth. In Eqgs. (6.2.54), [B;],[B;], and [ B, ] are defined by Eqgs. (6.2.32). The [k] matrix
is seen to be a6 X 6 matrix (equal in order to the number of degrees of freedom per node, two,
times the total number of nodes per element, three).

In general, Eq. (6.2.46) must be used to evaluate the surface and body forces. When Eq.
(6.2.46) is used to evaluate the surface and body forces, these forces are called consistent loads
because they are derived from the consistent (energy) approach. For higher-order elements,
typically with quadratic or cubic displacement functions, Eq. (6.2.46) should be used. However,
for the CST element, the body and surface forces can be lumped at the nodes with equivalent
results (this is illustrated in Section 6.3) and added to any concentrated nodal forces to obtain
the element force matrix. The element equations are then given by

fis "
ﬁy kll k12 ces k16 Vi

x ky kyn ...k
Pl - L . (6.2.55)
f2y : : : Vo
f:%x k()] k62 vee k66 us
f3y V3

Finally, realizing that the strain energy U is the first term on the right side of Eq. (6.2.47)
and using the expression for the stiffness matrix given by Eq. (6.2.50), we can again express
the strain energy in the quadratic form U = %{d}"[k]{d}.

Step 5 Assemble the Element Equations to Obtain the Global
Equations and Introduce Boundary Conditions

We obtain the global structure stiffness matrix and equations by using the direct stiffness
method as

N
[K]= Y [k©] (6.2.56)
e=1
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

and {F} = [K]{d} (6.2.57)

where, in Eq. (6.2.56), all element stiffness matrices are defined in terms of the global x —y
coordinate system, {d} is now the total structure displacement matrix, and

N
{F} = {f©) (6.2.58)
e=1

is the column of equivalent global nodal loads obtained by lumping body forces and distributed
loads at the proper nodes (as well as including concentrated nodal loads) or by consistently
using Eq. (6.2.46). (Further details regarding the treatment of body forces and surface tractions
will be given in Section 6.3.)

In the formulation of the element stiffness matrix Eq. (6.2.52), the matrix has been derived
for a general orientation in global coordinates. Equation (6.2.52) then applies for all elements.
All element matrices are expressed in the global-coordinate orientation. Therefore, no trans-
formation from local to global equations is necessary. However, for completeness, we will now
describe the method to use if the local axes for the constant-strain triangular element are not
parallel to the global axes for the whole structure.

If the local axes for the constant-strain triangular element are not parallel to the global
axes for the whole structure, we must apply rotation-of-axes transformations similar to those
introduced in Chapter 3 by Eq. (3.3.16) to the element stiffness matrix, as well as to the element
nodal force and displacement matrices. We illustrate the transformation of axes for the triangu-
lar element shown in Figure 610, considering the element to have local axes x’ — y' not parallel
to global axes x —y. Local nodal forces are shown in the figure. The transformation from local
to global equations follows the procedure outlined in Section 3.4. We have the same general
expressions, Egs. (3.4.14), (3.4.16), and (3.4.22), to relate local to global displacements, forces,
and stiffness matrices, respectively; that is,

{dy=[T{d}y {f}y=I[THf} [k1=I[TT[K]T] (6.2.59)
where Eq. (3.4.15) for the transformation matrix [7] used in Egs. (6.2.59) must be expanded

because two additional degrees of freedom are present in the constant-strain triangular element.
Thus, Eq. (3.4.15) is expanded to

W Figure 6-10 Triangular element with local axes not parallel to global axes
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6.2 Derivation of the Constant-Strain Triangular Element Stiffness Matrix and Equations

C S 0 oi 0 of w
-S C! 0 0! 0 O]V
________ 122000 0 0
0 00 C S' 0 0]u
T] = : : 6.2.60
=1 0 0i-s ci o0 o] (6:2:60
0 0 0 01 C S| ttn
| 0 0] 0 0]-S C| v,

where C = cosf, S = sinf, and 0 is shown in Figure 6-10.

Step 6 Solve for the Nodal Displacements

We determine the unknown global structure nodal displacements by solving the system of
algebraic equations given by Eq. (6.2.57).

Step 7 Solve for the Element Forces (Stresses)

Having solved for the nodal displacements, we obtain the strains and stresses in the global
x and y directions in the elements by using Eqs. (6.2.33) and (6.2.36). Finally, we deter-
mine the maximum and minimum in-plane principal stresses o and o by using the trans-
formation Eqgs. (6.1.2), where these stresses are usually assumed to act at the centroid of
the element. The angle that one of the principal stresses makes with the x axis is given by
Eq. (6.1.3).

EXAMPLE 6.1

Evaluate the stiffness matrix for the element shown in Figure 6-11. The coordinates are
shown in units of mm. Assume plane stress conditions. Let E = 210 GPa, v = 0.25,
and thickness + = 20 mm. Assume the element nodal displacements have been determined
to be u; = 0.0, v = 0.05mm, u, = 0.025mm, v, = 0.0, uz3 = 0.0, and v3 = 0.05 mm.
Determine the element stresses.

y
(0, 20)
m=3
\] -
X
(40, 0)
i=1 (0,20

M Figure 6-11 Plane stress element for stiffness matrix evaluation
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

SOLUTION:

We use Eq. (6.2.52) to obtain the element stiffness matrix. To evaluate [k], we first use
Egs. (6.2.10) to obtain the B s and 7 s as follows:
Bi=yj —ym=0-20=-20 v,

=Xy, —x; =0—40 =-40

Bi=ym —¥yi=20—(=200=40 y;=xi —x, =0—-0=0 (6.2.61)
Bn=yi =y, =—20-0=-20 1, =x; —x; =40 — 0 =40
Using Eqs. (6.2.32) and (6.2.34), we obtain matrix [B] as
100 -2 0 4 0 -2 0
[B]l=——| 0 -4 0 0 0 4 (6.2.62)
14 204 4 —2
where we have used A = 0.0008 m? in Eq. (6.2.62).
Using Eq. (6.1.8) for plane stress conditions,
1 0.25 0
210 X 10° | 0.
(py = 20X 10 10251 0 |Nm (6.2.63)
1 —(0.25)2 1—-0.25
0 0
2
Substituting Egs. (6.2.62) and (6.2.63) into Eq. (6.2.52), we obtain
(2 0 —4]
0 —4 -2
k] = (0.02)(0.0008)(100)210 X 10°| 4 0 0
16(0.9375) o 0 2
-2 0 2
| 0 4 =2
1 025 0 100 -2 04 0 -2 0
X 1025 1 0 —1 0 4 0 0 0 4
0 0o 03752®|—4 2 04 4 —2
Performing the matrix triple product, we have
[ 25 125 -2 —15 -05 025 |
1.25 4375 -1 -—-0.75 —-025 -3.625
M=s6xi07| -~ o7 LN o
= X — 2.
L] -1.5 -0.75 0 1.5 1.5 —=0.75 ( )
-05 —-025 -2 15 25 —1.25
025 —-3.625 1 —-075 —125 4375
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6.3 Treatment of Body and Surface Forces

To evaluate the stresses, we use Eq. (6.2.36). Substituting Eqgs. (6.2.62) and (6.2.63),
along with the given nodal displacements, into Eq. (6.2.36), we obtain

oy 1 025 0
X 9
oy b= Lloz 025 1 0
; =027 o 0375
Xy
0.0 (6.2.65)
-2 0 4 0 -2 0]]|905
1001 4 0 0 o0 4002510
2(8) 0.0
—4 =2 0 4 4 2|40
0.05
Performing the matrix triple product in Eq. (6.2.65), we have
oy =140MPa o, =35MPa 7, = —105MPa (6.2.66)

Finally, the principal stresses and principal angle are obtained by substituting the results
from Eqs. (6.2.66) into Egs. (6.1.2) and (6.1.3) as follows:

r q1/2

2
+ -
gy = 140435 (140 35) 1057

2 2

= 204.89 MPa

r 9172

_ 2
oy = 1402+ 35 _ (1402 35) + (—105) (6.2.67)

—29.89 MPa
2(—1
b, = L [ 20109
2 140 — 35

} = —-31.7°

(KD Treatment of Body and Surface Forces

Body Forces

Using the first term on the right side of Eq. (6.2.46), we can evaluate the body forces at the

nodes as
)= [[JINTxyav (6.3.1)
\%
where {X} = (6.3.2)
Y,
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

m Figure 6-12 Element with centroidal coordinate axes

and X}, and Y, are the weight densities in the x and y directions in units of force/unit volume,
respectively. These forces may arise, for instance, because of actual body weight (gravitational
forces), angular velocity (called centrifugal body forces, as described in Chapter 9), or inertial
forces in dynamics.

In Eq. (6.3.1), [V] is a linear function of x and y; therefore, the integration must be carried
out. Without lack of generality, the integration is simplified if the origin of the coordinates
is chosen at the centroid of the element. For example, consider the element with coordinates
shown in Figure 6-12. With the origin of the coordinate placed at the centroid of the element,

we have, from the definition of the centroid, ”x dA = ” ydA = 0 and therefore,

[[ Bixda = [[yiyaa =0 (6.3.3)

2A
and o = =, = 3 (6.3.4)

Using Egs. (6.3.2) through (6.3.4) in Eq. (6.3.1), the body force at node i is then represented by

_ XA
{ﬂﬁ—{n}3 (6.3.5)

Similarly, considering the j and m node body forces, we obtain the same results as in
Eq. (6.3.5). In matrix form, the element body forces are

fbix Xb
Soiy Y,
Sojx Xp | At
= = — 6.3.6
W= =1 13 (63.6)
fbmx Xb
fbmy Yb

From the results of Eq. (6.3.6), we can conclude that the body forces are distributed to the nodes
in three equal parts. The signs depend on the directions of X, and ¥}, with respect to the positive
x and y global coordinates. For the case of body weight only, because of the gravitational force
associated with the y direction, we have only ¥, (X, = 0).
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6.3 Treatment of Body and Surface Forces

L ~— p (N/m%)

(a) (b)

M Figure 6-13 (a) Elements with uniform surface traction acting on one edge and
(b) element 1 with uniform surface traction along edge 1-3

Surface Forces
Using the third term on the right side of Eq. (6.2.46), we can evaluate the surface forces at the nodes as

(£} = [JinsIT{Ts} as (6.3.7)
S

We emphasize that the subscript S in [Ng]in Eq. (6.3.7) means the shape functions evaluated
along the surface where the surface traction is applied.

We will now illustrate the use of Eq. (6.3.7) by considering the example of a uniform
stress p (say, in pounds per square inch) acting between nodes 1 and 3 on the edge of element
1 in Figure 6-13(b). In Eq. (6.3.7), the surface traction now becomes

{Ts} = {px} = {p} (6.3.8)
Py 0

N O
0 M
N, O
d Ng]' = 6.3.9
an [Ns] 0 N, ( )
Ny O
0 N3 | evaluatedatx =a,y =y

As the surface traction p acts along the edge at x =@ and y =y fromy=0toy =L, we
evaluate the shape functions at x = a and y = y and integrate over the surface from 0 to L in
the y direction and from O to ¢ in the z direction, as shown by Eq. (6.3.10).

Using Eqgs. (6.3.8) and (6.3.9), we express Eq. (6.3.7) as

N0 ]
0 N
il N> 0 p
k= .[o.[o 0 N, {O}dz dy (6.3.10)
Ny 0
0 N;| evaluatedatx =a,y =y
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

Simplifying Eq. (6.3.10), we obtain
]
0
L | Nap
Br=e |y | @ 63.11)
Nsp
0 | evaluatedatx =a,y =y

Now, by Egs. (6.2.18) (withi = 1), we have

Ny = i(al + Bix + y1y) (6.3.12)

For convenience, we choose the coordinate system for the element as shown in Figure 6—14.
Using the definition Egs. (6.2.10), we obtain

i = XjYm = YjXm
or,withi =1,j=2,andm = 3,

o) = X2)3 T )2x3 (6.3.13)
Substituting the coordinates into Eq. (6.3.13), we obtain

a =0 (6.3.14)

Similarly, again using Egs. (6.2.10), we obtain

B=0 yi=a (6.3.15)
Therefore, substituting Eqs. (6.3.14) and (6.3.15) into Eq. (6.3.12), we obtain

Ny = — (6.3.16)

®

a 3

W Figure 6-14 Representative element subjected to edge surface traction p
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6.3 Treatment of Body and Surface Forces

Similarly, using Egs. (6.2.18), we can show that

_ Lla—x) and N; = Lx —ay 6.3.17)

N>
2A 2A

On substituting Egs. (6.3.16) and (6.3.17) for N, N,, and N3 into Eq. (6.3.11), evaluating Ny,
Nj, and N3 at x = a and y =y (the coordinates corresponding to the location of the surface
load p), and then integrating with respect to y, we obtain

L2
{5)
0
t 0
= 6.3.18
Ul 2(aL/2) 0 ( )
(Lz - %2) ap
0

where the shape function N, = 0 between nodes 1 and 3, as should be the case according to
the definitions of the shape functions. Simplifying Eq. (6.3.18), we finally obtain

ot pLt/2
fsly 0
£} = ;z = 8 (6.3.19)
s2y
fizx pLt/2
f;‘3y 0

Figure 6-15 illustrates the results for the surface load equivalent nodal forces for both
elements 1 and 2.

We can conclude that for a constant-strain triangle, a distributed load on an ele-
ment edge can be treated as concentrated loads acting at the nodes associated with the
loaded edge by making the two kinds of load statically equivalent [which is equivalent to

1 bl
2

©
3

[— [~ ——l—— [~ ———
(o)

©)
4 oLt

a 2

m Figure 6-15 Surface traction equivalent nodal forces
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

applying Eq. (6.3.7)]. However, for higher-order elements such as the linear-strain triangle
(discussed in Chapter 8), the load replacement should be made by using Eq. (6.3.7), which
was derived by the principle of minimum potential energy. For higher-order elements, this
load replacement by use of Eq. (6.3.7) is generally not equal to the apparent statically
equivalent one; however, it is consistent in that this replacement results directly from the
energy approach.

We now recognize the force matrix { f;} defined by Eq. (6.3.7), and based on the principle
of minimum potential energy, to be equivalent to that based on work equivalence, which we
previously used in Chapter 4 when discussing distributed loads acting on beams.

XD Explicit Expression for the Constant-Strain
Triangle Stiffness Matrix

Although the stiffness matrix is generally formulated internally in most computer programs
by performing the matrix triple product indicated by Eq. (6.4.1), it is still a valuable learning
experience to evaluate the stiffness matrix explicitly for the constant-strain triangular element.
Hence, we will consider the plane strain case specifically in this development.

First, recall that the stiffness matrix is given by

[k] = tA[B]"[DI][B] (6.4.1)

where, for the plane strain case, [D] is given by Eq. (6.1.10) and [B] is given by Eq. (6.2.34).
On substituting the matrices [D] and [B] into Eq. (6.4.1), we obtain

B 0 v
0 v B
(K] = tE Bi 0 v
4A0+wv)1—2v)| O vy; B
Bn 0 Ym
_O ’ym Bm_

X 1= o 0O v 0 v; 0 vy (6.4.2)

0 0 2 Yi Bi Vi Bi Ym Bnm

On multiplying the matrices in Eq. (6.4.2), we obtain Eq. (6.4.3), the explicit constant-strain
triangle stiffness matrix for the plane strain case. Note that [k] is a function of the difference
in the x and y nodal coordinates, as indicated by the vy s and 3 s, of the material properties £
and v, and of the thickness ¢ and surface area A of the element.
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6.5 Finite Element Solution of a Plane Stress Problem

k] = tE
4A(1 +v)1 — 2v)
[ 1-2 1-2 1-2
Bl —v) + ’)’,2( > v) Biyiv + Bivi [ij BiB;d —v) + vy, (Tv)
1—-2 1—-2
il —v)+ ﬁ?( 5 v) Biviv + Bry; (ij
X

1—-2
B}(l—v>+v%( . V]

Symmetry

1-2 1-2 1-2
Bryv + Bﬂ’i[ > vj BiBn(l = V) + ¥ivm (Tv) BiYmV + Bnyi [ij

1—-2 1—-2 1—-2
vivid —=v) + BB, (Tv) BuwyiV + Biym (Tv) Yivm(1 —v) + Biﬁm( 3 v)

1—2v
Bjviv + Bjvj (—

1—2 1—2
> ) Bj,Bm(l —Vv)+ YiYm (Tv) ,Bj'}’mv + '}’j,Bm (—V)

2

1—-2 1—-2 1—-2
VA= v) + B2 [ij BuyiV + By (TV) VYl = V) + Bij( - Vj

Ba—v)+ vi (1 _sz) YiBmV + Bu¥m (1 _22‘/)

VAl —v) + B%(l —sz)

(6.4.3)

For the plane stress case, we need only replace 1 — v by 1, (1 — 2v)/2 by (1 — v)/2, and
(1 + v)(1 — 2v) outside the brackets by I — v?in Eq. (6.4.3).

Finally, it should be noted that for Poisson’s ratio v approaching 0.5, as in rubber-like
materials and plastic solids, for instance, a material becomes incompressible [2]. For plane
strain, as v approaches 0.5, the denominator becomes zero in the material property matrix [see
Eq. (6.1.10)] and hence in the stiffness matrix, Eq. (6.4.3). A value of v near 0.5 can cause
ill-conditioned structural equations. A special formulation (called a penalty formulation [3])
has been used in this case.

(D Finite Element Solution of a Plane Stress Problem

To illustrate the finite element method for a plane stress problem, we now present a detailed
solution.
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

EXAMPLE 6.2

For a thin plate subjected to the surface traction shown in Figure 6-16, determine the nodal
displacements and the element stresses. The plate thickness # = 20 mm, £ = 210 GPa, and

v = 0.30.
- ‘,/20 mm
4
/T 1 o
400 mm |
200 mm 4+— T = 7MPa
+—»
L A

B Figure 6-16 Thin plate subjected to tensile stress

SOLUTION:

Discretization

To illustrate the finite element method solution for the plate, we first discretize the plate
into two elements, as shown in Figure 6—-17. It should be understood that the coarseness
of the mesh will not yield as true a predicted behavior of the plate as would a finer mesh,
particularly near the fixed edge. However, since we are performing a longhand solution, we
will use a coarse discretization for simplicity (but without loss of generality of the method).

In Figure 617, the original tensile surface traction in Figure 6-16 has been converted
to nodal forces as follows:

F=1m
2
1
F=2@X 109)(20 X 1073)(200 X 1073)
F = 14,000 N
’ 2 3
» 14 kN
®
y
, Q@
» 14 kN

1 x
B Figure 6-17 Discretized plate
In general, for higher-order elements, Eq. (6.3.7) should be used to convert distributed sur-

face tractions to nodal forces. However, for the CST element, we have shown in Section 6.3
that a statically equivalent force replacement can be used directly, as has been done here.
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6.5 Finite Element Solution of a Plane Stress Problem

The governing global matrix equation is

{F} =[K){d} (6.5.1)

Expanding matrices in Eq. (6.5.1), we obtain

Fix Rix U 0
Fix Ry Vi 0
F2x R, up 0
Pl _ ) Ry L) L2l © 6.5.2)
B 14,000 3 13
B3y 0 €] V3
Fy, 14,000 s s
F4y 0 V4 V4

where[K]is an8 X 8 matrix (two degrees of freedom per node with four nodes) before delet-
ing rows and columns to account for the fixed boundary support conditions at nodes 1 and 2.

Assemblage of the Stiffness Matrix

We assemble the global stiffness matrix by superposition of the individual element stiffness
matrices. By Eq. (6.2.52), the stiffness matrix for an element is

[k] = tA[B]"[D][B] (6.5.3)

In Figure 6-18 for element 1, we have coordinates x; = 0, y; = 0, x; = 400 mm, y; = 10,
Xn = 0, and y,, = 200 mm, since the global coordinate axes are set up at node 1, and

A= Lo
2
A= (%)(0.4)(0.2) = 0.04 m?

m =2 j=3

i=1
W Figure 6-18 Element 1 of the discretized plate
or, in general, A can be obtained equivalently by the nodal coordinate formula of Eq. (6.2.9).
We will now evaluate [B], where [B] is given by Eq. (6.2.34), expanded here as

B 0 B 0 Bu O

1
[B] = ﬁ 0O v 0 vy 0 vy, (6.5.4)
Yi Bi Yi Bi Ym Bnm
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

and, from Eqgs. (6.2.10),

Bi =yj —ym =200 —200=0
Bj =ym —yi =200 — 0 =200
Bn =y —y; =0 —200 =-200
Yi =Xn —x; =0 — 400 = —400
Vi =% —x, =0—-0=0

Ym =x; —x; =400 — 0 =400

(6.5.5)

Therefore, substituting Eqs. (6.5.5) into Eq. (6.5.4), we obtain

0 0 10 0 -—10 0
X -3
[B] = _20> 107 0 —-20 0 O 0 20 € (6.5.6)

2
2X4X107 50 0 0 10 20 —10| ™

For plane stress, the [D] matrix is conveniently expressed here as
1 v 0
E
[D] = 1_72 v 1 8 v (6.5.7)
A=vIHlo o

Withv = 0.3 and E = 210 X 10° N/m, we obtain

1 03 0
031 O N/m (6.5.8)
0 0 035

_210(10%)

T

0 0 —20
0 —20 0

(20 X 1073)(210 X 10%)| 10 0 0 ! 030

Then [B][D] = - 0 0 10 03 1 0 (6.5.9)
(2 X 4 X107%)(0.91) 0 0 035
—10 0 20
| 0 20 —10}
Simplifying Eq. (6.5.9) yields
0 0 -7 ]
-6 —20 O
(52.5)(10%) | 10 30
Bl'[D] = ————— 5.1
[BILD] 0.91 0 0 35 (65.10)
-10 -3 7
| 6 20 —35]
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6.5 Finite Element Solution of a Plane Stress Problem

Using Eqgs. (6.5.10) and (6.5.6) in Eq. (6.5.3), we have the stiffness matrix for element 1 as

0 0 -7
-6 —20 0
L (52.5)(10% | 10 30
kD] = (0.04)(20 X 1073 (625007
(K71 = (0.04) ) 0.91 0 0 35
-10 -3 7
| 6 20 —35]
0 0 10 0 —10 0
20 X 1073
% -20 0 0 0 20 (6.5.11)

—20 0 0 10 20 —10

Finally, simplifying Eq. (6.5.11) yields

u Vi u3 V3 Uz V2

140 0 0 —70 —140 70
0 400 —60 0 60 —400| \
10.5 X 10° 0 —-60 100 0 —100 60| — (6.5.12)
091 -70 0 0 35 70 -35| "
~140 60 —100 70 240 —130
70 —400 60 —35 —130 435

[k(l)] =

where the labels above the columns indicate the counterclockwise nodal order of the degrees
of freedom in the element 1 stiffness matrix.

©

i=1 j=4

W Figure 6-19 Element 2 of the discretized plate

In Figure 6-19 for element 2, we have x; =0, y; =0, x; =400 mm, y; =0,
X,m = 400 mm, and y,, = 200 mm. Then, from Egs. (6.2.10), we have

Bi =yj —ym =0 —200=—-200
Bj =ym —y =200 —0 =200
Vi =Xn —x; =400 —400 =0
vj =X —Xn =0 — 400 = —400
Ym =x; —x; =400 — 0 = 400

(6.5.13)
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Therefore, using Eqgs. (6.5.13) in Eq. (6.5.4) yields

_20x10°7 —10

L8] (2)(0.04)

0

The [D] matrix is again given by

210(10%)

e

Then, using Egs. (6.5.14) and (6.5.15), we obtain

[BI'[D] =

(2 X 1073)(210 X 10?)

0
0
10

1
03 1
0

[—10
0
10

(2)(0.04)(0.91)

Simplifying Eq. (6.5.16) yields

0
0

0

10

0

—20

03 0

0

0

—20

0
0

10 20

N/m

0.35

0
0
0
—20
0

0
—-10
—20

10
20

1

0

03 1

0
20
0

6 | Development of the Plane Stress and Plane Strain Stiffness Equations

1 (6.5.14)
m

(6.5.15)

03 0
0
0.35

(6.5.16)
0

(52.5)(10%)

T(p] =
[B]'[D] 091

(6.5.17)

Finally, substituting Egs. (6.5.17) and (6.5.14) into Eq. (6.5.3), we obtain the stiffness matrix
for element 2 as

10 -3
0 0
~ 52.5)(10%) | 10 3

K] = (20 X 10-3)(0.04) 222100
1= ( 00D 01 —6 —20
0 0
6 20
10 0 10 0 0

-3

x 20 %107 0 0 —-20 0
2(0.04) 0 —10 —20 10 20
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0
—3.5
=7

3.5

7

0

0
20
0

(6.5.18)



6.5 Finite Element Solution of a Plane Stress Problem

Equation (6.5.18) simplifies to

up V1 Uy V4 usz V3

100 0 —100 60 0 —60
0 3 70 =35 =70 0
10.5X10° | =100 70 240 —130 —140 60| N (6.5.19)
0.91 60 —35 —130 435 70 —400| m
0 =70 —140 70 140 0
-60 0 60 —400 0 400

[k?] =

where the degrees of freedom in the element 2 stiffness matrix are shown above the col-
umns in Eq. (6.5.19). Rewriting the element stiffness matrices, Eqs. (6.5.12) and (6.5.19),
expanded to the order of, and rearranged according to, increasing nodal degrees of freedom
of the total [K] matrix (where we have factored out a constant 5), we obtain

Element 1

u V1 up 1% usz V3 Ug V4
[ 28 0 -28 14 0 —14 0 0]

0 8 12 —80 —12 000

—28 12 48 —26 —-20 14 0 O

(= S25X10° |14 —80 —26 87 12 =7 0 0| N (6520)
0.91 0 —12 —-20 12 20 0 0 0| m

—14 0 14 -7 0 7 0 0

0 0 0 0 0 000
|0 0 0 0 0 00 0]

Element 2

u V1 u; v usz V3 Ua Va
20 000 0 —12 —20 12]

0 70 0 —14 0 14 =7

0 00 0 0 0 0 0

[k@)]:M 0 000 O 0 0 0fN(@520)
0.91 0 —14 0 0 28 0 —28 14| m

-12 000 0 80 12 —80

20 14 0 0 —28 12 48 —26
| 12 -7 0 0 14 —80 -26 87|

Using superposition of the element stiffness matrices, Eqs. (6.5.20) and (6.5.21), now that
the orders of the degrees of freedom are the same, we obtain the total global stiffness
matrix as
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

u V1 up %) us 1% Ug Va
48 0 —28 14 0 —-26 —20 12
0 87 12 —80 —26 0o 14 =7
—28 12 48 —26 —20 14 0 0
_ 525 x10° 14 -8 -26 87 12 -7 0 0| N (6522
B 0.91 0 —26 —20 12 48 0 —28 14| m
—26 0o 14 =7 0o 87 12 =80
-20 14 0 0 —28 12 48 —26

12 =7 0 0 14 —-80 —26 87

(K]

[Alternatively, we could have applied the direct stiffness method to Eqgs. (6.5.12) and
(6.5.19) to obtain Eq. (6.5.22).] Substituting [K] into {F'} = [K]{d} of Eq. (6.5.2), we have

Ri 48 0 —28 14 0 —26 —20 12]|0
Riy 0 8 12 -8 —-26 0 14 -7[|0
Ry« -28 12 48 —-26 —20 14 0 0[]0
Ry | _525%X10°| 14 -80 —26 87 12 -7 0 0[]0 6523)
14,000 0.91 0 —26 —20 12 48 0 —28 14 ||us|
0 -26 0 14 -7 0 87 12 —80||vs
14,000 -20 14 0 0 —28 12 48 —26||us
0 12 -7 0 0 14 —-80 —26 87]|w

Applying the support or boundary conditions by eliminating rows and columns correspond-
ing to displacement matrix rows and columns equal to zero [namely, rows and columns 1-4
in Eq. (6.5.23)], we obtain

14,000 48 0 —28 14|
5 X 10° -
0 _ 525X10 0 87 12 —80|)vs (6.5.24)
14,000 0.91 —28 12 48 —26||wa
0 14 80 —26 87 ||,
Premultiplying both sides of Eq. (6.5.24) by [K]"!, we have
us 48 0 —28 14] ' [14,000
Vi _ 0.91 0 87 12 —80 0 (6.5.25)
Uy 525X106|—-28 12 48 —26 14,000
Va 14 —-80 —-26 87 0
Solving for the displacements in Eq. (6.5.25), we obtain
u3 0.05024
91
v3| _ 091 ]0.00034 (6.5.26)

us [ 3750 | 0.05470
va 0.00878
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6.5 Finite Element Solution of a Plane Stress Problem

Simplifying Eq. (6.5.26), the final displacements are given by

3 12.19
Vs 0.083 B

- X 106 6.5.27
s 13.27 m (6.5.27)
vy 2.08

Comparing the finite element solution to an analytical solution, as a first approximation,
we have the axial displacement given by

PL _ (28,000)0.4
AE (20 X 1073)(200 X 103)(210 X 10?)

=13.33X107°m

for a one-dimensional bar subjected to tensile force. Hence, the nodal x displacement com-

ponents of Eq. (6.5.27) for the two-dimensional plate appear to be reasonably correct, con-

sidering the coarseness of the mesh and the directional stiffness bias of the model. (For more

on this subject see Section 7.5.) The y displacement would be expected to be downward at

the top (node 3) and upward at the bottom (node 4) as a result of the Poisson effect. However,

the directional stiffness bias due to the coarse mesh accounts for this unexpected poor result.
We now determine the stresses in each element by using Eq. (6.2.36):

{o} = [DI[B{d} (6.5.28)

In general, for element 1, we then have

U

v 0 B0 B 0 B o0l
{”}:(1—Ev2) vl 1Ev X(ﬁ) 0 % 0 v 0 7 Zj (6.5.29)

OOT 71,3173337252u

2

v

Substituting numerical values for [B], given by Eq. (6.5.6); for [D], given by Eq. (6.5.8);
and the appropriate part of {d}, given by Eq. (6.5.27), we obtain

1 030
210(10°)(10-
{U}:M 03 1 0
0914 1y 0 035
0
0 (6.5.30)
0 010 0 -10 o]
x| 020 0 0o o 20>
-0 0 010 20 —10]|*%
0

Simplifying Eq. (6.5.30), we obtain
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

ox 4032
oyt =42110 kPa (6.5.31)
. 16.75

Xy

In general, for element 2, we have

up
Vi
E /intvoo0 /310.340133()u
{c}=7(—j vl o0 |X|0 9y 0 vy 0 9|4t (6532
1-v»)H\24a |- V4
v N By Bso vz Bs
0 0 3 u3
V3
Substituting numerical values into Eq. (6.5.32), we obtain
1 030
9y(10—6
(o) = 210(107)(107°) 03 1 0
0910 1o 0 035
0
0 (6.5.33)
—10 0 10 0 0 0 13.97
X 0 0 0 —20 0 20 2'08
-10 -2 10 2 '
0 0 0 0 20 O 12.19
0.083
Simplifying Eq. (6.5.33), we obtain
Ox 6964.5
oy =13 —15:kPa (6.5.34)
T _16.1
xy

The principal stresses can now be determined from Eq. (6.1.2), and the principal angle made
by one of the principal stresses can be determined from Eq. (6.1.3). (The other principal
stress will be directed 90° from the first.) We determine these principal stresses for element 2
(those for element 1 will be similar) as

N ) 12
o, +o Oy — Oy
1/2
6964.5 + (—7.5 6964.5 — (—7.5))?
o) = 5 C72) K 5 ¢ )) + (—16.1)2} (6.5.35)

o1 = 3478.5 + 3486.03 = 6964.53 kPa
_ 6964.5 + (=7.5)
2

o) — 3486.03 = —7.53kPa
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6.5 Finite Element Solution of a Plane Stress Problem

The principal angle is then

(6.5.36)

1 2(—16.1
or 0[7 = _tan_l # = 00
6964.5 — (—7.5)

Owing to the uniform stress of 7 MPa acting only in the x direction on the edge of the
plate, we would expect the stress o (= o) to be near 7 MPa in each element. Thus, the
results from Egs. (6.5.31) and (6.5.34) for o, are quite good. We would expect the stress
o to be very small (at least near the free edge). The restraint of element 1 at nodes 1 and
2 causes a relatively large element stress o, whereas the restraint of element 2 at only one
node causes a very small stress . The shear stresses 7, remain close to zero, as expected.
Had the number of elements been increased, with smaller ones used near the support edge,
even more realistic results would have been obtained. However, a finer discretization would
result in a cumbersome longhand solution and thus was not used here. Use of a computer
program is recommended for a detailed solution to this plate problem and certainly for
solving more complex stress/strain problems.

The maximum distortion energy theory [4] (also called the von Mises or von Mises-Hencky
theory) for ductile materials subjected to static loading predicts that a material will fail if the
von Mises stress (also called equivalent or effective stress) reaches the yield strength, S, of
the material. The von Mises stress as derived in [4], for instance, is given in terms of the three
principal stresses by

1
Tum = == [(01 — 02> + (02 — 03)* + (73 — )] (6.5.37a)
V2
or equivalently in terms of the x-y-z components as
1 172
Oym = ﬁ[((rx — (Ty)2 + (oy — crz)2 + (o, — o) + 6(T%y + T%Z + T%x)] (6.5.37b)

Thus for yielding to occur, the von Mises stress must become equal to or greater than the yield
strength of the material as given by

Tom = S, (6.5.38)

We can see from Eqgs. (6.5.37a or 6.5.37b) that the von Mises stress is a scalar that measures
the intensity of the entire stress state as it includes the three principal stresses or the three nor-
mal stresses in the x, y, and z directions, along with the shear stresses on the x, y, and z planes.
Other stresses, such as the maximum principal one, do not provide the most accurate way of
predicting failure.

Most computer programs incorporate this failure theory and, as an optional result, the
user can request a plot of the von Mises stress throughout the material model being analyzed.
If the von Mises stress value is equal to or greater than the yield strength of the material being
considered, then another material with greater yield strength can be selected or other design
changes can be made.
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

For brittle materials, such as glass and cast iron, with different tension and compression
properties, it is recommended to use the Coulomb-Mohr theory to predict failure. For more on
this theory consult [4].

XD Rectangular Plane Element (Bilinear Rectangle, 04)

We will now develop the four-noded rectangular plane element stiffness matrix. We will later
refer to this element in the isoparametric formulation of a general quadrilateral element in
Section 10.2. This element is also called the bilinear rectangle because of the linear terms in x
and y for the x and y displacement functions shown in Eq. (6.6.2). The “Q4” symbol represents
the element as a quadrilateral with four corner nodes.

Two advantages of the rectangular element over the triangular element are ease of data
input and simpler interpretation of output stresses. A disadvantage of the rectangular element
is that the simple linear-displacement rectangle with its associated straight sides poorly approx-
imates the real boundary condition edges.

The usual steps outlined in Chapter 1 will be followed to obtain the element stiffness
matrix and related equations.

Step 1 Select Element Type

Consider the rectangular element shown in Figure 6-20 (all interior angles are 90°) with cor-
ner nodes 1-4 (again labeled counterclockwise) and base and height dimensions 2b and 24,
respectively.

The unknown nodal displacements are now given by

u

V1

2%)

dy=1" 6.6.1)
s

V3

Uy

V4

Y, v

Uy

Uy Uy

|[— 3 —t— 3 —]
=
=

vy v,

m Figure 6-20 Basic four-node rectangular element with nodal degrees of freedom
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6.6 Rectangular Plane Element (Bilinear Rectangle, Q4)

Step 2 Select Displacement Functions

For a compatible displacement field, the element displacement functions u and v must be linear
along each edge because only two points (the corner nodes) exist along each edge. We then
select the linear displacement functions as

u(x,y) =a; +ax +azy +a
y 1 2 3y 4Xy 6.62)
v(x,y) =as + agx + a7y + agxy

There are a total of eight generalized degrees of freedom (a’s) in Eq. (6.6.2) and a total
of eight specific degrees of freedom (u;, v; at node 1 through us4, v4 at node 4) for the
element.

We can proceed in the usual manner to eliminate the g;’s from Eqs. (6.6.2) to obtain

1
u(x,y) = M[(b —x)(h =y + (b +x)(h — y)uz

+ (b +x)(h + Yz + (b = x)(h + Y] (6.6.3)

1
v(x,y) = m[(b —x)(h =y + (b +x)(h =y

+ (b +x)h +y)vs + (b —x)h + y)vy]

These displacement expressions, Egs. (6.6.3), can be expressed equivalently in terms of
the shape functions and unknown nodal displacements as

{¥} = INl{d} (6.6.4)

where the shape functions are given by

= By (b —y)
4bh 4bh (6.6.5)
Noo GEDBEY (b= ) a
3= 4 =
4bh 4bh

and the N; s are again such that N; = 1 atnode 1 and N; = 0 at all the other nodes, with similar
requirements for the other shape functions. In expanded form, Eq. (6.6.4) becomes

u
Vi
7
{M} _ |:N1 0 Nz 0 N3 0 N4 0 V2 (666)
v 0O N 0O Ny O N3 O Nyl||lus

V3
Uy
V4
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

Step 3 Define the Strain-Displacement and Stress/Strain Relationships

Again the element strains for the two-dimensional stress state are given by

Ju
e Jax
X
d
e =4 = (6.6.7a)
dy
dy dx

Using Eq. (6.6.2) in Eq. (6.6.7a), we express the strains in terms of the a s as
&y = ap +agy
&y = a7 + agx (6.6.7b)
Yoy = (a3 +ag) + asx +agy

Using Eq. (6.6.6) in Eq. (6.6.7a) and taking the derivatives of u and v as indicated, we can
express the strains in terms of the unknown nodal displacements as

{e} = [B{d} (6.6.8)
. —(h =) 0 (h =y 0
where [B] = m 0 —(b — x) 0 —(b + x)
—(b—x) —(h—y) —(b+x) (h—y)
(6.6.9)
(h +y) 0 —(h +y) 0

0 (b +x) 0 (b —x)
b+tx) (hty) (b-—x) —(h+y)

From Eqgs. (6.6.7b), (6.6.8), and (6.6.9), we observe that ¢, is a function of y, £, is a func-
tion of x, and y,, is a function of both x and y. The stresses are again given by the formulas in
Eq. (6.2.36), where [B] is now that of Eq. (6.6.9) and {d} is that of Eq. (6.6.1).

Step 4 Derive the Element Stiffness Matrix and Equations

The stiffness matrix is determined by
h b T
(k1= | [ [BITIDIBI dx dy (6.6.10)

with [D] again given by the usual plane stress or plane strain conditions, Eq. (6.1.8) or (6.1.10).
Because the [B] matrix is a function of x and y, integration of Eq. (6.6.10) must be performed. The
[k] matrix for the rectangular element is now of order 8 X 8. A numerical evaluation of Eq. (6.6.10)
for [k] is shown in Eq. (6.6.11) using » = 100 mm, 2 = 50 mm, t = 25 mm, E = 210 GPa,
and v = 0.3. This double integral was solved using Mathcad [5].
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6.6 Rectangular Plane Element (Bilinear Rectangle, Q4)

[ 5.077e6 1.5e6 —1.385¢6 —115,384 —2.538¢6 —1.5e6 —3.923e6 115,384-
1.5e6 1.258e7 115,384 5.885e6 —1.5¢6 —6.288¢6 —115,384 —1.217¢7
—1.385e6 115,384 5.077e6 —1.5e6 —3.923e6 —115,384 —2.538¢6 1.5e6
(K]= —115,384 5.885e6 —1.5e6 1.258e7 115,384 —1.217¢7 1.5e6 —6.288e6
—2.538¢6 —1.5¢6 —3.923e6 115,384 5.077e6 1.5e6 —1.385¢6 —115,384
—1.5¢6 —6.288e6 —115,384 —1.217¢7 1.5e6 1.258e7 115,384 5.885e6
—3.923e6 —115,384 —2.538e6 1.5e6 —1.385e6 115,384 5.077e6 —1.5¢6
115,384 —1.217¢7 1.5e6 —6.288¢6 —115,384 5.885e6 —1.5e6 1.258e7
6.6.11)

The element force matrix is determined by Eq. (6.2.46) as

()= [[JinTixyav + (py + [[InsIT{T) dS (6.6.12)
Vv N

where [N] is the rectangular matrix in Eq. (6.6.6), and N, through N, are given by Egs. (6.6.5).
The element equations are then given by

{f} = [kl{d} (6.6.13)
Step 5 through 7

Steps 5 through 7, which involve assembling the global stiffness matrix and equations, determin-
ing the unknown nodal displacements, and calculating the stress, are identical to those in Section
6.2 for the CST. However, the stresses within each element now vary in both the x and y directions.

Numerical Comparison of CST to Q4 Element
Models and Element Defects

Table 61 compares the free end deflection and maximum principal stress for a cantilevered beam
modeled with 2, 4, and 8 rows of either all triangular CST elements or all rectangular Q4 elements.

Table 6-1 Table comparing free-end deflections and largest principal stresses for CST and
Q4 compatible element models (end force P = 4000N, length L =1m,/ =1 X 10">m*,
thickness = 0.12m, £ = 200GPa, G = 77.5 GPa)

Number of Tensor Stress,
Plane Element Number of Degrees of Free End (0.05m from

Used/Rows Nodes Freedom Displ.,m wall) o, MPa
Q472 60 120 5.944 X 10~* 17.34
Q4/4 200 400 6.509 X 10~4 18.71
Q4/8 720 1440 6.661 X104 18.94
CST2 60 120 3.630 X104 7.10
CST/4 200 400 5537 %104 13.20
CST/8 720 1440 6.385 X 10~4 16.91

3
Classical beam theory, v _ = i & 6.672X107* 19.00
“ 3El 5AG
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

Typical Q4 and CST models:

4000 N
1m
ey
48
Q48 row 4000 N
CST—2 row

Displacement Results

We observe from the displacement results that the CST element models produce stiffer models
than the actual beam behavior, as the deflections are predicted to be smaller than classical beam
theory predicts. We also observe that the CST model converges very slowly to the classical
beam theory solution. This is partly due to the element predicting only constant stress within
each element when for a bending problem; the stress actually varies linearly through the depth
of the beam. This problem is rectified by using the linear-strain triangle (LST) element as
described in Chapter 8.

Additional comparisons of CST and LST elements are given in Section 8.3. See Tables 8.1
and 8.2 and Figure 8-6.

The results indicate that the Q4 compatible element model predicts more accurate
deflection behavior than the CST element model. The two-row model of Q4 elements yields
deflections approaching that predicted by the classical beam deflection equation, whereas the
two-row model of CST elements is quite inaccurate in predicting the deflection. As the number
of rows is increased to four and then eight, the deflections are predicted increasingly more
accurately for the CST and Q4 element models. The two-noded beam element model gives
the identical deflection as the classical equation (6 = PL? / 3EI) as expected (see discussion in
Section 4.5) and is the most appropriate model for this problem when you are not concerned,
for instance, with stress concentrations.

As further shown in [3] for a beam subjected to pure bending, the CST has a spurious or
false shear stress and hence a spurious shear strain in parts of the model that should not have
any shear stress or shear strain. This spurious shear strain absorbs energy; therefore, some of
the energy that should go into bending is lost. The CST is then too stiff in bending, and the
resulting deformation is smaller than it actually should be. This phenomenon of excessive
stiffness developing in one or more modes of deformation is sometimes described as shear
locking or parasitic shear.

Furthermore, in problems where plane strain conditions exist (recall this means when
g, = 0) and the Poisson’s ratio approaches 0.5, a mesh can actually lock, which means the
mesh then cannot deform at all.

It should be noted that using a single row of Q4 elements with their linear edge dis-
placement is not recommended to accurately predict the stress gradient through the depth of
the beam. This is illustrated in Figure 6-21, where for the pure bending state (approximated
by this example), the exact displacement is shown in Figure 6-21(b), while the Q4 element
displacement is shown in Figure 6-21(c), which is not capable of pure bending deformation.
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Summary Equations

»v

(a) Pure bending state (b) Exact displacements

, N
. N
’

’ \
’ N

(c) Element displacements—linear

m Figure 6-21 (a) Pure bending state, (b) exact bending displacement, and (c) Q4 element
displacements—Ilinear edge displacements

Stress Results

As mentioned previously, the CST element has constant strain and stress within it, while the Q4
element normal strain, &,, and hence the normal stress, o, is linear in the y direction. (Also see
Eq. (6.6.7b). Therefore, the CST is not able to simulate the bending behavior nearly as well as the
Q4 element. The classical beam theory/bending stress equation predicts a linear stress variation
through the depth of the beam given by o, = —My/I—shown in Section 4.1 as well. As shown
when comparing the tensor stresses for each model, as more rows are used, the stresses approach
the classical bending stress of 19 MPa 0.05 m from the wall with the Q4 approaching the classical
solution much faster as indicated by comparing the two-row solutions for Q4 and CST models.

Finally, the eight-noded quadratic edge displacement element (Q8) predicts bending
behavior better than both the CST and Q4 elements. Thus, fewer Q8 elements can be used and
faster convergence to the proper solution are obtained using this element. In fact, using even a
single row of Q8 elements yields reasonable results in bending, as shown in [3]. Again, Section
10.5 describes the Q8 element and comparison of the Q8 to the Q4 element for a cantilever
beam model is given in Table 10.3.

This brief description of some of the limitations in using the CST and Q4 elements does
not prevent us from using them to model plane stress and plane strain problems. It just requires
us to use a fine mesh as opposed to a coarse one, particularly where bending occurs and where
in general large stress gradients will result. Also, we must make sure our computer program
can handle Poisson’s ratios that approach 0.5 (if that is desired, such as in rubber-like materi-
als). For common materials, such as metals, Poisson’s ratio is around 0.3, so locking should
not be of concern.

SUMMARY EQUATIONS

Stress vector for two-dimensional stress state:

Ox

{o} =10y (6.1.1)

Txy
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

Principal stresses for two-dimensional stress state:

2
o, +to Oy, — O
o= y+\/(*2 yj +Th = Oma

2
(6.1.2)
oy to, oy — Oy )2 N
oy = —— — | ——| +7% = Omin
: 2 \/( 2 o
Principal angle:
2T,y
tan20, = ——— (6.1.3)
Ty — 0y
Strain-displacement equations for two-dimensional stress state:
Ju Jav ou av
& = — gy = — = — + — 6.1.4
o ax ! dy Yo dy ax ( )
Strain vector for two-dimensional stress state:
Ex
{e} = 1¢y (6.1.5)
ny
Stress/strain relationship for two-dimensional stress state:
{o} = [Dl{e} (6.1.7)
Stress/strain or constitutive matrix for plane stress condition:
1 v O
E 1
[D] = v 10 (6.1.8)
1—v? l-v
0 0
2
Stress/strain matrix for plane strain condition:
I—-v v 0
E 1-
D= — v (6.1.10)
1+ w1 -2v) 1—=2v
0 0
2
Displacement functions for three-noded triangular element:
ulx,y) =a; +ax +a
(x,y) =ar +a 3y 62.2)

v(x,y) = a4 +asx + agy
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Summary Equations

Shape functions for three-noded triangular element:

1
N; = ﬂ(ai + Bix + viy)
1
N]. = _(aj + Bjx + 'y]y) (6.2.18)
2A
1
Nm = —(ay + mX + m
4 ¢ B YmY)
where
Qi = XjVm = VjXm Qj = YiXm — XiYm Qm = XiYj = ViXj
Yi = Xm —Xj Vi =X T Xm Ym = Xj — Xi

Shape function matrix for three-noded triangular element:

N 0 N; O N, O
[N]= (6.2.22)
0O N O N O N,

Strain-displacement equations in matrix form:

{di}
te} = [[Bi][B)1[Bn]]5{d)} (6.2.31)
{dm}
where the gradient matrix is
1 Bi 0 | Bj 0 ) Bn 0
Bi]=—|0 i Bi]l=—| 0 j B,]=—| 0 m | (6.2.32
[Bi] A Y. [B)] A Yi [B] A Y | ( )
Yi Bi vi Bj Ym  Bm
[B] = [[B;1[B;1[Bx]] (6.2.34)
Stress/strain relationship as function of displacement matrix:
{o} = [D1Bl{d} (6.2.36)
Total potential energy for two-dimensional stress state:
wp,=U+Q, +8Q, +8 (6.2.38)
where
Strain energy is
_1 T
U= J‘lj.{a} (o} av (6.2.39)
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

Potential energy of body forces is
Q,=— j j j W {X}av (6.2.41)
4

Potential energy of concentrated loads is
Q, = —{d}"{P} (6.2.42)

Potential energy of surface tractions is

Q, =—|[[tws)"{T5} dS (6.2.43)
s
Stiffness matrix for CST element:
[k] = (A[B]"[D][B] (6.2.52)
Explicit body forces:
fbix Xb
fbiy Yb
fbjx Xp | At
= = — 6.3.6)
=10 =113 (
fbmx X
fbmy Yb

Explicit surface forces for uniform surface traction in x-direction along side 1-3:

otx pLt/2
fsly 0
{fi} = j:z = 8 (6.3.19)
52y
fiax pLt/2
fSSy 0

Explicit expression for constant-strain triangle (CST) stiffness matrix [See Eq. (6.4.3)]:
von Mises stress:

1
Uvmzﬁ

]1/2

(o1 = 02)> + (02 = 03)* + (03 — 01)? (6.5.37a)
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Summary Equations

Failure based on maximum distortion energy theory:
Oym =8, (6.5.38)
Displacement functions for bilinear four-noded rectangle element:

u(x,y) =a; + arx +azy + asxy

(6.6.2)
v(x,y) =as + agx + a7y + agxy
Shape functions for four-noded rectangle element:
— — + —
PO S (e B G )
4bh 4bh (6.6.5)
_ @+ x)h+y) _ G-ty o
N3 = ————— Ny = ————
4bh 4bh

Strain-displacement equations for four-noded rectangle element in terms of a s:

Ey = ay T agy
&y = a7 + agx (6.6.7b)
Yo = (a3 + ag) + asx + agy

Strain-displacement equations in matrix form:

{e} = [BI{d} (6.6.8)
where the gradient matrix is
—(h—y) 0 (h =) 0
[B] = — 0 —(b —x) 0 —(b + x)
Y ow-0 -y b+ G-y (669)
(h+y) 0 —(h ty) 0

0 b +x) 0 b —x)
b+x) (hty) (b-—x) —(hty)

Stiffness matrix for four-noded rectangular element:
hoeb oo
(k1= " [ [BYIDIBI: dx dy (6.6.10)

Element force matrix for four-noded rectangular element:

()= [[JiniTixyav + (P} + [[INT(T} dS (6.6.12)
14 N
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PROBLEMS

6.1 Sketch the variations of the shape functions N; and N,,, given by Egs. (6.2.18),
@ over the surface of the triangular element with nodes i, j, and m. Check that
N; + N; + N,, =1 anywhere on the element.
6.2 For a simple three-noded triangular element, show explicitly that differentiation of
Eq. (6.2.47) indeed results in Eq. (6.2.48); that is, substitute the expression for [B]
and the plane stress condition for [D] into Eq. (6.2.47), and then differentiate 7,
with respect to each nodal degree of freedom in Eq. (6.2.47) to obtain Eq. (6.2.48).
6.3 Evaluate the stiffness matrix for the elements shown in Figure P6-3. The coor-
dinates are in units of inches. Assume plane stress conditions. Let E = 210 GPa,
v = 0.25, and thicknesst = 1cm

y y
(1.2, H
©. 1) 3 3 0, 1)
3
2 1“(2.4, 0) 2
—————— X »x 1 > X
2,0) (1.2, 0) 2 (0,0) (2,0
1
©, -1
(a) (b) (©)
H Figure P6-3

6.4 For the elements given in Problem 6.3, the nodal displacements are given as

= 0.0mm vy =0.0625mm wu, = 0.03 mm
v, =0.0mm w3 = 0.0 mm v3 = 0.0625 mm

Determine the element stresses oy, 7, Ty, 01, and 0, and the principal angle 6,,. Use
the values of E, v, and ¢ given in Problem 6.3.

6.5 Determine the von Mises stress for Problem 6.4.

6.6 Evaluate the stiffness matrix for the elements shown in Figure P6—6. The coordinates
are given in units of millimeters. Assume plane stress conditions. Let E = 105 GPa,
v =0.25,and t = 10 mm.
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Problems

6.7 For the elements given in Problem 6.6, the nodal displacements are given as

uy = 2.0 mm v = 1.0 mm u, = 0.5m
v, = 0.0 mm uz = 3.0 mm v3 = 1.0 mt
A
Y N (15, 10)
(50, 120)
(10, 7.5)
(15, 5)
(20, 30) (80, 30)
X X
(a) (b)
y
(5, 10)
3
1 2
X
(0, 0) (10, 0)
©
W Figure P6-6

Determine the element stresses o, 0y, Ty, 01, and 0 and the principal angle 6,,. Use
the values of E, v, and ¢ given in Problem 6.6.

6.8 Determine the von Mises stress for Problem 6.7.

6.9 For the plane strain elements shown in Figure P6-9, the nodal displacements are
given as

uy =0.00lcm v =0.005cm u; = 0.001 cm
v, =0.0025cm  u3 =0.0 cm v3; = 0.0 cm

Determine the element stresses oy, 0y, Ty, 01, and o, and the principal angle 6,,.
Let E = 210 GPa and v = 0.25, and use unit thickness for plane strain. All coordi-
nates are in centimeters.
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y
Ly 2. 5) y @, 4) '
3
0, 2)
2,2) 4, 2)
1 2
2.1 @, 1
2,0)
X - -
@ (b) ©.0) ©
y “,5) y
AY
3
(2.25, 3.25)
3
: 23 (1,2)
@,3)
2 2
@1 3.
(2,0)
X X - X
) © ©.0 (f)
W Figure P6-9

6.10  For the plane strain elements shown in Figure P6-10, the nodal displacements are
given as

uy =0.005mm v; =0.002mm u, =0.0 mm
v, =0.0 mm uz =0.005mm vz =0.0 mm

Determine the element stresses oy, 0y, Tyy, 01, and 0 and the principal angle 6,,. Let
E =105GPa and v = 0.3, and use unit thickness for plane strain. All coordinates
are in millimeters.

6.11 Determine the nodal forces for (1) a linearly varying pressure p, on the edge of the
triangular element shown in Figure P6-11(a); and (2) the quadratic varying pressure
shown in Figure P6-11(b) by evaluating the surface integral given by Eq. (6.3.7).
Assume the element thickness is equal to 7.

6.12 Determine the nodal forces for (1) the quadratic varying pressure loading shown
in Figure P6-12(a) and (2) the sinusoidal varying pressure loading shown in
Figure P6-12(b) by the work equivalence method [use the surface integral expression
given by Eq. (6.3.7)]. Assume the element thickness to be 7.
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Problems

Y (10, 25) 4y
3 (20, 20)
3
1 2
(10, 10) (20, 10) 1 2
5,5) (20, 5)
X = X
@) (b}
y by
(15, 15) (5, 15) (25, 15)
3
1 3
1 2 2
G, 5) (25, 5) (15, 5)
pe > X
(c) @
H Figure P6-10
Po 3 Po
y
y2
Px L Px = Pop
X
a
X
] 2
(a) (b)
M Figure P6-11
Y p(x) ! T
P =posin—
) D3 L
P
O
1 2 3
L | L | |
2 | 2 | L |
L ey —x
(a) (b)

m Figure P6-12
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388 6 | Development of the Plane Stress and Plane Strain Stiffness Equations

6.13 Determine the nodal displacements and the element stresses, including principal
stresses, for the thin plate of Section 6.5 with a uniform shear load (instead of a
tensile load) acting on the right edge, as shown in Figure P6-13. Use E = 210 GPa,
v = 0.30, and # = 25 mm (Hint: The [K] matrix derived in Section 6.5 and given by
Eq. (6.5.22) can be used to solve the problem.)

s = 180 kN/m

<)
[\e)
W
=]

5

0.5m
W Figure P6-13
6.14 Determine the nodal displacements and the element stresses, including prin-
cipal stresses, due to the loads shown for the thin plates in Figure P6-14. Use

E =105 GPa, v = 0.30, and r = 5 mm. Assume plane stress conditions apply. The
recommended discretized plates are shown in the figures. Use a computer program
to solve these.

P N
%>~ 20 kN
4 3 7 3

5
250 mm 5
100 mm
: 1 2
2>« 1 2 20 kN
500 mm —————— \30° | |
(2) 40 kN (b)

NN\ N p,=10 MPa
A& 400 mm § 5 —_
4 3 4 3

5 5
400 mm 400 mm
30 kN 2> 1 2 X
! 2 I 400 mm I
(c) (V)

M Figure P6-14
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Problems

cipal stresses, due to the loads shown for the thin plates in Figure P6-15. Use
E = 210 GPa, v = 0.30, and t = 5 mm. Assume plane stress conditions apply. The
recommended discretized plates are shown in the figures. Use a computer program
to solve these.

P N
%>~ 20 kN
4 3 < >

250 mm 5

6.15 Determine the nodal displacements and the element stresses, including prin- @

100 mm

4 h 2
2>« 20 kN
30°

1 2
. S———— ————————— e
500 mm 2>|<— 100 mm—
(b)

(a) 40 kN

NN N p, =10 MPa
§ > 400 mm § > —
4 3 4 3

5 > =
400 mm 400 mm
30kN j> 1 2 X
! 2 I 400 mm I
(c) (d)

M Figure P6-15

6.16 Evaluate the body force matrix for the plates shown in Figures P6-14(a) and (c).
Assume the weight density to be 154.2 kN/m?.

6.17 Why is the triangular stiffness matrix derived in Section 6.2 called a constant-strain
triangle?

6.18 How do the stresses vary within the constant-strain triangle element?

6.19 Can you use the plane stress or plane strain element to model the following? If so,
indicate which ones are best modeled using plane stress or best modeled using plane
strain elements.

a. aflat slab floor of a building with vertical loading perpendicular to the slab
b. auniform concrete dam subjected to hydrostatic loading along the whole length
of the dam

a tensile plate with a hole drilled tranversely through it

a connecting rod with loads in the plane of the rod

a soil mass subjected to a strip footing loading

a wrench subjected to a force in the plane of the wrench

me e
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6 | Development of the Plane Stress and Plane Strain Stiffness Equations

g. a wrench subjected to twisting forces (the twisting forces act out of the plane of
the wrench)

h. a triangular plate connection with loads in the plane of the triangle

i. a triangular plate connection with out-of-plane loads

6.20 The plane stress element only allows for in-plane displacements, while the frame or
beam element resists displacements and rotations. How can we combine the plane
stress and beam elements and still ensure compatibility?

6.21 For the plane structures modeled by triangular elements shown in Figure P6-21,
show that numbering in the direction that has fewer nodes, as in Figure P6-21(a)
(as opposed to numbering in the direction that has more nodes), results in a reduced
bandwidth. Illustrate this fact by filling in, with X's, the occupied elements in [K] for
each mesh, as was done in Appendix B.4. Compare the bandwidths for each case.

7 8 4 8
5 6 3 7
3 4 2 6
1 2 1 5

(@) (b)
M Figure P6-21

6.22 Go through the detailed steps to evaluate Eq. (6.3.6).

6.23 How would you treat a linearly varying thickness for a three-noded triangle?

6.24 Compute the stiffness matrix of element 1 of the two-triangle element model of the
rectangular plate in plane stress shown in Figure P6-24. Then use it to compute the
stiffness matrix of element 2.

1 2 X
H Figure P6-24

6.25 Show that the sum Ny + N, + N3 + N4 is equal to 1 anywhere on a rectangular
element, where N; through N4 are defined by Egs. (6.6.5).
6.26 For the rectangular element of Figure 6-20 on page 374 the nodal displacements are

given by
uy =0cm vy =0cm u; =0.005 cm
v, =0.0025cm w3 =0.0025 cm vz =—0.0025 cm
uy =0cm vy =0cm

Forb =2cm,h =1cm, E = 210 GPa, and v = 0.3, determine the element strains
and stresses at the centroid of the element and at the corner nodes.
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CHAPTER

Practical Considerations
in Modeling; Interpreting
Results; and Examples of
Plane Stress/Strain Analysis

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:

m Present concepts that should be considered when modeling for a solution by
the finite element method, such as aspect ratio, symmetry, natural subdivisions,
sizing of elements and the h, p, and r methods of refinement, concentrated
loads and infinite stress, infinite medium, and connecting different kinds of
elements.

m Describe some of the approximations inherent in finite element solutions.

m lllustrate convergence of solution and introduce the patch test for convergence of
solution.

m Discuss the interpretation of stresses in an element, including a common method of
averaging the nodal values (also called smoothing).

m Present a flowchart of a typical finite element process used for the analysis of plane
stress and plane strain.

m Describe a computer assisted step-by-step solution of a bicycle wrench.

m Demonstrate various real-world applications where plane stress/strain element
models are applicable. Such examples include a bicycle wrench, a connecting rod
with notch and hole stress concentrations, an irregularly shaped overload protection
device, an adjustable wrench, and a beam welded to a column with surface contact
elements to allow the separation of surface between beam and column during the
beam flexing.

Introduction

In this chapter, we will describe some modeling guidelines, including generally recom-
mended mesh size, natural subdivisions modeling around concentrated loads, and more
on use of symmetry and associated boundary conditions. This is followed by discussion of
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7 | Practical Considerations in Modeling; Interpreting Results

equilibrium, compatibility, and convergence of solution. We will then consider interpretation
of stress results.

We then show some computer program results. A computer program facilitates the
solution of complex, large-number-of-degrees-of-freedom plane stress/plane strain prob-
lems that generally cannot be solved longhand because of the larger number of equations
involved. Also, problems for which longhand solutions do not exist (such as those involv-
ing complex geometries and complex loads or where unrealistic, often gross, assumptions
were previously made to simplify the problem to allow it to be described via a classical
differential equation approach) can now be solved with a higher degree of confidence in
the results by using the finite element approach (with its resulting system of algebraic
equations).

Finite Element Modeling

We will now discuss various concepts that should be considered when modeling any problem
for solution by the finite element method.

General Considerations

Finite element modeling is partly an art guided by visualizing physical interactions taking
place within the body. One appears to acquire good modeling techniques through experience
and by working with experienced people. General-purpose programs provide some guidelines
for specific types of problems [12, 15]. In subsequent parts of this section, some significant
concepts that should be considered are described.

In modeling, the user is first confronted with the sometimes difficult task of under-
standing the physical behavior taking place and understanding the physical behavior of
the various elements available for use. Choosing the proper type of element or elements to
match as closely as possible the physical behavior of the problem is one of the numerous
decisions that must be made by the user. Understanding the boundary conditions imposed
on the problem can, at times, be a difficult task. Also, it is often difficult to determine the
kinds of loads that must be applied to a body and their magnitudes and locations. Again,
working with more experienced users and searching the literature can help overcome these
difficulties.

Aspect Ratio and Element Shapes

The aspect ratio is defined as the ratio of the longest dimension to the shortest dimension
of a quadrilateral element. In many cases, as the aspect ratio increases, the inaccuracy
of the solution increases. To illustrate this point, Figure 7—1(a) shows five different finite
element models used to analyze a beam subjected to bending. The element used here is
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W Figure 7-1 (a) Beam with loading (b) effects of the aspect ratio (AR) illustrated by five
cases with different aspect ratios

the rectangular one described in Section 6.6. Figure 7-1(b) is a plot of the resulting error
in the displacement at point A of the beam versus the aspect ratio. Table 7—1 reports a
comparison of results for the displacements at points A and B for the five models, and the
exact solution [2].

There are exceptions for which aspect ratios approaching 50 still produce satisfactory
results; for example, if the stress gradient is close to zero at some location of the actual prob-
lem, then large aspect ratios at that location still produce reasonable results.

In general, an element yields best results if its shape is compact and regular. Although dif-
ferent elements have different sensitivities to shape distortions, try to maintain (1) aspect ratios
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Exact solution
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Aspect ratio = longest dimension

shortest dimension

(©)

m Figure 7-1 (c) Inaccuracy of solution as a function of the aspect ratio (numbers in
parentheses correspond to the cases listed in Table 7-1)

low as in Figure 7—1, cases 1 and 2, and (2) corner angles of quadrilaterals near 90°. Figure 7-2
on the next page shows elements with poor shapes that tend to promote poor results. If few of
these poor element shapes exist in a model, then usually only results near these elements are
poor. In the Autodesk program [12], when « = 170° in Figure 7-2(c), the program automat-
ically divides the quadrilateral into two triangles.

M Table 7-1 Comparison of results for various aspect ratios

Vertical

Percent
Displacement, Error in
Aspect Number of Number of v (mm) Displacement
Case Ratio Nodes Elements Point A Point B atA
1 1.1 84 60 —27.76 —8.78 52
2 1.5 85 64 —27.38 —8.61 6.4
3 3.6 77 60 —25.75 —8.33 11.9
4 6.0 81 64 —22.50 —17.11 23.0
5 24.0 85 64 —12.7 —4.01 56.0
Exact solution [2] —29.26 —9.14
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b

(a) Large aspect ratio (b) Approaching a triangular shape

(¢) Very large and very small (d) Triangular quadrilateral
corner angles

M Figure 7-2 Elements with poor shapes

Use of Symmetry

The appropriate use of symmetry* will often expedite the modeling of a problem. Use of sym-
metry allows us to consider a reduced problem instead of the actual problem. Thus, we can use
a finer subdivision of elements with less labor and computer costs. For another discussion on
the use of symmetry, see Reference [3].

Figures 7-3 through 7-5 illustrate the use of reflective or mirror symmetry in modeling a
soil mass subjected to foundation loading, a uniaxially loaded member with a fillet, and a plate
with a hole subjected to internal pressure, respectively. Note that at the plane of symmetry the
displacement in the direction perpendicular to the plane must be equal to zero. This is modeled
by the rollers at nodes 2—6 in Figure 7-3, where the plane of symmetry is the vertical plane
passing through nodes 1-6, perpendicular to the plane of the model. In Figures 7—4(a) and
7-5(a), there are two planes of symmetry. Thus, we need model only one-fourth of the actual
members, as shown in Figures 7—4(b) and 7-5(b). Therefore, rollers are used at nodes along
both the vertical and horizontal planes of symmetry.

As previously indicated in Chapter 3, in vibration and buckling problems, symmetry must
be used with caution since symmetry in geometry does not imply symmetry in all vibration
or buckling modes.

Natural Subdivisions at Discontinuities

Figure 7-6 illustrates various natural subdivisions for finite element discretization. For
instance, nodes are required at locations of concentrated loads or discontinuity in loads, as
shown in Figure 7-6(a) and (b). Nodal lines are defined by abrupt changes of plate thickness,
as in Figure 7-6(c), and by abrupt changes of material properties, as in Figure 7-6(d) and (e).

*Again, reflective symmetry means correspondence in size, shape, and position of loads; material properties; and boundary
conditions that are on opposite sides of a dividing line or plane.
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W Figure 7-4 Use of symmetry applied to a uniaxially loaded member with a fillet

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



7.1 Finite Element Modeling

(a) Plate with hole under plane stress

y
A/ Axis of symmetry

b

[
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(b) Finite element model of one-quarter of the plate

m Figure 7-5 Problem reduction using axes of symmetry applied to a plate with a hole
subjected to tensile force

Other natural subdivisions occur at re-entrant corners, as in Figure 7-6(f), and along holes in
members, as in Figure 7-5.

Mesh Revision (Refinement) and Convergence
and h, p, and r Methods of Refinement

In this section we describe three methods often used to revise a finite element mesh with the
goal of increasing the accuracy of the results by using only as many degrees of freedom as
necessary. One then starts with a basic mesh using the fewest, reasonable number of elements,
often based on some default parameter setting(s) of a computer program, such as for mesh
density or mesh size or both, and then analyzes the model to obtain a bench mark solution.
The model is then revised in some manner, such as by increasing the mesh density, reanalyzed
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7.1 Finite Element Modeling

and compared to the previous mesh results. This process is continued until the results converge
satisfactorily, based on some user-defined criteria.

For structural problems, to obtain displacements, rotations, stresses, and strains, many
computer programs include two basic methods of revising a mesh and some a third. (These
same methods apply to nonstructural problems as well.) These are called the 7 method; the p
method; and the r method. These methods are then used to revise or refine a finite element mesh
to improve the results in the next revised analysis. The goal of the analyst is to revise the mesh
to obtain the necessary accuracy by using only as many degrees of freedom as necessary. The
final objective of this so called adaptive refinement is to obtain equal distribution of an error
indicator over all elements.

The discretization depends on the geometry of the structure, the loading pattern, and the
boundary conditions. For instance, regions of stress concentration or high stress gradient due
to fillets, holes, or re-entrant corners require a finer mesh near those regions, as indicated in
Figures 7—4, 7-5, and 7-6(f).

We will briefly describe the &, p, and r methods of refinement and provide references for
those interested in more in-depth understanding of these methods.

h Method of Refinement

In the & method of refinement, we use the particular element based on the shape functions
for that element (for example, linear functions for the bar, quadratic for the beam, bilinear
for the CST). We then start with a baseline mesh to provide a baseline solution for error
estimation and to provide guidance for mesh revision. We then add elements of the same
kind to refine or make smaller elements in the model. Sometimes a uniform refinement
is done where the original element size [Figure 7-7(a)] is perhaps divided in two in both
directions as shown in Figure 7-7(b). More often, the refinement is a nonuniform # refine-
ment as shown in Figure 7-7(c) (perhaps even a local refinement used to capture some
physical phenomenon, such as a shock wave or a thin boundary layer in fluids) [19]. The
mesh refinement is continued until the results from one mesh compare closely to those of
the previously refined mesh. It is also possible that part of the mesh can be enlarged instead
of refined. For instance, in regions where the stresses do not change or change slowly, larger
elements may be quite acceptable. The i-type mesh refinement strategy had its beginnings
in [20, 21, 22, 23]. Many commercial computer codes, such as [12], are based on the i
refinement.

p Method of Refinement

In the p method of refinement [24, 25, 26, 27, 28], the polynomial p is increased from perhaps
quadratic to a higher-order polynomial based on the degree of accuracy specified by the user.
In the p method of refinement, the p method adjusts the order of the polynomial or the p level
in the element field quantity, such as displacement, to better fit the conditions of the problem,
such as the boundary conditions, the loading, and the geometry changes. A problem is solved
at a given p level, and then the order of the polynomial is normally increased while the element
geometry remains the same and the problem is solved again. The results of the iterations are
compared to some set of convergence criteria specified by the user. Higher-order polynomials
normally yield better solutions. This iteration process is done automatically within the com-
puter program. Therefore, the user does not need to manually change the size of elements by
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creating a finer mesh, as must be done in the /& method. (The 4 refinement can be automated
using a remeshing algorithm within the finite element software.) Depending on the problem,
a coarse mesh will often yield acceptable results. An extensive discussion of error indicators
and estimates is given in the literature [19].

The p refinement may consist of adding degrees of freedom to existing nodes, adding
nodes on existing boundaries between elements, and/or adding internal degrees of freedom. A
uniform p refinement (same refinement performed on all elements) is shown in Figure 7-7(d).
One of the more common commercial computer programs, Pro/MECHANICA [29], uses
the p method exclusively. A typical discretized finite element model of a pulley using Pro/
MECHANICA is shown in Figure 7-7f.

r Method of Refinement

In the » method of refinement, the nodes are rearranged or relocated without changing the
number of elements or the polynomial degree of their field quantities, i.e., displacements.
Figure 7-7(e) illustrates a possible r refinement of the original coarse mesh shown in
Figure 7-7(a). Notice in this r refinement that we have refined the mesh closer to the loads
with resulting coarseness in the mesh away from the end loads.
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Transition Triangles

Figure 7—4 illustrates the use of triangular elements for transitions from smaller quadrilaterals
to larger quadrilaterals. This transition is necessary because for simple CST elements, inter-
mediate nodes along element edges are inconsistent with the energy formulation of the CST
equations. If intermediate nodes were used, no assurance of compatibility would be possible,
and resulting holes could occur in the deformed model. Using higher-order elements, such
as the linear-strain triangle described in Chapter 8, allows us to use intermediate nodes along
element edges and maintain compatibility.

Concentrated or Point Loads and Infinite Stress

Concentrated or point loads can be applied to nodes of an element provided the element sup-
ports the degree of freedom associated with the load. For instance, truss elements and two-
and three-dimensional elements support only translational degrees of freedom, and therefore
concentrated nodal moments cannot be applied to these elements; only concentrated forces
can be applied. However, we should realize that physically concentrated forces are usually an
idealization and mathematical convenience that represent a distributed load of high intensity
acting over a small area.

According to classical linear theories of elasticity for beams, plates, and solid bodies
[2, 16, 17], at a point loaded by a concentrated normal force there is finite displacement and
stress in a beam, finite displacement but infinite stress in a plate, and infinite stress in a two- or
three-dimensional solid body. These results are the consequences of the differing assumptions
about the stress fields in standard linear theories of beams, plates, and solid elastic bodies. A
truly concentrated force would cause material under the load to yield, and linear elastic theories
do not predict yielding.

In a finite element analysis, when a concentrated force is applied to a node of a finite
element model, infinite displacement and stress are never computed. A concentrated force on
a plane stress or strain model has a number of equivalent distributed loadings, which would
not be expected to produce infinite stresses. Infinite stresses can be approached only as the
mesh around the load is highly refined. The best we can hope for is that we can highly refine
the mesh in the vicinity of the concentrated load as shown in Figure 7-6(a), with the under-
standing that the deformations and stresses will be approximate around the load, or that these
stresses near the concentrated force are not the object of study, while stresses near another
point away from the force, such as B in Figure 7-6(f), are of concern. The preceding remarks
about concentrated forces apply to concentrated reactions as well.

Finally, another way to model with a concentrated force is to use additional elements and
a single concentrated load as shown in Figure 7-6(h). The shape of the distribution used to
simulate a distributed load can be controlled by the relative stiffness of the elements above the
loading plane to the actual structure by changing the modulus of elasticity of these elements.
This method spreads the concentrated load over a number of elements of the actual structure.

Infinite stress based on elasticity solutions may also exist for special geometries and load-
ings, such as the re-entrant corner shown in Figure 7-6(f). The stress is predicted to be infinite
at the re-entrant corner. Hence, the finite element method based on linear elastic material mod-
els will never yield convergence (no matter how many times you refine the mesh) to a correct
stress level at the re-entrant corner [18]. We must either change the sharp re-entrant corner to
one with a radius or use a theory that accounts for plastic or yielding behavior in the material.
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Infinite Medium

Figure 7-3 shows a typical symmetric model used to represent an infinite medium (a soil mass
subjected to a foundation load). The guideline for the finite element model is that enough
material must be included such that the displacements at nodes and stresses within the ele-
ments become negligibly small at locations far from the foundation load. Just how much of
the medium should be modeled can be determined by a trial-and-error procedure in which
the horizontal and vertical distances from the load are varied and the resulting effects on the
displacements and stresses are observed. Alternatively, the experiences of other investigators
working on similar problems may prove helpful. For a homogeneous soil mass, experience
has shown that the influence of the footing becomes insignificant if the horizontal distance of
the model is taken as approximately four to six times the width of the footing and the vertical
distance is taken as approximately four to ten times the width of the footing [4, 5, 6]. Also, the
use of infinite elements is described in Reference [13].

After choosing the horizontal and vertical dimensions of the model, we must idealize the
boundary conditions. Usually, the horizontal displacement becomes negligible far from the load,
and we restrain the horizontal movement of all the nodal points on that boundary (the right-side
boundary in Figure 7-3). Hence, rollers are used to restrain the horizontal motion along the right
side. The bottom boundary can be completely fixed, as is modeled in Figure 7-3 by using pin
supports at each nodal point along the bottom edge. Alternatively, the bottom can be constrained
only against vertical movement. The choice depends on the soil conditions at the bottom of the
model. Usually, complete fixity is assumed if the lower boundary is taken as bedrock.

In Figure 7-3, the left-side vertical boundary is taken to be directly under the center
of the load because symmetry has been assumed. As we said before when discussing sym-
metry, all nodal points along the vertical line of symmetry are restrained against horizontal
displacement.

Finally, Reference [11] is recommended for additional discussion regarding guidelines in
modeling with different element types, such as beams, plane stress/plane strain, and three-di-
mensional solids.

Connecting (Mixing) Different Kinds of Elements

Sometimes it becomes necessary in a model to combine different kinds of elements, such
as beams and plane elements, such as CSTs. The problem with combining these elements is
that they have different degrees of freedom at each node. The beam allows for transverse dis-
placement and rotation at each node, while the plane element only has in-plane displacements
at each node. The beam can resist a concentrated moment at a node, whereas a plane element
(CST) cannot. Therefore, if a beam element is connected to a plane element at a single node
as shown in Figure 7-8(a), the result will be a hinge connection at A. This means only a force
can be transmitted through the node between the two kinds of elements. This also creates a
mechanism, as shown by the stiffness matrix being singular. This problem can be corrected
by extending the beam into the plane element by adding one or more beam elements, shown
as AB, for one beam element in Figure 7-8(b). Moment can now be transferred through the
beam to the plane element. This extension assures that translational degrees of freedom of
beam and plane element are connected at nodes A and B. Nodal rotations are associated with
only the beam element, AB. The calculated stresses in the plane element will not normally be
accurate near node A.
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m Figure 7-8 Connecting beam element to plane elements: (a) no moment is transferred,
(b) moment is transferred

For more examples of connecting different kinds of elements see Figures 1-6, 1-11,
12-11 and 16-33. These figures show examples of beam and plate elements connected together
(Figures 1-6, 12—11, and 16-33) and solid (brick) elements connected to plates (Figure 1-11).

Checking the Model for Errors

The discretized finite element model should be checked carefully before results are computed.
Ideally, a model should be checked by an analyst not involved in the preparation of the model,
who is then more likely to be objective.

Preprocessors with their detailed graphical display capabilities now make it compar-
atively easy to find errors, particularly the more obvious ones involved with a misplaced
node or missing element or a misplaced load or boundary support. Preprocessors include
such niceties as color, shrink plots (showing elements separated from each other as in
Figure 7-9), rotated views, sectioning, exploded views, and removal of hidden lines to aid
in error detection.

Most commercial codes also include warnings regarding overly distorted element
shapes and checking for sufficient supports. However, the user must still select the proper
element types, define sufficient support, and place supports and forces in proper locations
with proper directions and magnitudes, use consistent units, etc., to obtain a successful
analysis.

Checking the Results and Typical Postprocessor Results

The results should be checked for consistency by making sure that intended support nodes
have zero displacement, as required. Also, mesh convergence studies should be done as
previously described to observe convergence of results, such as displacements and stresses.
If reflective symmetry exists, then stresses and displacements should exhibit this symme-
try. That is, we should understand that for symmetry with respect to one plane, analysis
of either half of the structure yields a complete solution, because symmetric loading in
a symmetric structure produces symmetric results. Computed results from the finite ele-
ment program should be compared with results from other available techniques, even if
these techniques may be cruder than the finite element results. For instance, approximate
mechanics of material formulas, experimental data, and numerical analysis of simpler
but similar problems may be used for comparison, particularly if you have no real idea of
the magnitude of the answers. Remember to use all results with some degree of caution,
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m Figure 7-9 Plate of ASTM-A36 steel (2.5 m long, 2.5 m wide, 0.1 m thick, and with a hole
radius 0.05 m) discretized using a preprocessor program with automatic mesh generation

as errors can crop up in such sources as textbook or handbook comparison solutions and
experimental results.

In the end, the analyst should probably spend as much time processing, checking, and
analyzing results as is spent in data preparation.

Finally, we present an additional typical postprocessor result for the plane stress problem of
Figure 7-9 (Figure 7-10, on page 406). Other examples with results are shown in Section 7.6.

Equilibrium and Compatibility
of Finite Element Results

An approximate solution for a stress analysis problem using the finite element method based
on assumed displacement fields does not generally satisfy all the requirements for equilibrium
and compatibility that an exact theory-of-elasticity solution satisfies. However, remember that
relatively few exact solutions exist. Hence, the finite element method is a very practical one
for obtaining reasonable, but approximate, numerical solutions. Recall the advantages of the
finite element method as described in Chapter 1 and as illustrated numerous times throughout
this text.

We now describe some of the approximations generally inherent in finite element solutions.

1. Equilibrium of nodal forces and moments is satisfied. This is true because the global equa-
tion {F} = [K]{d} is a nodal equilibrium equation whose solution for {d} is such that the
sums of all forces and moments applied to each node are zero. Equilibrium of the whole
structure is also satisfied because the structure reactions are included in the global forces
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m Figure 7-10 Plate with a hole showing the deformed shape of a plate superimposed over
an undeformed shape. Plate is fixed on the left edge and subjected to 10 MPa tensile stress
along the right edge. Maximum horizontal displacement is 2.41 mm at the center of the
right edge. (Plate is steel with 0.1 m thickness)

and hence in the nodal equilibrium equations. Numerous example problems, particularly
involving truss and frame analysis in Chapter 3 and 5, respectively, have illustrated the
equilibrium of nodes and of total structures.

2. Equilibrium within an element is not always satisfied. However, for the constant-strain bar
of Chapter 3 and the constant-strain triangle of Chapter 6, element equilibrium is satisfied.
Also the cubic displacement function is shown to satisfy the basic beam equilibrium differ-
ential equation in Chapter 4 and hence to satisfy element force and moment equilibrium.
However, elements such as the linear-strain triangle of Chapter 8, the axisymmetric ele-
ment of Chapter 9, and the rectangular element of Chapter 10 usually only approximately
satisfy the element equilibrium equations.

3. Equilibrium is not usually satisfied across interelement boundaries. A differential element
including parts of two adjacent finite elements is usually not in equilibrium (Figure 7-11).
For line elements, such as used for truss and frame analysis, interelement equilibrium is
satisfied, as shown in example problems in Chapters 3 through 5. However, for two- and
three-dimensional elements, interelement equilibrium is not usually satisfied. For instance,
the results of Example 6.2 indicate that the normal stress along the diagonal edge between
the two elements is different in the two elements. Also, the coarseness of the mesh causes
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element common to both finite
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m Figure 7-11 Example 6.2, illustrating violation of equilibrium of a differential element
and along the diagonal edge between two elements (the coarseness of the mesh amplifies the
violation of equilibrium)

this lack of interelement equilibrium to be even more pronounced. The normal and shear
stresses at a free edge usually are not zero even though theory predicts them to be. Again,
Example 6.2 illustrates this, with free-edge stresses o, and 7, not equal to zero. However,
as more elements are used (refined mesh) the o, and 7, stresses on the stress-free edges
will approach zero.

4. Continuity is satisfied within an element as long as the element displacement field is
continuous. Hence, individual elements do not tear apart.

5. In the formulation of the element equations, continuity is invoked at the nodes. Hence,
elements remain connected at their common nodes. Similarly, the structure remains con-
nected to its support nodes because boundary conditions are invoked at these nodes.

6. Continuity may or may not be satisfied along interelement boundaries. For line elements
such as bars and beams, interelement boundaries are merely nodes. Therefore, the
preceding statement 5 applies for these line elements. The constant-strain triangle and
the rectangular element of Chapter 6 remain straight-sided when deformed. Therefore,
interelement continuity exists for these elements; that is, these plane elements deform
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7 | Practical Considerations in Modeling; Interpreting Results

along common lines without openings, overlaps, or discontinuities. Incompatible ele-
ments, those that allow gaps or overlaps between elements, can be acceptable and even
desirable. Incompatible element formulations, in some cases, have been shown to converge
more rapidly to the exact solution [1]. (For more on this special topic, consult References
[7] and [8].)

Convergence of Solution and Mesh Refinement

In Section 3.2, we presented guidelines for the selection of so-called compatible and complete
displacement functions as they related to the bar element. Those four guidelines are generally
applicable, and satisfaction of them has been shown to ensure monotonic convergence of the
solution of a particular problem [9]. Furthermore, it has been shown [10] that these compatible
and complete displacement functions used in the displacement formulation of the finite ele-
ment method yield an upper bound on the true stiffness (yielding models that are stiffer than
the actual physical devise), and hence a lower bound on the displacement of the problem, as
shown in Figure 7-12.

Hence, as the mesh size is reduced—that is, as the number of elements is increased—we
are ensured of monotonic convergence of the solution when compatible and complete displace-
ment functions are used. Examples of this convergence are given in References [1] and [11],
and in Table 7-2 for the beam with loading shown in Figure 7-1(a). All elements in the table
are rectangular. The results in Table 7-2 indicate the influence of the number of elements (or
the number of degrees of freedom as measured by the number of nodes) on the convergence
toward a common solution, in this case the exact one. We again observe the influence of the
aspect ratio. The higher the aspect ratio, even with a larger number of degrees of freedom, the
worse the answer, as indicated by comparing cases 2 and 3.

Patch Test

To test the convergence of a solution of an element being used in your model, a test called
the patch test was originally developed by Irons [30, 31] to examine the soundness of a
nonconforming plate element and is further discussed by Taylor, et al. [32], MacNeal and
Harder [33], Bathe [34], Belytschko, et al. [35], and Cook, et al. [7] (among others). The
patch test is based in part on the same requirements described in Section 3.2: that the ele-
ment must be able to accommodate both rigid-body motion and constant state of strain, as

Exact solution
\ Number of elements

Displacement

Compatible displacement
formulation

| Figure 7-12 Convergence of a finite element solution based on the compatible
displacement formulation
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7.3 Convergence of Solution and Mesh Refinement

Ml Table 7-2 Comparison of results for different numbers of elements

Vertical Displacement,

Case Number of Nodes Number of Elements Aspect Ratio v (mm) Point A
1 21 12 2 —18.80
2 39 24 1 —24.90
3 45 32 3 —22.22
4 85 64 1.5 —27.38
5 105 80 1.2 —29.74
Exact solution [2] —29.26

both are possible within a structure. The patch test then can be used to determined if the
element satisfies convergence requirements, although, in general, the patch test is “neither
sufficient nor necessary for convergence” [34]. The test also can be applied to determine if
sufficient Gauss points have been used in the numerical integration process to evaluate the
stiffness matrix when the concept of isoparametric formulation of stiffness matrices is used
as described in Chapter 10.

Patch Test Example

In the example to follow, we show that when properly formulated displacement-based elements
(as for instance given by Egs. (6.2.2) for the plane stress/strain element) are used in compatible
meshes (those meshes that satisfy both continuity between adjacent elements and continuity
within an element), the patch test is automatically satisfied.

The patch test is performed by considering a simple finite element model composed of
four irregular shaped elements of the same material with at least one node inside of the patch
(called the patch node), as shown in Figure 7—13. The elements should be irregular, as some
regular elements (such as rectangular) may pass the test whereas irregular ones will not. The
elements may be all triangles or quadrilaterals or a mix of both. The boundary can be a rect-
angle though.

0, 1) (1,1

0,0.4) (1,0.5)

1 2 3
(0,0) (0.5,0) (1,0)

| Figure 7-13 A patch of quadrilateral elements used for displacement patch test
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The “displacement” patch test can be used to check if the elements can represent
rigid-body motion and a constant state of strain. To verify if the elements can represent
rigid-body motion, we do the following:

Step 1 Set the x-displacements of all nodes on the boundary to a value (say 1). That is,
let u; = up =u3z = uy = ug = u7 = ug = ug = 1 (x-translational rigid-body motion
check). Set the y-displacement of these nodes to zero.

Step 2 Set the applied forces to zero at all nodes, including the interior node 5.

Step 3 Using the displacement values of 1 from step 1, set up the finite element equations
using the stiffness method.

Step 4 Solve for the unknown displacements at node 5.

Step 5 To pass the rigid-body motion test, the computed x- and y-displacements at node 5
should be equal tous = 1 and vs = 0:

Step 6 Repeat the steps by now setting all v;’s to 1 except at node 5 (y-translational
rigid-body motion check). The displacement at node 5 should now become us = 0
and vs = 1.

Step 7 Repeat the steps with all s =1 and all v/s = 1 except at node 5 (x — y diago-
nal rigid-body motion check). The displacements at node 5 should be us = 1 and
Vs = 1.

Step 8 The strains should be calculated within each element and should be zero.

To verify that the elements can represent a state of constant strain, the following steps
are taken:

Step 1 As strains are derivatives of displacements, constant strain conditions can be obtained
by assuming linear displacement functions. So set u(x,y) = x and v(x,y) = 0.
This yields &, = du/dx =1. The other in-plane strains, &, = dv/dy =0 and
Yay = 0u/dy + 0v/dx = 0. The displacement at each node must then be equal to its
x-coordinate. In order to pass the patch test, the calculated x-displacement at node 5
must equal its x-coordinate; that is, us = 0.3 and vs = 0.0.

Step 2 Repeat step 1 with u(x,y) = 0 and v(x,y) =y. This yields, &, =0, &, =1, and
Yy = 0. The displacement at each node must then be equal to its y-coordinate. In
order to pass the patch test, the calculated y-displacement at node 5 must equal its
y-coordinate; that is, us = 0.0 and vs = 0.4.

Step 3 Repeat the steps again with the shear strain becoming y,, = 1 and the normal strains
equal to zero.

The “force” patch test validates that errors associated with the applied loads do not occur.
The steps are as follows:

Step 1 Assume a uniform traction of o, = 1 or some convenient constant value is applied
along the right side of the patch. Replace this traction with its work-equivalent
nodal load.

Step 2 Internal node 5 is not loaded.

Step 3 The patch has just enough supports to prevent rigid-body motion. In Figure 7-14,
the left edge has one pin support and two rollers. (One roller would be sufficient to
prevent rigid-body motion.) The roller supports allow for strain &, due to the Poisson
effect. This strain will occur for Poisson’s ratio not equal to zero and therefore should
be accounted for.
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| Figure 7-14 A patch of quadrilateral elements for the force patch test

Step 4 The finite element direct stiffness method is again used to obtain the displacements
and element stresses. The uniform traction o, = 1 should be obtained within each
element. The other in-plane stresses, o, and 7y, should be zero.

Step 5 Repeat the steps assuming first that oy, = 1 along the top edge and the other stresses
are zero. Then assume that 7, = 1 and the two normal stresses equal zero.

The patch test also can be applied to other element types. For instance, a patch of solid ele-
ments described for a three-dimensional stress state in Chapter 11 should be able to properly yield
all six constant states of stress. The patch test for the plate bending analysis described in Chapter 12
should yield constant bending moments M, and M, and constant twisting moment M .

An element that passes the patch test is capable of meeting the following requirements:

(a) Predicting rigid-body motion without strain when this state exists.

(b) Predicting states of constant strain if they occur.

(¢) Compatibility with adjacent elements when a state of constant strain exists in adjacent
elements.

When these requirements are met, it is sufficient to guarantee that a mesh of these elements
will yield convergence to the solution as the mesh is continually refined.

The patch test is then a standard test for developers of new elements to test whether the
element has the necessary convergence properties. But the test does not indicate how well an
element works in other applications. An element passing the patch test may still yield poor
accuracy in a coarse mesh or show slow convergence as the mesh is refined.

Interpretation of Stresses

In the stiffness or displacement formulation of the finite element method used throughout
this text, the primary quantities determined are the interelement nodal displacements of the
assemblage. The secondary quantities, such as strain and stress in an element, are then obtained
through use of {¢} = [B]{d} and {0} = [D][B]{d}. For elements using linear-displacement
models, such as the bar and the constant-strain triangle, [B] is constant, and since we assume
[D] to be constant, the stresses are constant over the element. In this case, it is common practice
to assign the stress to the centroid of the element with acceptable results.

However, as illustrated in Section 3.11 for the axial member, stresses are not predicted
as accurately as the displacements (see Figures 3—31 and 3-32). For example, remember the
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constant-strain or constant-stress element has been used in modeling the beam in Figure 7-1.
Therefore, the stress in each element is assumed constant. Figure 7-15 compares the exact
beam theory solution for bending stress through the beam depth at the centroidal location of
the elements next to the wall with the finite element solution of case 4 in Table 7-2. This finite
element model consists of four elements through the beam depth. Therefore, only four stress
values are obtained through the depth. Again, the best approximation of the stress appears to
occur at the midpoint of each element, since the derivative of displacement is better predicted
between the nodes than at the nodes.

For higher-order elements, such as the linear-strain triangle of Chapter 8, [B], and hence
the stresses, are functions of the coordinates. The common practice is then to directly evaluate
the stresses at the centroid of the element.

An alternative procedure sometimes is to use an average (possibly weighted) value of
the stresses evaluated at each node of the element. This averaging method is often based on
evaluating the stresses at the Gauss points located within the element (described in Chapter 10)
and then interpolating to the element nodes using the shape functions of the specific element.
Then these stresses in all elements at a common node are averaged to represent the stress at the
node. This averaging process is called smoothing. Figure 7-9 shows a von Mises stress “fringe
carpet” (dithered) contour plot obtained by smoothing.

Smoothing results in a pleasing, continuous plot which may not indicate some serious
problems with the model and the results. You should always view the unsmoothed contour
plots as well. Highly discontinuous contours between elements in a region of an unsmoothed
plot indicate modeling problems and typically require additional refinement of the element
mesh in the suspect region.

If the discontinuities in an unsmoothed contour plot are small or are in regions of little con-
sequence, a smoothed contour plot can normally be used with a high degree of confidence in the
results. There are, however, exceptions when smoothing leads to erroneous results. For instance,
if the thickness changes significantly between adjacent elements [See Figure 7-6(c)], the stresses
will normally be different from one element to the next across the change in thickness. Smoothing
will likely hide the actual stress results. If there is a change in material stiffness due to different E’s,
this change will cause an abrupt change in strain across the different materials [See Figure 7—6(d)].
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m Figure 7-15 Comparison of the finite element solution and the exact solution of bending
stress through a beam cross section
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7.5 Flowchart for the Solution of Plane Stress/Strain Problems

Again, smoothing will likely hide this abrupt change in strain. Also, for shrink-fit problems
involving one cylinder being expanded enough by heating to slip over the smaller one, the cir-
cumferential stress between the mating cylinders is normally quite different [16].

The computer program examples in Section 7.6 show additional results, such as displaced
models, along with smoothed stress plots. The stresses to be plotted can be von Mises (used in
the maximum distortion energy theory to predict failure of ductile materials subjected to static
loading as described in Section 6.5); Tresca (used in the Tresca or maximum shear stress theory
also to predict failure of ductile materials subjected to static loading) [14, 16], and maximum
and minimum principal stresses.

Flowchart for the Solution of Plane
Stress/Strain Problems

In Figure 7-16, we present a flowchart of a typical finite element process used for the analysis
of plane stress and plane strain problems on the basis of the theory presented in Chapter 6.

START

Draw the geometry and apply forces
and boundary conditions

i

Define the element type and mechanical
properties (here the 2-D element is used)

i

DOJE=1,NELE |<—

i

Compute the element stiffness matrix[«]
and the load vector {f} in global coordinates

i

Use the direct stiffness procedure to add [k] and distributed loads {f}
to the proper locations in assemblage stiffness [K] and loads {F}

i

| Solve [K]{d} = {F} for {d} |

i

| Compute the element stresses |

i

Output results

END

m Figure 7-16 Flowchart of plane stress/strain finite element process
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Computer Program—-Assisted Step-by-Step
Solution, Other Models, and Results
for Plane Stress/Strain Problems

In this section, we present a computer-assisted step-by-step solution of a plane stress problem,
along with results of some plane stress/strain problems solved using a computer program [12].
These results illustrate the various kinds of difficult problems that can be solved using a gen-
eral-purpose computer program.

The computer-assisted step-by-step problem is the bicycle wrench shown in Figure 7-17(a)
on page 415. The following steps have been used to solve for the stresses in the wrench. (Some
of these steps may be interchanged.)

Step 1 The first step is to draw the outline of the wrench using a standard drawing program
as shown in Figure 7-17(a). The exact dimensions of the wrench are obtained from
Figure P7-38, where the overall depth of the wrench is 20 mm, the length is 140 mm,
and the sides of the hexagons are 9 mm long for the middle one and 7 mm long for
the side ones. The radius of the enclosed ends is 15 mm.

Step 2 The second step is to use a two-dimensional mesh generator to create the model mesh
as shown in Figure 7-17(b)—(d).

Step 3 The third step is to apply the boundary conditions to the proper nodes using the proper
boundary condition command. This is shown in Figure 7-17(c) as indicated by the
small A signs at the nodes on the inside of the left hexagonal shaped hole. The A sign
indicates complete fixity for a node. This means these nodes are constrained from
translating in the y and z directions in the plane of the wrench.

Step 4 The fourth step requires us to select the surface where the distributed loading is to
be applied and then the magnitude of the surface traction. This is the upper surface
between the middle and right hexagonal holes where the surface traction of 4.41 MPa
is applied as also shown in Figure 7-17(c). In the computer program this surface
changes to the color red as selected by the user.

Step5 In step 5 we choose the material properties. Here ASTM A-514 steel has been
selected, as this is quenched and tempered steel with high yield strength and will
allow for the thickness to be minimized.

Step 6 In step six we select the element type for the kind of analysis to be performed. Here
we select the plane stress element, as this is a good approximation to the kind of
behavior that is produced in a plane stress analysis. For the plane stress element a
thickness is required. An initial guess of 10 mm is made. This thickness appears to
be compatible with the other dimensions of the wrench.

Step 7 The seventh step is an optional check of the model. If you choose to perform this
step you will see the boundary conditions now appear as triangles at the left nodes
corresponding to full fixity and the surface traction arrows, indicating the location
and direction of the surface traction shown also in Figure 7-17(c).

Step 8  In step 8 we perform the stress analysis of the model.

Step 9 Instep 9 we select the results, such as the displacement plot, the principal stress plot,
and the von Mises stress plot. The von Mises stress plot is used to determine the
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m Figure 7-17 Bicycle wrench (a) outline drawing of wrench, (b) meshed model of wrench,
(c) boundary conditions and surface traction on wrench, and (d) von Mises stress plot (By
Joseph Mclliree and David Knopp) (See the full-color insert for a color version of this figure.)
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7 | Practical Considerations in Modeling; Interpreting Results

failure of the wrench based on the maximum distortion energy theory as described
in Section 6.5. The von Mises stress plot is shown in Figure 7—17(d). The maximum
von Mises stress indicated in Figure 7-17(d) is 290 MPa, and the yield strength of
the ASTM A-514 steel is 690 MPa. Therefore, the wrench is safe from yielding.
Additional trials can be made if the factor of safety is satisfied and if the maximum
deflection appears to be satisfactory.

Figure 7-18(a) shows a finite element model of a steel connecting rod that is fixed on its
left edge and loaded around the right inner edge of the hole with a total force of 13.35 kN. For
more details, including the geometry of this rod, see Figure P7-15 at the end of this chapter.
Figure 7-18(b) shows the resulting maximum principal stress. The largest principal stress of
79,750 kPa occurs at the top and bottom inside edges of the hole.

Figure 7-19 shows a finite element model along with the von Mises stress plot of an over-
load protection device (see Problem 7.33 for details of this problem). The upper member of the

/E

B -

-

i 4450 N

& 4450 N F —
.S 4450 N

A

F4

A x

(a)

Stress.
Maximun Principal
kN/m?
79750
71775
63800
55210
47610
39870
31895
23925
15950

7985
6.85¢-13

Load Case: 1 of |
Load Case Deseription: Load Case Description e
Maximum Value 79750 kN/m?® |

Minimum Value 6.85¢-13 kN/m*
0000 4702 m 9401 16642
1 <Design Scenario 1 >

m Figure 7-18 (a) Connecting rod subjected to tensile loading and (b) resulting principal
stress throughout the rod (See the full-color insert for a color version of this figure.)
(By Jeff Artus)
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7.6 Computer Program—Assisted Step-by-Step Solution, Other Models, and Results

Aluminum alloy 6061 with plate thickness of 12 mm Stress
Yield strength of material Is 255 MPa so FS = 255/201 = 127 von Mises
N/(mm*2)

201.0487
1809458
1608429
140.74
1206372
100.5343
B0.43143
B0 32856
40 22569
201281
0.01994207

i,

W Figure 7-19 von Mises stress plot of overload protection device (See the full-color insert for
a color version of this figure.)

0.000 30304 mm 80.720 91.003

¥ || I ]
L | 1 ]

device was modeled. Node S at the shear pin location was constrained from vertical motion,
five nodes along the left side of pin hole B were constrained in both the horizontal and vertical
directions, and all nodes at the pin hole at A were constrained in the vertical direction. A load
of 700 N was spread over the three lowest nodes at the inner side of the right section hanging
down near point E to simulate the load to fail the pin at S in shear at a stress of 40 MPa. The
largest von Mises stress of 201 MPa occurs at the inner edge of the cutout section for a device
with thickness of 12 mm.

Figure 7-20 shows the plot of the von Mises stress of a tapered plate with a hole in it,
subjected to tensile loading of 5 kN acting along the right edge. The left edge is fixed. For more
details of this problem, see Problem 7.26. The largest von Mises stress of 6.17 MPa occurs at
the top edge of the hole, whereas the second largest von Mises stress of 5.78 MPa occurs at
the elbow between the smallest cross section and where the taper begins.

Figure 7-21 shows the plot of the von Mises stresses in an adjustable wrench subjected to
700 N of force applied over the top 50 mm of the wrench as shown. The largest von Mises stress
of 29.72 MPa occurs at the outer edge of the right side at the lowest location of the narrow part
of the handle. The lower inside surface of the wrench is fixed to simulate the wrench engaged
with a bolt. For more details of this problem, see Problem 7.28.

Finally, Figure 7-22(a) shows a finite element model and the von Mises stress plot for a
beam welded to a column by top and bottom fillet welds. A surface contact between the beam
and column was used that allowed the beam and column to separate wherever tension existed
along the surfaces in contact. The beam is 70 mm thick by 120 mm deep by 200 mm long with
a load of 10 kN applied vertically 160 mm from the left end of the beam and at 60 mm down
from the top edge of the beam. The material is steel with E = 205 GPa and v = 0.25 for all
material. The weld leg size is 6 mm.
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Stress
von Mises
N 2)

6173353
5628343
5083333
4538324
3993314
3448304
2903294
2358284
1813275
1268265
7233549

SkN

1]

W Figure 7-20 von Mises stress plot in a tapered plate with hole (By Matthew Groshek and
Caleb Johnson)

Stress
von Mises

N/(m*2)
2.971619e+007
2.675007e+007
2.378395e+007
2.081783e+007
1.785172e+007
1.48856e+007
1.191948e+007
8953359
5987240
3021121
55002.14

Load Case: 10f1

Load Case Descriotion  Load Case Description
Madinu Value: 29716264007 N(112)
memmnw a

W Figure 7-21 von Mises stress plot of an adjustable wrench (By John Schuster and
Nick Soper)

After mesh refinement around the top weld to double the number of elements in the weld,
the maximum von Mises stress was determined to be 87.3 MPa at the toe of the top weld as
seen best in the zoomed-in Figure 7-22(b). This value compares reasonably well with that
obtained by the classical method shown on pages 458-460 of Reference [36] where a value
of 94 MPa was obtained.
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7.6 Computer Program—Assisted Step-by-Step Solution, Other Models, and Results

Logan's Solution to Welded beam Surface Contact Between Beam and Column Swess
von Mises

N2

87310894
Tesean
A3E53550
61124802
52386224
43667557
34938989
26210222
17481555
8752887 1
24219504

Logan's Solution to) n and Column

(b)

W Figure 7-22 (a) von Mises stress plot of beam welded to column (largest von Mises stress
of 87.3 MPa is located at toe of top fillet weld as shown by (b) zoomed-in view of top fillet
weld (notice also that a surface contact was used between the beam and column that allowed
for the gap to form where the beam separated from the column) (See the full-color insert for a
color version of this figure.)
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PROBLEMS

7.1 For the finite element mesh shown in Figure P7—1, comment on the appropriateness
of the mesh. Indicate the mistakes in the model. Explain and show how to correct
them.

W Figure P7-1

7.2 Comment on the mesh sizing in Figure P7-2. Is it reasonable? If not, explain why not.

B Figure P7-2
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7.3 What happens if the material property v = 0.5 in the plane strain case? Is this pos-
sible? Explain.

7.4 Under what conditions is the structure in Figure P7—4 a plane strain problem? Under
what conditions is the structure a plane stress problem?

’ "—-25 cm—»!

{ 175 kN/m
25cm /

rad = 25 mm l { l |
—412.50m~— f

25 cm
Z {

l 50 cm

W Figure P7-4

7.5 When do problems occur using the smoothing (averaging of stress at the nodes from
elements connected to the node) method for obtaining stress results?

7.6 What thickness do you think is used in computer programs for plane strain problems?

7.7 Which one of the CST models shown in Figure P7-7 is expected to give the best
results for a cantilever beam subjected to an end shear load? Why?

4 @ 25 mm = 100 mm IOO mm
| 6 @50 mm =300 mm | 12 @ 25 mm =300 mm
I | I |
(a) (b)
50 50 mm
6 @ %~ mm = 100 mm
3 50 mm
 150mm | 150 mm |  150mm | 150 mm
I | | ! | |
(c) ()

m Figure P7-7

7.8 The plane stress element only has in-plane displacements, while the frame element
resists displacements and rotations. How can we combine the plane stress and beam
elements and still insure compatibility? That is, how can we make sure the frame
element and plane stress element remain together?

7.9  In considering the patch test, answer the following questions:

a. Can elements of different mechanical properties be used? Why?

b. Can the patch be arbitrary in shape? Why?

c¢. Can we mix triangular and quadrilateral elements in the patch test?

d. Can we mix bar elements with triangular or quadrilateral elements? Why?
e. When should the patch test be applied?

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




Problems

7.10 Consider the bar with two elements shown in Figure P7.10. Perform a patch test
using these two elements. Let £ = 200 GPa, and A = 1 X 10™* m?. Use the stan-
dard bar element stiffness matrix [Eq. (3.1.14)] derived using the shape functions
Ni(x) = x/L and Na(x) = 1 — x/L.

a. Forthe rigid body motion test, set#; = 1 mandus = 1 mand verify thatu, = I m
by using the direct stiffness method.

b. For the constant strain test, assume linear displacement function u(x) = x for
the nodes at the boundaries, such that #; = 0 and u3 = 2 m, and verify that
U = 0.6 m.

LD 2 e
—] o06m |

m Figure P7-10

-— 0w

1.4 m

Solve the following problems using a computer program. In some of these
problems, we suggest that students be assigned separate parts (or models) to
facilitate parametric studies.
7.11 Consider the rectangular plate shown (Figure P7—11) in plane stress. Using a com-
puter program, verify that the plane stress element of the code satisfied the patch @
test. That is, apply constant displacement of # = 0.005 m to the right-side nodes,
3, 6, and 9, and determine the displacement at interior node 5. Use E = 200 GPa,
v = 0.3, and plate thickness of 0.1 m. Explain your results.

y
1. 0D 05D 11
=17 8 9
5 (0.3,0.3)
1 2 3 ¥
05,00 (1,0
W Figure P7-11
7.12 Determine the free-end displacements and the element stresses for the plate dis-
cretized into four triangular elements and subjected to the tensile forces shown in

Figure P7-12. Compare your results to the solution given in Section 6.5. Why are
these results different? Let E = 210 GPa, v = 0.30, and ¢t = 20 mm.

|

25 cm

L » 15 kN

15 kN

N

NN

50 cm

W Figure P7-12

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.
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7.13 Determine the stresses in the plate with the hole subjected to the tensile stress shown

@ in Figure P7—13. Graph the stress variation o, versus the distance y from the hole.
Let E = 200 GPa, v = 0.25, and t = 25 mm. (Use various mesh densities, depend-

ing on your computer program in your finite element model.) Use symmetry as

appropriate.
———————— e
-] . ——
25 mm radius
— S 4
10 kPa =—— 500 mm = 10 kPa :
- —_— x
-
—— —— i~

W Figure P7-13

at the top, as shown in Figure P7-14. Determine at what depth the effect of the load
dies out. Plot stress o, versus distance from the load. At distances of 25 mm, 50 mm,
100 mm, 150 mm, 250 mm, 375 mm, 500 mm, and 750 mm from the load, list o,
versus these distances. Let the width of the plate be » = 100 mm, thickness of the

@ 7.14 Solve the following problem of a steel tensile plate with a concentrated load applied

= 4kN

Sal

qQ
I
Syt

e
Syl

Vo
W Figure P7-14
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Problems

plate be # = 6.25 mm, and length be L = 1 m. Look up the concept of St. Venant’s
principle to see how it explains the stress behavior in this problem.

7.15 For the flat connecting rod shown in Figure P7-15, determine the maximum prin-
cipal stresses and their location. Let £ = 210 GPa, v = 0.25, t = 25 mm, and
P = 4000 N.

43 mm radius

12.5 mm radius

28
|’ﬂ’| Axis of

symmetry

40° p) /
OGP
SN !\

§mm |

50 mm/

§mm §
~—— 50 mm —}+——-| 18 mm

W Figure P7-15

fillet subjected to tensile surface tractions shown in Figure P7-16. Let E = 200 GPa
and v = 0.25. Then let E = 73 GPa and v = 0.30. Let # = 25 mm for both cases.
Compare your answers for the two cases.

7.16 Determine the maximum principal stresses and their locations for the member with @

___— Axis of symmetry
|‘— 100 mm—-l-f l()OImm—-|<— 100 mm——l

1.5 N/mm? =] SOfmm 38 mm ™ 1.5 N/mm?
1 ' MY

PR
|o— 88 mm—] L_ & mm radiue

W Figure P7-16

as shown in Figure P7-17. At what location are the principal stresses largest? Let
E = 210 GPa and v = 0.25. Use plane strain conditions.

7.18 Determine the maximum principal stresses in the soil mass subjected to the strip foot-
ing load shown in Figure P7-18. Use a width of 2D and depth of D, where D is 0.75,
1, 1.5, 2 and 2.5 m. Plot the maximum stress contours on your finite element model
for each case. Compare your results. Comment regarding your observations on mod-
eling infinite media. Let £ = 30,000 psi and v = 0.30. Use plane strain conditions.

7.17 Determine the maximum principal stresses in the member with a re-entrant corner @
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7 —12.5 cm e 1‘
é 6.25 mm rad. 25 cm
/,. | 2 -
| \Axis of symmetry
| 50 cm -
m Figure P7-17 m Figure P7-18
7.19 For the tooth implant subjected to loads shown in Figure P7-19, determine the
maximum principal stresses. Let £ = 12 GPa and v = 0.3 for the dental restor-

ative implant material (cross-hatched), and let £ = 7.5 GPa and v = 0.35 for the
bony material. Let X = 1.25 mm, 2.5 mm, 5.0 mm, 7.5 mm, and 12.5 mm, where
X represents the various depths of the implant beneath the bony surface. Rectangular
elements are used in the finite element model shown in Figure P7-19. Assume the
thickness of each element to be = 6.25 mm.

75N
T 0N 2.5 mm rad. (typ.)
25mm N o0 mm
T N Sy
b _—_ —_—_—_—_— ——_— I———————-.—- —— T —_—_D\
¥ \N b 9.375 mm / ]
& 9.375 mm —R \ R
N SN
H \ / 14 mm o
NN \ N \ z
O O
o AN
o .
o B
3 \
D N
Z ”
0 13.28 mm 27.34 mm 28.9 mm 42.9 mm 56 mm
56.25 mm %
W Figure P7-19
7.20 Determine the middepth deflection at the free end and the maximum principal stresses
and their location for the beam subjected to the shear load variation shown in Figure

P7-20. Do this using 64 rectangular elements all of size 300 mm X 12.5 mm; then
all of size 150 mm X 25 mm; then all of size 75 mm X 50 mm. Then use 60 rectan-
gular elements all of size 60 mm X 66.67 mm; then all of size 120 mm X 33.33 mm.
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Compare the free-end deflections and the maximum principal stresses in each case
to the exact solution. Let £ = 210 GPa, v = 0.3, and ¢t = 25 mm. Comment on the
accuracy of both displacements and stresses.

178 kN total shear
7 load parabolically
distributed

0.2 m

!‘ 1.2m I

m Figure P7-20

7.21 Determine the stresses in the shear wall shown in Figure P7-21. At what location
are the principal stresses largest? Let E = 21 GPa, v = 0.25, f,y;y = 0.10 m, and
tream = 0.20 m. Use 0.1 m radii at the re-entrant corners.

50 kN/m

W Figure P7-21

7.22 Determine the stresses in the plates with the round and square holes subjected to the
tensile stresses shown in Figure P7-22. Compare the largest principal stresses for
each plate. Let E = 210 GPa, v = 0.25, and t = 5 mm.

1 mm rad.
- > - each corner >
@ 500 mm I
25-mm radius - - 25 mm
Y - - >
1 kN/m? | ‘|1 kN/m? 1 kN/m?| |1 kN/m?

W Figure P7-22
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7.23 For the concrete overpass structure shown in Figure P7-23, determine the max-
imum principal stresses and their locations. Assume plane strain conditions. Let
E =20GPaandv = 0.30.
I T T O T A
55m
35m
radius
2.1 m
AN N\ AANNNN
e—3m 3m !‘ 3m 3m —
W Figure P7-23
7.24 For the steel culvert shown in Figure P7-24, determine the maximum von Mises
stresses and their locations and the largest displacement and its location. Let
Egeet = 210 GPa and let v = 0.30.
7 kN/m?
—] |e— 0.25m 3m

| _ Ve
ﬁ } 3m é é
7. 2
W Figure P7-24

7.25 For the tensile member shown in Figure P7-25 on the next page with two holes,
@ determine the maximum principal stresses and their locations. Let £ = 210 GPa,
v =0.25, and t = 10 mm. Then let £ = 70 GPa and v = 0.30. Compare your

results. Use 2 kN/m? spread uniformly over the right side.

7.26 For the plate shown in Figure P7-26 on the next page, determine the maximum von

@ Mises stresses and their locations. Let E = 210 GPaand v = 0.25.

7.27 For the concrete dam shown subjected to water pressure in Figure P7-27, determine
the principal stresses. Let £ = 25 GPa and v = 0.15. Assume plane strain condi-
tions. Perform the analysis for self-weight and then for hydrostatic (water) pressure
against the dam vertical face as shown.
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)
|
—r|
<03 m=—0.4 m—s=0.3 m==]0.75 m
| | [
i
e 2 kN/m?
i
-
75-mm radius ] 1=10 mm
-
|
~
| |
| Im |
m Figure P7-25
25-mm radius 1
—
0.3 m 0.1m — » 5 kN (total force)
——
0.15m t
l t = 10 mm
r—O.ZS m+0.25 m 0.25 m—
H Figure P7-26
A 4
¥
\ 9m
_ ¥
7.5m
80 m
30 m
1 i 1

9m I 54 m |

W Figure P7-27
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7 | Practical Considerations in Modeling; Interpreting Results

E =200 GPaand v = (.25, and assume uniform thickness # = 10 mm. Assume the

@ 7.28 Determine the von Mises stresses in the wrench shown in Figure P7-28. Let
bottom inside surface is fixed.

700 N
spread over
50 mm
length

250 mm

—

160 mm

~» 40 mm

W Figure P7-28

7.29 Determine the principal stresses in the blade implant and the bony material shown
in Figure P7-29 on page 431. Let Epjage = 20 GPa, Vpjage = 0.30, Epone = 12 GPa,
and Vpone = 0.35. Assume plane stress conditions with # = 5 mm.

7.30 Determine the stresses in the plate shown in Figure P7-30 on page 431.Let E = 210GPa
and v = 0.25. The element thickness is 10 mm.

7.31 For the 12.5 mm thick canopy hook shown in Figure P7-31 on page 432, used to
hold down an aircraft canopy, determine the maximum von Mises stress and max-
imum deflection. The hook is subjected to a concentrated upward load of 100 kN
as shown. Assume boundary conditions of fixed supports over the lower half of the
inside hole diameter. The hook is made from AISI 4130 steel, quenched and tem-
pered at 200°C. Remember that the stress at the load is not accurate. (This problem
is by Mr. Steven Miller.)

Q00
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Problems

66 N

l 66 N

le—— 6 mm —» T
6 mm
Bony material
/
/
Blade imptant ~_ - R = 6 mm 6 mm
0.1 mm rad. Bony material
(typ.) /
[ 1 | ] 0.7*mm 6 mm
"‘l'—7 mm—»‘ 3 mm L
I mm ¥
!‘ 22 mm

W Figure P7-29

3kN

3kN

60 mm

m Figure P7-30

7.32  For the 6.25 mm thick L-shaped steel bracket shown in Figure P7-32 on page 432,
show that the stress at the 90° re-entrant corner never converges. Try models with @
increasing numbers of elements to show this while plotting the maximum principal
stress in the bracket. That is, start with one model, then refine the mesh around the
re-entrant corner and see what happens, say, after two refinements. Why? Then add
a fillet, say, of radius 12.5 mm and see what happens as you refine the mesh. Again
plot the maximum principal stress for each refinement.

7.33 The machine shown in Figure P7-33 on page 433 is an overload protection device
that releases the load when the shear pin S fails. Determine the maximum von Mises
stress in the upper part ABE if the pin shears when its shear stress is 40 MPa. Assume
the upper part to have a uniform thickness of 6 mm. Assume plane stress conditions
for the upper part. The part is made of 6061 aluminum alloy. Is the thickness suf-
ficient to prevent failure based on the maximum distortion energy theory? If not,
suggest a better thickness. (Scale all dimensions as needed.)

Use a computer program to help solve the design-type problems, 7.33 through 7.39. @
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7 | Practical Considerations in Modeling; Interpreting Results

900 kN

VA
X Y
I 48 mm I
W Figure P7-31
50 mm
300 mm
P=2kN
50 mm

300 mm

W Figure P7-32

7.34  The steel triangular plate 6 mm thick shown in Figure P7-34 on page 433 is bolted to

@ a steel column with 18 mm-diameter bolts in the pattern shown. Assuming the column
and bolts are very rigid relative to the plate and neglecting friction forces between the

column and plate, determine the highest load exerted on any bolt. The bolts should not
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120 30, 60

Dimensions Released
in millimeters position

M Figure P7-33

60 |
30 kN
10,125 20
SANANY SNN\N\\\y|
b
! o ©
12.5
! o o

Dimensions in cm

W Figure P7-34

be included in the model; just fix the nodes around the bolt circles and consider the
reactions at these nodes as the bolt loads. If 18 mm-diameter bolts are not sufficient, rec-
ommend another standard diameter. Assume a standard material for the bolts. Compare
the reactions from the finite element results to those found by classical methods.
7.35 A 6 mm thick machine part supports an end load of 4.5 kN as shown in Figure P7-35.
Determine the stress concentration factors for the two changes in geometry located at the @
radii shown on the lower side of the part. Compare the stresses you get to classical beam
theory results with and without the change in geometry, that is, with a uniform depth of
24 mm instead of the additional material depth of 26 mm. Assume standard mild steel
is used for the part. Recommend any changes you might make in the geometry.

45kN

-—12 |~—8.4—=}——6
| | | |_1

A

Dimensions in cm

W Figure P7-35
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7 | Practical Considerations in Modeling; Interpreting Results

7.36 A plate with an off-center hole is shown in Figure P7-36. Determine how close to the top

@ edge the hole can be placed before yielding of the A36 steel occurs (based on the maximum
distortion energy theory). The applied tensile stress is 70,000 kPa, and the plate thick-

ness is 6 mm. Now if the plate is made of 6061-T6 aluminum alloy with a yield strength

of 255 MPa, does this change your answer? If the plate thickness is changed to 12 mm,

how does this change the results? Use same total load as when the plate is 6 mm thick.

¢ ‘ 12 mm dia. ’
- —
-— —++ —
48 ] 70,000 kPa

e —

- 30 —

- ‘ —_—

60
120

Dimensions in mm

W Figure P7-36
7.37 One arm of a crimper tool shown in Figure P7-37 is to be designed of 1080 as-rolled

steel. The loads are shown in the figure. Fix the nodes around the two holes. Select

a thickness for the arm based on the material not yielding with a factor of safety of
1.5. Recommend any other changes in the design. (Scale any other dimensions that
you need.) Remember stresses at concentrated loads are false.

I 200 I

3.6541
(a) Crimper arm with dimensions (millimeters) R0.1409
Y E=240N
B=2100N
A=1250N

(b) Crimper arm loads and boundary conditions

m Figure P7-37
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Problems

7.38 Design the bicycle wrench with the approximate dimensions shown in Figure P7-38.
If you need to change dimensions explain why. The wrench should be made of steel @
or aluminum alloy. Determine the thickness needed based on the maximum distor-
tion energy theory. Plot the deformed shape of the wrench and the principal stress
and von Mises stress. The boundary conditions are shown in the figure, and the
loading is shown as a distributed load acting over the right part of the wrench. Use
a factor of safety of 1.5 against yielding. Round each corner with a 10 mm radius.

The sides of the middle
R=15mm hexagon are 9 mm long.

1 mm rad. (typ.)

1 mm rad. (typ.)

The sides of the corner
hexagons are 7 mm long.

10 mm 10 mm

10 N/mm

Fixed all the way around this hexagon.

H Figure P7-38

one to relieve stress. Make the original part have a small radius of 2.5 mm at the
inside reentrant corners. Place a uniform pressure load of 6.4 MPa on the right end
of each part and fix the left end. All units shown are taken in millimeters. Let the
material be A36 steel.

7.39  For the various parts shown in Figure P7-39 on the next page determine the best @
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25
25 75
25
75 } 75 }
(a) Original design
25 R=125 T
R B 4 },/
’
25
¥ 25 75
r KB
25 75
R \
} 75 v
75 | 75 |
75 } (c) Radius
(b) Taper
I 75 } 75 i
_L-—i [~-9.4 o
T T Gl\ O 1.6 mm
T 25
R=32mm R=25 9.4
~a 3.2 mm
2+5
i 8 25 75
+ g 4
25
—L i T 3.2 mm

| | 9.4
75 | 75 , 25 i (D/
l O 1.6 mm

(d) Undercut
o4

(e) Relief Holes

m Figure P7-39
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CHAPTER

Development of the Linear-
Strain Triangle Equations

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Develop the linear-strain triangular (LST) element stiffness matrix.
m Describe how the LST stiffness matrix can be determined.
m Compare the difference in results using the CST and LST elements.

Introduction

In this chapter, we consider the development of the stiffness matrix and equations for a high-
er-order triangular element, called the linear-strain triangle (LST). This element is available
in many commercial computer programs and has some advantages over the constant-strain
triangle described in Chapter 6.

The LST element has six nodes and twelve unknown displacement degrees of freedom.
The displacement functions for the element are quadratic instead of linear (as in the CST).

The procedures for development of the equations for the LST element follow the same
steps as those used in Chapter 6 for the CST element. However, the number of equations now
becomes twelve instead of six, making a longhand solution extremely cumbersome. Hence,
we will use a computer to perform many of the mathematical operations.

After deriving the element equations, we will compare results from problems solved using
the LST element with those solved using the CST element. The introduction of the higher-
order LST element will illustrate the possible advantages of higher order elements and should
enhance your general understanding of the concepts involved with finite element procedures.

Derivation of the Linear-Strain Triangular Element
Stiffness Matrix and Equations

We will now derive the LST stiffness matrix and element equations. The steps used here are
identical to those used for the CST element, and much of the notation is the same.

Step 1 Select Element Type

Consider the triangular element shown in Figure 8—1 with the usual end nodes and three
additional nodes conveniently located at the midpoints of the sides. Thus, a computer program
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8 | Development of the Linear-Strain Triangle Equations

U3

Y v

B Figure 8-1 Basic six-node triangular element showing degrees of freedom

can automatically compute the midpoint coordinates once the coordinates of the corner nodes
are given as input.
The unknown nodal displacements are now given by

u
v
U
{di} Vs
{d2} u3
{ds} V3
=10 =1 (8.1.1)
{ds} V4
{ds} us
Vs
Us
Ve

Step 2 Select a Displacement Function

We now select a quadratic displacement function in each element as

u(x,y) =a; + arx + azy + asx* + asxy + agy> 8.12)
v(x,y) = a7 +agx + agy + ajpx* + ayxy + apy? -

Again, the number of coefficients a; (12) equals the total number of degrees of freedom for the
element. The displacement compatibility among adjoining elements is satisfied because three
nodes are located along each side and a parabola is defined by three points on its path. Since
adjacent elements are connected at common nodes, their displacement compatibility across
the boundaries will be maintained.

In general, when considering triangular elements, we can use a complete polynomial in
Cartesian coordinates to describe the displacement field within an element. Using internal
nodes as necessary for the higher-order cubic and quartic elements, we use all terms of a trun-
cated Pascal triangle in the displacement field or, equivalently, the shape functions, as shown
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8.1 Derivation of the Linear-Strain Triangular Element Stiffness Matrix and Equations

Terms in Pascal Triangle Polynomial Degree Number of Terms Triangle
1 0 (constant) 1
Xy 1 (linear) 3 CST A
(Chap. 6)
x2 xy y? 2 (quadratic) 6 LST A
(Chap. 8)

3

x> xIy xy? y? 3 (cubic) 10 QST d

m Figure 8-2 Relation between type of plane triangular element and polynomial coefficients
based on a Pascal triangle

by Figure 8-2; that is, a complete linear function is used for the CST element considered
previously in Chapter 6. The complete quadratic function is used for the LST of this chapter.
The complete cubic function is used for the quadratic-strain triangle (QST), with an internal
node necessary as the tenth node.

The general displacement functions, Egs. (8.1.2), expressed in matrix form are now

a
I x y x2 xyx y» 00 0 0 0 0||a
{df}={”}= . T 613
000 0 O 0 I x y x* xy vy
ann

Alternatively, we can express Eq. (8.1.3) as
Y} = [M"a} (8.1.4)

where [M "] is defined to be the first matrix on the right side of Eq. (8.1.3). The coefficients a;
through a;, can be obtained by substituting the coordinates into « and v as follows:

" Lxoyoxf anm » 000 a
0 I x2 y2 x3 x2y2 » 0 0 0 0 0 O o
ug | _ 1 x5 Yo x2 X6 Y2 0 0 0 0 0 0]|a 8.1.5)
v 00 0 0 0 0 1 x yw x xm y|la|
Vs 00 0 0 0 0 1 x5 y5 x2 xsys y2 ||
Ve 1 X 2 2 a2

6 Yo Xg XeYo Yo
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8 | Development of the Linear-Strain Triangle Equations

Solving for the g;’s, we have

- -1

a 1 x1 »n xlz X1y y12 0o 0 0 O 0 0 u
ag _ 1 X6 Y6 X62 X6Y6 yg O 0 0 0 O 0 Ug (8 1 6)
as 0 0 0 O 0 0 1 x y xf xy ¥ Vi h
an 00 0 0 0 0 1 x v x2 xy 2| L'
or, alternatively, we can express Eq. (8.1.6) as
{a) = [XT Yd} (8.1.7)

where [X]is the 12 X 12 matrix on the right side of Eq. (8.1.6). It is best to invert the [X ] matrix
by using a digital computer. Then the g;’s, in terms of nodal displacements, are substituted into
Eq. (8.1.4). Note that only the 6 X 6 part of [X] in Eq. (8.1.6) really must be inverted. Finally,
using Eq. (8.1.7) in Eq. (8.1.4), we can obtain the general displacement expressions in terms
of the shape functions and the nodal degrees of freedom as

{} = IN){d} (8.1.8)
where [N]=[M*][X]"! (8.1.9)

Step 3 Define the Strain-Displacement and Stress/Strain Relationships
The element strains are again given by

&_u
ox
Ex
@={st={ =
y dy (8.1.10)
Yo av u
4+ =
dx dy

or, using Eq. (8.1.3) for # and v in Eq. (8.1.10), we obtain the strain-generalized displacement
equations as

01 02cy 0000 0 0 0fl*“
(e}=10 00 0 0 0 001 0 x 2y[{® 8.1.11)
001 0 x 2y 01 0 2x y O
apn

We observe that Eq. (8.1.11) yields a linear strain variation in the element. Therefore, the ele-
ment is called a linear-strain triangle (LST). Rewriting Eq. (8.1.11), we have

{e} = M'){a} (8.1.12)
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8.1 Derivation of the Linear-Strain Triangular Element Stiffness Matrix and Equations

where [M'] is the first matrix on the right side of Eq. (8.1.11). Substituting Eq. (8.1.6) for the
a;’s into Eq. (8.1.12), we have {¢} in terms of the nodal displacements as

{e} = [BI{d} (8.1.13)
where [B] is a function of the variables x and y and the coordinates (x,y;) through (x¢, ys)
given by

[B] = [M'][X]! (8.1.14)

where Eq. (8.1.7) has been used in expressing Eq. (8.1.14). Note that [B] is now a matrix of
order 3 X 12.
The stresses are again given by

oy &y
oy ¢ =[D]y e, ¢ = [DI[BI{d} (8.1.15)
Txy Yy

where [D] is given by Eq. (6.1.8) for plane stress or by Eq. (6.1.10) for plane strain. These
stresses are now linear functions of x and y coordinates.

Step 4 Derive the Element Stiffness Matrix and Equations

We determine the stiffness matrix in a manner similar to that used in Section 6.2 by using
Eq. (6.2.50) repeated here as

(k1= [[[iBI"DIBIAY (8.1.16)
Vv

However, the [B] matrix is now a function of x and y as given by Eq. (8.1.14). Therefore, we
must perform the integration in Eq. (8.1.16). Finally, the [B] matrix is of the form

1B10ﬂ20B30ﬂ40/350360

[B]=ﬁ O v 0 »v» 0 v 0 v 0 vy 0 v | (8117

Yio Bt ov2 B2 vi Bs va Bsa vs Bs Ye Bs

where the 8’s and +y’s are now functions of x and y as well as of the nodal coordinates, as is
illustrated for a specific linear-strain triangle in Section 8.2 by Eq. (8.2.8). The stiffness matrix
is then seen to be a 12 X 12 matrix on multiplying the matrices in Eq. (8.1.16). The stiffness
matrix, Eq. (8.1.16), is very cumbersome to obtain in explicit form, so it will not be given here.
However, if the origin of the coordinates is considered to be at the centroid of the element,
the integrations become amenable [9]. Alternatively, area coordinates [3, 8, 9] can be used
to obtain an explicit form of the stiffness matrix. However, even the use of area coordinates
usually involves tedious calculations. Therefore, the integration is best carried out numerically.
(Numerical integration is described in Section 10.3.)

The element body forces and surface forces should not be automatically lumped at the
nodes, but for a consistent formulation (one that is formulated from the same shape functions
used to formulate the stiffness matrix), Eqgs. (6.3.1) and (6.3.7), respectively, should be used.
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8 | Development of the Linear-Strain Triangle Equations

(Problems 8.3 and 8.4 illustrate this concept.) These forces can be added to any concentrated
nodal forces to obtain the element force matrix. Here the element force matrix is of order 12 X 1
because, in general, there could be an x and a y component of force at each of the six nodes
associated with the element. The element equations are then given by

Six kip e ko u
Jiy ko k212 Vi
A ) : (8.1.18)
Joy kiog o kiza | | Ve
(12 % 1) (12 % 12) 12x1

Steps 5 through 7

Steps 5 through 7, which involve assembling the global stiffness matrix and equations, deter-
mining the unknown global nodal displacements, and calculating the stresses, are identical to
those in Section 6.2 for the CST. However, instead of constant stresses in each element, we
now have a linear variation of the stresses in each element. Common practice was to use the
centroidal element stresses. Current practice is to use the average of the nodal element stresses.

m Example LST Stiffness Determination

To illustrate some of the procedures outlined in Section 8.1 for deriving an LST stiffness
matrix, consider the following example. Figure 8-3 shows a specific LST and its coordinates.
The triangle is of base dimension b and height i, with midside nodes.

Using the first six equations of Eq. (8.1.5), we calculate the coefficients a; through a¢ by
evaluating the displacement u at each of the six known coordinates of each node as follows:

u = u(0,0) =
w, = u(b,0) =a; + arb + asb?
uz = u(0,h) = a; + azh + agh®

u Iu(é ﬁ)Za +aé+aﬁ+a(éjz+a@+a(ﬁ)2
4 ) 1 25 35 45 5y P (8.2.1)
u(Oﬁ)Za +aﬁ+a(ﬁ)2
'3 1 32 6 )
b b b\
—,0l=a +a— + —
u(z j a 6122 a4(2)

Solving Egs. (8.2.1) simultaneously for the ¢;’s, we obtain

Us

U

a = u a _4u6—3u1—u2 a _4u5—3u1—u3
1 1 2 b 3 h
2(M2 - 2u6 + ul) 4(u1 + Uy — Us — u(,)
ay = ————— as = 8.2.2
4 2 s oh (8.2.2)
2(143 - 2145 + l/ll)
a6 =  —

h2
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8.2 Example LST Stiffness Determination

o)
W Figure 8-3 LST triangle for evaluation of a stiffness matrix

Substituting Egs. (8.2.2) into the displacement expression for u from Eqgs. (8.1.2), we have

W= + dug — 3u; — up .4 dus — 3u; — uz y+ 2uy — 2ug + 1) 2
b h b2

N [4(u1 +us —us — Mﬁ)i|xy N |:2(u3 — 2us + ul)}yz
bh h?

(8.2.3)

Similarly, solving for a; through a;, by evaluating the displacement v at each of the six nodes
and then substituting the results into the expression for v from Eqgs. (8.1.2), we obtain

V= + [4"6 - 3bV1 _V2:|x + [4\15 - ilvl —V3:|y + [2(\12 —b22v6 +V1):|x2
(8.2.4)

4(\/1 + V4 — V5 — Vﬁ)i| [2(\/3 - 2V5 + V]):l >
+ + | =
[ bh w 2 Y

Using Eqs. (8.2.3) and (8.2.4), we can express the general displacement expressions in terms
of the shape functions as

u
u| _ N] 0 N2 0 N3 0 N4 0 N5 0 N6 0 V] (825)
1% 0 N1 0 N2 0 N3 0 N4 0 N5 0 N6 o
Ve

where the shape functions are obtained by collecting coefficients that multiply each ; term in
Eq. (8.2.3). For instance, collecting all terms that multiply by u; in Eq. (8.2.3), we obtain N;.
These shape functions are then given by

2x2 4 2y? —x | 2x?
7R 2 R I i . N VAR O
b h b? bh h? b b?

-y, 2 4xy 4y  dxy 42
Ny=—+""- Ny=—2 Ns=-———= — — 8.2.6
R Y b > h bh R (826

4 4x2
Ne = 2X 4 4o

b b2 bh
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8 | Development of the Linear-Strain Triangle Equations

Using Eq. (8.2.5) in Eq. (8.1.10), and performing the differentiations indicated on u and v,
we obtain

{e} = [BI{d} (8.2.7)
where [B] is of the form of Eq. (8.1.17), with the resulting 8’s and ’s in Eq. (8.1.17) given by

B1=_3h+%+4y Bzz—h'k% B3=0
8hx
Bs =4y  Bs=—4y ,36:4h—7_4y

8.2.8
4by ( )

4
')/1:_3b+4x+7 ’)/2:0 ’)’?,:_b‘f'ﬂ

Vs = 4x 'y5=4b—4x—@

Yo = —4x
These B’s and y’s are specific to the element in Figure 8-3. Specifically, using Egs. (8.1.1) and
(8.1.17) in Eq. (8.2.7), we obtain

1
& = ﬁ[ﬁlm + Bauz + Bauz + Baus + Psus + Boue]

1
gy = a[)’lvl + yava2 + y3vs + yave + ysvs + yevel (8.2.9)

1
w = — i + Bivi + -+ Bev
Yy 2A[7’11 Bivi Bsvs |

The stiffness matrix for a constant-thickness element can now be obtained on substituting
Egs. (8.2.8) into Eq. (8.1.17) to obtain [B], then substituting [B] into Eq. (8.1.16) and using
calculus to set up the appropriate integration. The explicit expression for the 12 X 12 stiffness
matrix, being extremely cumbersome to obtain, is not given here. Stiffness matrix expressions
for higher-order elements are found in References [1] and [2].

KD comparison of Elements

For a given number of nodes, a better representation of true stress and displacement is generally
obtained using the LST element than is obtained with the same number of nodes using a much
finer subdivision into simple CST elements. For example, using one LST yields better results
than using four CST elements with the same number of nodes (Figure 8—4) and hence the same
number of degrees of freedom (except for the case when constant stress exists).

We now present results to compare the CST of Chapter 6 with the LST of this chapter.
Consider the cantilever beam subjected to a concentrated load acting as shown in Figure 8-5.
Let E =210 GPa,v = 0.25, P = 180 kN and ¢t = 25.4 mm.

Table 81 lists the series of tests run to compare results using the CST and LST elements.
Table 8-2 shows comparisons of free-end (tip) deflection and stress o for each element type
used to model the cantilever beam. From Table 8-2, we can observe that the larger the number
of degrees of freedom for a given type of triangular element, the closer the solution converges
to the exact one (compare run A-1 to run A-2, and B-1 to B-2). For a given number of nodes, the
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(a) (b)
M Figure 8-4 Basic triangular element: (a) four-CST and (b) one-LST

Ay P =180 kN
f
0.3 m
J,\| .
i 1.2m ,!

W Figure 8-5 Cantilever beam used to compare the CST and LST elements with a
4 X 16 mesh

LST analysis yields somewhat better results for displacement than the CST analysis (compare
run A-1 to run B-1).

However, one of the reasons that the bending stress o, predicted by the LST model B-1
compared to CST model A-1 is not as accurate is as follows. Recall that the stress is calculated
at the centroid of the element. We observe from the table that the location of the bending stress
is closer to the wall and closer to the top for the CST model A-1 compared to the LST model
B-1. As the classical bending stress is a linear function with increasing positive linear stress
from the neutral axis for the downward applied load in this example, we expect the largest
stress to be at the very top of the beam. So the model A-1 with more and smaller elements
(with eight elements through the beam depth) has its centroid closer to the top (at 18.75 mm
from the top) than model B-1 with few elements (two elements through the beam depth) with
centroidal stress located at 37.5 mm from the top. Similarly, comparing A-2 to B-2 we observe
the same trend in the results—displacement at the top end being more accurately predicted by
the LST model, but stresses being calculated at the centroid making the A-2 model appear more
accurate than the LST model due to the location where the stress is reported.

M Table 8-1 Models used to compare CST and LST results for the cantilever beam of Figure 8-5 using
ANSYS computer program [10]

Series of Tests Number of Number of Degrees of Number of Triangular
Run Nodes Freedom, n, Elements
A-14 x 16 mesh 85 160 128 CST
A-28x32 297 576 512 CST
B-12x8 85 160 32 LST
B-24x16 297 576 128 LST
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8 | Development of the Linear-Strain Triangle Equations

M Table 8-2 Comparison of CST and LST results for the cantilever beam of Figure 8-5

Bandwidth Tip Deflection Location (mm),
Run ng ny (mm) o, (MPa) x5y
A-1 160 14 -7.51 463.6 5.71, 28.57
A-2 576 22 -8.60 560.6 2.86, 29.54
B-1 160 18 -8.50 406.0 11.43,26.67
B-2 576 22 -8.93 482.3 5.71, 28.57
P} 6PL -9.18 551.6 0, 30
Beam theory solution, Vepg = — + ——
3EI  5AG

'Bandwidth is described in Appendix B.4.

Although the CST element is rather poor in modeling bending, we observe from
Table 8-2 that the element can be used to model a beam in bending if a sufficient number
of elements are used through the depth of the beam. In general, both LST and CST analy-
ses yield results good enough for most plane stress/strain problems, provided a sufficient
number of elements are used. In fact, most commercial programs incorporate the use of
CST and/or LST elements for plane stress/strain problems, although these elements are
used primarily as transition elements (usually during mesh generation). The four-sided
isoparametric plane stress/strain element is most frequently used in commercial programs
and is described in Chapter 10.

Also, recall that finite element displacements will always be less than (or equal to) the
exact ones, because finite element models are normally predicted to be stiffer than the actual
structures when the displacement formulation of the finite element method is used. (The rea-
son for the stiffer model was discussed in Sections 3.10 and 7.3. Proof of this assertion can be
found in References [4-7].

Finally, Figure 8—6 (from Reference [8]) illustrates a comparison of CST and LST models
of a plate subjected to parabolically distributed edge loads. Figure 8—6 shows that the LST
model converges to the exact solution for horizontal displacement at point A faster than does
the CST model. However, the CST model is quite acceptable even for modest numbers of
degrees of freedom. For example, a CST model with 100 nodes (200 degrees of freedom) often
yields nearly as accurate a solution as does an LST model with the same number of degrees
of freedom.

In conclusion, the results of Table 8-2 and Figure 8—6 indicate that the LST model might
be preferred over the CST model for plane stress applications when relatively small numbers
of nodes are used. However, the use of triangular elements of higher order, such as the LST, is
not visibly advantageous when large numbers of nodes are used, particularly when the cost of
formation of the element stiffnesses, equation bandwidth, and overall complexities involved
in the computer modeling are considered.

The Q4 rectangle and CST were compared in Section 6.6 (See Table 6.1). The general
quadrilateral elements Q4, Q6, Q8, Q9, and Q12 are described in Chapter 10, and a comparison
of the Q4 and Q6 results for a beam bending problem is given in Table 10.3. There is also a
comparison of CST, LST, Q4, Q6, Q8, and Q9 results for a differently meshed beam bending
problem in Table 10.4.
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¢

Symmetry

¥ Uy I CST gridwork
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) D Symmetry
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LST gridwork
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0.036
Exact solution
0033 -7~
Linear-strain
triangle
0.031 —
Constant-strain
triangle
0.028
0.025 L | l ] [ Degrees of
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B Figure 8-6 Plates subjected to parabolically distributed edge loads; comparison of results
for triangular elements. (Gallagher, Richard H., Finite Element Analysis: Fundamentals,
1st,© 1975. Printed and electronically reproduced by permission of Pearson Education, Inc.,
Upper Saddle River, New Jersey.)

SUMMARY EQUATIONS

Displacement functions for linear-strain triangle (LST) element:
u(x,y) =a; + arx + azy + asx* + asxy + agy? 3.12)
v(x,y) = a7 +agx + agy + ajox* + ayxy + apy?
Shape function matrix:
[N] = [M*]X]"! (8.1.9)

where

I x y x> xyp y» 00 00 0 0

(M*] = 5 5
0000 O O 1 x y x> xy vy
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8 | Development of the Linear-Strain Triangle Equations

and
I x; yw x x;yyp y» 0. 0 0 0 O O
X6 Yo X2 Xe¥¢ Ye 0 0 O O 0 O

X7t =
X1 00 0 0 0

(=)
—_

2
Xy Xy XNy

00 0 0 0 0 1 x6 yo X2 xe¥6 Y2

Strain-generalized displacement equations:

01 02c y 0O 0000 00"
eJ=10 000 00 001 0 x 291 (8.1.11)
001 0 x 2y 01 0 2x y O
apn
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PROBLEMS

8.1 Evaluate the shape functions given by Eq. (8.2.6). Sketch the variation of each
@ function over the surface of the triangular element shown in Figure 8-3.
8.2 Express the strains &, &y, and vy, for the element of Figure 8-3 by using the results
given in Section 8.2. Evaluate these strains at the centroid of the element; then evaluate
the stresses at the centroid in terms of E and v. Assume plane stress conditions apply.
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Problems

8.3 For the element of Figure 8-3 (shown again as Figure P8-3) subjected to the uniform
pressure shown acting over the vertical side, determine the nodal force replacement
system using Eq. (6.3.7). Assume an element thickness of 7.

ﬂ y
3
14 ®5 4
-+ . 4 2 4 X
1 6 2
M Figure P8-3

8.4 For the element of Figure 8-3 (shown as Figure P8—4) subjected to the linearly
varying line load shown acting over the vertical side, determine the nodal force
replacement system using Eq. (6.3.7). Compare this result to that of Problem 6.11.
Are these results expected? Explain.

H Figure P84

8.5 For the linear-strain elements shown in Figure P8-5, determine the strains &,, &,,
and vy,,. Evaluate the stresses o, o, and 7,, at the centroids. The coordinates
of the nodes are shown in units of centimeters. Let E = 210 GPa, v = 0.25, and
t = 6 mm for both elements. Assume plane stress conditions apply. The nodal dis-
placements are given as

u; = 0.0cm vi = 0.0cm

w =25%X103cm v, =5X%X 103 ¢cm
uz =125%X103cecm v; =5X%X10"*cm
ug =5%X107% cm va =25 X 107% cm
us = 0.0cm vs =25 X 107* cm
g = 125X 103 cm v =25 X103 cm

(Hint: Use the results of Section 8.2.)
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8 | Development of the Linear-Strain Triangle Equations

N

2.0) 4,0 i 3.0 (6.0
(a) (b)

H Figure P8-5

8.6 For the linear-strain element shown in Figure P8-6, determine the strains &, &y, and
7Yy~ Evaluate these strains at the centroid of the element; then evaluate the stresses
0y, 0y, and T,, at the centroid. The coordinates of the nodes are shown in units
of millimeters. Let £ = 210 GPa, v = 0.25, and t = 10 mm. Assume plane stress
conditions apply. Use the nodal displacements given in Problem 8.5 (converted to

millimeters). Note that the 3’s and y’s from the example in Section 8.2 cannot be used
here as the element in Figure P86 is oriented differently than the one in Figure 8-3.

y

39 (6,6)

G Dgs  446.3)

1 6 2
©.00 (.00 (6,0
H Figure P8-6

8.7 Evaluate the shape functions for the linear-strain triangle shown in Figure P8—7.
Then evaluate the [ B] matrix. Units are millimeters.

y
39 (60, 60)
3 4
6 2
l @ z X
(0,0) (60, 0)
m Figure P8-7

8.8 Use the LST element to solve Example 6.2. Compare the results.
8.9 Write a computer program to solve plane stress problems using the LST element.
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CHAPTER

Axisymmetric Elements

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:

m Review the basic concepts and theory of elasticity equations for axisymmetric
behavior.

m Derive the axisymmetric element stiffness matrix, body force, and surface traction
equations.

m Demonstrate the solution of an axisymmetric pressure vessel using the stiffness
method.

m Compare the finite element solution to an exact solution for a cylindrical pressure vessel.
m lllustrate some practical applications of axisymmetric elements.

Introduction

In previous chapters, we have been concerned with line or one-dimensional elements (Chap-
ters 2 through 5) and two-dimensional elements (Chapters 6 through 8). In this chapter, we
consider a special two-dimensional element called the axisymmetric element. This element is
quite useful when symmetry with respect to geometry and loading exists about an axis of the
body being analyzed. Problems that involve soil masses subjected to circular footing loads or
thick-walled pressure vessels can often be analyzed using the element developed in this chapter.

We begin with the development of the stiffness matrix for the simplest axisymmetric ele-
ment, the triangular torus, whose vertical cross section is a plane triangle.

We then present the longhand solution of a thick-walled pressure vessel to illustrate the
use of the axisymmetric element equations. This is followed by a description of some typical
large-scale problems that have been modeled using the axisymmetric element.

(EED Derivation of the Stiffness Matrix

In this section, we will derive the stiffness matrix and the body and surface force matrices for
the axisymmetric element. However, before the development, we will first present some fun-
damental concepts prerequisite to the understanding of the derivation. Axisymmetric elements
are triangular tori such that each element is symmetric with respect to geometry and loading
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9 | Axisymmetric Elements

W Figure 9-1 Typical axisymmetric element ijm

about an axis such as the z axis in Figure 9—1. Hence, the z axis is called the axis of symmetry
or the axis of revolution. Each vertical cross section of the element is a plane triangle. The
nodal points of an axisymmetric triangular element describe circumferential lines, as indicated
in Figure 9-1.

In plane stress problems, stresses exist only in the x — y plane. In axisymmetric problems,
the radial displacements develop circumferential strains that induce stresses o, oy, 0., and
T,., Where r, 6, and z indicate the radial, circumferential, and longitudinal directions, respec-
tively. Triangular torus elements are often used to idealize the axisymmetric system because
they can be used to simulate complex surfaces and are simple to work with. For instance, the
axisymmetric problem of a semi-infinite half-space loaded by a circular area (circular footing)
shown in Figure 9-2(a), the domed pressure vessel shown in Figure 9-2(b), and the engine
valve stem shown in Figure 9-2(c) can be solved using the axisymmetric element developed
in this chapter.

Because of symmetry in geometry, material properties, boundary conditions, and loads
about the z axis, the stresses are independent of the 6 coordinate. Therefore, all derivatives with
respect to 6 vanish, and the displacement component v (tangent to the 6 direction), the shear
strains y,9 and vyy,, and the shear stresses 7,4 and 7y, are all zero.

Figure 9-3 shows an axisymmetric ring element and its cross section to represent the
general state of strain for an axisymmetric problem. It is most convenient to express the dis-
placements of an element ABCD in the plane of a cross section in cylindrical coordinates. We
then let # and w denote the displacements in the radial and longitudinal directions, respectively.
The side AB of the element is displaced an amount «, and side CD is then displaced an amount
u + (du/ or)dr in the radial direction. The normal strain in the radial direction is then given by

_

9.1.1
ar ( 2)

&
In general, the strain in the tangential direction depends on the tangential displacement v and
on the radial displacement u. However, for axisymmetric deformation behavior, recall that the
tangential displacement v is equal to zero. Hence, the tangential strain is due only to the radial
displacement. Having only radial displacement u, the new length of the arc AB is (r +u)do,
and the tangential strain is then given by

_(r+tuwdd —rdd u

- 9.1.1b
&0 rdo r ( )
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Z, w

/ Footing load
Fid

Load
Soil mass

Plan view

(a) soil mass

(b) enclosed presure vessel

(c) engine value stem

M Figure 9-2 Examples of axisymmetric problems: (a) semi-infinite half-space (soil mass)
modeled by axisymmetric elements, (b) enclosed pressure vessel (Courtesy of Autodesk, Inc.)
(See the full-color insert for a color version of this figure.), and (c) an engine valve stem

(@) (b)

M Figure 9-3 (a) Plane cross section of (b) axisymmetric element
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m Figure 9-4 Displacement and rotations of lines of element in the r~z plane

Next, we consider the longitudinal element BDEF to obtain the longitudinal strain and the
shear strain. In Figure 9—4, the element is shown to displace by amounts « and w in the radial
and longitudinal directions at point E, and to displace additional amounts (0w / dz) dz along line
BE and (du / dr) dr along line EF. Furthermore, observing lines EF and BE, we see that point
F moves upward an amount (dw / dr) dr with respect to point E and point B moves to the right
an amount (du / dz) dz with respect to point E. Again, from the basic definitions of normal and
shear strain, we have the longitudinal normal strain given by

d
e = 2 (9.1.1¢)
0z
and the shear strain in the -z plane given by
Ju ow
.= — + — 9.1.1d
T o ( )

Summarizing the strain—displacement relationships of Eqs. (9.1.1a—d) in one equation for
easier reference, we have

_ i

= 9.1.1
ar ( 2

Er

J J J
o= w _ou ow
r

o = —
‘ YT T o

The isotropic stress/strain relationship, obtained by simplifying the general stress/strain
relationships given in Appendix C, is

g, 0 &
o E v 1—v 1% 0 .
[ v 1-v 0 ‘ 9.1.2)
o) 1+ wd—2v) 1=y || %
Trz 0 0 0 ) Yrz

The theoretical development follows that of the plane stress/strain problem given
in Chapter 6.
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z,w
(i wy)
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rou
(a) Typical slice through an axisymmetric (b) Stresses in the axisymmetric problem
solid discretized into triangular
elements

m Figure 9-5 Discretized axisymmetric solid

Step 1 Select Element Type

An axisymmetric solid is shown discretized in Figure 9-5(a), along with a typical triangular
element. The element has three nodes with two degrees of freedom per node (that is, u;, w; at
node 7). The stresses in the axisymmetric problem are shown in Figure 9-5(b).

Step 2 Select Displacement Functions

The element displacement functions are taken to be

u(r,z) =a; + ar + asz

9.1.3
w(r,z) = a4 + asr + agz ( )

so that we have the same linear displacement functions as used in the plane stress,
constant-strain triangle. Again, the total number of g;’s (six) introduced in the displace-
ment functions is the same as the total number of degrees of freedom for the element. The
nodal displacements are

u;

W

(d) .

J
{d}y=41d;} = " 9.1.4)

() !

U

Wi

and u evaluated at node i is

u(t,z;) = up = ay + axly + asz; (9.1.5)
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Using Eq. (9.1.3), the general displacement function is then expressed in matrix form as

ay
a
u ap + ayr +azz Lrz 00 0jg
{y} = = = 9.1.6)
w as + asr + agz 00 01 r z||ag
as

de

Substituting the coordinates of the nodal points shown in Figure 9-5(a) into Eq. (9.1.6), we
can solve for the g;’s in a manner similar to that in Section 6.2. The resulting expressions are

a L n z 1 u;
ar=|1 r z u; 9.1.7)
az 1 n zm Up,
r -1
ay 1 rn z w;
and asp = |1 1 zj w; (9.1.8)
ag 1 rw Zm Wi

Performing the inversion operations in Egs. (9.1.7) and (9.1.8), we have

a | o Qo u;
arp =B B Buf|w 9.1.9)
a3 Yi Vi VYm U
ay | o« ay w;
and as ¢ — ﬂ ,Bl' ,Bj Bm wj (9110)
de Yi Vi Ym || Wnm
where Q= TiIm It Q= TaZ < Il Q= 62Tl
Bi =2 —m Bi =zm — Bn =2 —2j 9.1.11)
Yi =Tm — T Yi=h T Im Ym =V — 5

We define the shape functions, similar to Egs. (6.2.18), as
1
Ni = —(a; + Bir + i
24 (i + Bir + vyiz)
1
Nj = ﬂ(aj + ,BJ-r + ')’jZ) (9112)

1
N, = ﬁ(am + Bur + Ym2)
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9.1 Derivation of the Stiffness Matrix

Substituting Eqs. (9.1.7) and (9.1.8) into Eq. (9.1.6), along with the shape function
Eqgs. (9.1.12), we find that the general displacement function is

u;

wi

_Jutr,| _|[Ne 0N 0 Ny 0w
w'}_{w(r,z)}_lo N0 N, 0 Ny l|lw (9.1.13)

U

W
or ) =[N} (9.1.14)

Step 3 Define the Strain/Displacement and Stress/Strain Relationships
When we use Eqgs. (9.1.3) in (9.1.1e), the strains become

a
as
= 1.1
{e} LIRS 4 (9.1.15)
r r
as +(,15

Rewriting Eq. (9.1.15) with the g;’s as a separate column matrix, we have

a
&, 01 0 000 a
00 0 0 01
o “ (9.1.16)
& -1 200 0])a -
r r
Yr 001 010/l®
ag
Substituting Egs. (9.1.9) and (9.1.10) into Eq. (9.1.16) and simplifying, we obtain
B 0 B; 0 Bu o]
Wi
{ }_ 1 0 Yi 0 Yi 0 Ym uj
8_2Aﬂ+ﬁi+ﬁ 0 ﬂ+ﬁj+ﬁ 0 a_m+Bm+ﬁ 0 w;j
r r r r r r y
Yi Bi Yj B; Y Bu || "
L 4wy,
9.1.17)
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9 | Axisymmetric Elements

or, rewriting Eq. (9.1.17) in simplified matrix form,

u;
Wi
L

{e} = [[B]B;][B,11 (9.1.18)
Wi
Um
W

| Bi 0]
0 Vi

where [B;] = (9.1.19)

2% X
r r

Yi Bi

Similarly, we obtain submatrices [ B;] and [ B,, ] by replacing the subscript i with j and then with
min Eq. (9.1.19). Rewriting Eq. (9.1.18) in compact matrix form, we have

{e} = [Bl{d} (9.1.20)
where [B] =[[B:]1[B;][Bn]l (9.1.21)

is called the gradient matrix.

Note that [B] is a function of the r and z coordinates. Therefore, in general, the strain &y
will not be constant.

The stresses are given by

{o} = [DI[BI{d} (9.1.22)
where [D] is given by the first matrix on the right side of Eq. (9.1.2). (As mentioned in

Chapter 6, for v = 0.5, a special formula must be used; see Reference [9].)

Step 4 Derive the Element Stiffness Matrix and Equations

The stiffness matrix is

(k1= [[[1BI (D1B1aV (9.1.23)
\%4

or [k] =271 H[B]T[D][B]r dr dz (9.1.24)
A

after integrating along the circumferential boundary. The [B] matrix, Eq. (9.1.21), is a function
of r and z. Therefore, [k] is a function of » and z and is of order 6 X 6.
We can evaluate Eq. (9.1.24) for [k] by one of three methods:

1. Numerical integration (Gaussian quadrature) as discussed in Chapter 10.
Explicit multiplication and term-by-term integration [1].
3. Evaluate [B] for a centroidal point (7, 7) of the element

N
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9.1 Derivation of the Stiffness Matrix

i +r+ m — i +z; t m
r=r = 4}’ rj i z=7Z = 7Z Zj < (9.].25)
3 3
and define [B(r, Z)] = [B]. Therefore, as a first approximation,
[k] = 2n7A[B]"[D][B] (9.1.26)

If the triangular subdivisions are consistent with the final stress distribution (that is, small ele-
ments in regions of high stress gradients), then acceptable results can be obtained by method 3.

Distributed Body Forces

Loads such as gravity (in the direction of the z axis) or centrifugal forces in rotating machine
parts (in the direction of the r axis) are considered to be body forces (as shown in Figure 9-6).
The body forces can be found by

Ry
= ZEQ[N]T{Zb}rdrdz (9.1.27)

where R, = w?pr for a machine part moving with a constant angular velocity  about the
z axis, with material mass density p and radial coordinate r, and where Z, is the body force
per unit volume due to the force of gravity.

Considering the body force at node i, we have

Ry
{foi} = ZEIAJ[N,»]T{ Zb}rdr dz (9.1.28)
where [N;]T = Ni 0 (9.1.29)
1 O Nl 1.

Multiplying and integrating in Eq. (9.1.28), we obtain

Jo 2R
{foi 3 { Zb}Ar (9.1.30)

m Figure 9-6 Axisymmetric element with body forces per unit volume
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9 | Axisymmetric Elements

where the origin of the coordinates has been taken as the centroid of the element, and Ry is
the radially directed body force per unit volume evaluated at the centroid of the element. The
body forces at nodes j and m are identical to those given by Eq. (9.1.30) for node i. Hence, for
an element, we have
R,
Zy
277A | R,
3 1%
R,
Zp

h = 9.1.31)

where R, = w?pr (9.1.32)

Equation (9.1.31) is a first approximation to the radially directed body force distribution.

Surface Forces

Surface forces can be found by

(£} = [[IN (T} ds 9.1.33)
S

where again [Ng] denotes the shape function matrix evaluated along the surface where the
surface traction acts.
For radial and axial pressures p, and p,, respectively, we have

(A1 = Jfinsm {i’}ds (9.1.34)
K z

For example, along the vertical face jm of an element, let uniform loads p, and p, be applied,
as shown in Figure 9-7 along surface r = r;. We can use Eq. (9.1.34) written for each node
separately. For instance, for node j, substituting N; from Eqs. (9.1.12) into Eq. (9.1.34), we have

. 1 |a; +Bir+y;z 0 :

== " Priomrda:  (9.135)
5 2A 0 aj + Bir + vz | | p:

m
P,

m Figure 9-7 Axisymmetric element with surface forces
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9.1 Derivation of the Stiffness Matrix

Performing the integration of Eq. (9.1.35) explicitly, along with similar evaluations for f;; and
fsm» We obtain the total distribution of surface force to nodes i, j, and m as

0
0

2zri(zm—z;) | Pr

=2 em A2 9.1.36
5} 5 ». ( )
Pr

Pz

Steps 5 through 7

Steps 5 through 7, which involve assembling the total stiffness matrix, total force matrix, and
total set of equations; solving for the nodal degrees of freedom; and calculating the element
stresses, are analogous to those of Chapter 6 for the CST element, except the stresses are not
constant in each element. They are usually determined by one of two methods that we use to
determine the LST element stresses. Either we determine the centroidal element stresses, or
we determine the nodal stresses for the element and then average them. The latter method has
been shown to be more accurate in some cases [2].

EXAMPLE 9.1

For the element of an axisymmetric body rotating with a constant angular velocity
o = 100 rev/min as shown in Figure 9-8, evaluate the approximate body force matrix.
Include the weight of the material, where the weight density p,, is 77000 N/m3. The coor-
dinates of the element (in cm) are shown in the figure.

We need to evaluate Eq. (9.1.31) to obtain the approximate body force matrix. There-
fore, the body forces per unit volume evaluated at the centroid of the element are

Z, = 77000 N/m?

5.9
Po

|<—7: 6cm —»¢4C
1 2
(5,5 8,5)

T Axis of symmetry

m Figure 9-8 Axisymmetric element subjected to angular velocity
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9 | Axisymmetric Elements

and by Eq. (9.1.32), we have

.2 3
R, = w2 = [(100“—")(2;:@)(1 mm)] (7000 NN) (6,06 m)

min rev/\ 60 s (9.81) m/s?
R, = 51645 kg/m?
72 . S5 X107
27r3rA _ 270 06)(4;5 107) ¢ o5 % 105

forr = (5.655 X 1079)(51645) = 292N
fo1z = —(5.655 X 107)(77000) = —4.35 N (downward)

Because we are using the first approximation Eq. (9.1.31), all r-directed nodal body
forces are equal, and all z-directed body forces are equal. Therefore,

forr = 292N fip. = —4.35N
fozr = 292N fi3, = —4.35N

(EFD Solution of an Axisymmetric Pressure Vessel

To illustrate the use of the equations developed in Section 9.1, we will now solve an axisym-
metric stress problem.

EXAMPLE 9.2

For the long, thick-walled cylinder under internal pressure p equal to 1 pa shown in
Figure 9-9, determine the displacements and stresses.

Discretization

To illustrate the finite element solution for the cylinder, we first discretize the cylinder
into four triangular elements, as shown in Figure 9-10. A horizontal slice of the cylinder
represents the total cylinder behavior. Because we are performing a longhand solution, a

(=0

|

|
T4
/"—-:_-.—_—-}.\\

W Figure 9-9 Thick-walled cylinder subjected to internal pressure
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9.2 Solution of an Axisymmetric Pressure Vessel

Axis of @

\ —
symmetry 5

p=lPa———->® @ 1 cm

1 2
|<—r=1cm ——l

¢ r = 2.0 c ~————

m Figure 9-10 Discretized cylinder slice

coarse mesh of elements is used for simplicity’s sake (but without loss of generality of the
method). The governing global matrix equation is

Flr Uuj

. wy

B, uz

Py W)

f’ — k4" 9.2.1)
3z w3

Fy; Uy

Fiy; Wy

Fs, us

Fs, Ws

where the [K ] matrix is of order 10 X 10.

Assemblage of the Stiffness Matrix

We assemble the [K] matrix in the usual manner by superposition of the individual element
stiffness matrices. For simplicity’s sake, we will use the first approximation method given
by Eq. (9.1.26) to evaluate the element matrices. Therefore,

[k] = 27 7A[B]" [ D][B] (9.2.2)

For element 1 (Figure 9-11), the coordinates are; = 1.0,z; = 0,7; = 2.0,z; = 0,1, = 1.5,
andz, = 0.5(@G =1, j = 2,and m = 5 for element 1) for the global-coordinate axes as set
up in Figure 9-10.

5

0]

1 2

| Figure 9-11 Element 1 of the discretized cylinder
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9 | Axisymmetric Elements

We now evaluate [ B], where [ B] is given by Eq. (9.1.19) evaluated at the centroid of the
element r = 7, z = 7, and expanded here as

Bi 0 Bj 0 B 0
1 0 Yi 0 Yj 0 Y
Bl= | a iz ‘ z 7 923
PIZ2A| % g+ 2 0 Yyp X g Smyp, 2E o | OF)
r r T 7 7
Vi Bi Vi Bj Ym Bm

where, using element coordinates in Egs. (9.1.11), we have
@ =rizm — 2jtm = (2.0)(0.5) — (0.0)(1.5) = 1.0 cm?
a; =z — zuhi = (1.5)(0) — (0.5)(1.0) = —0.5 cm?
an, =rnz; — ziry = (1.0)(0.0) — (0)(2.0) = 0.0 cm?
Bi=zj —zw =00 —-05=-05cm
Bji=zyn —z=05—-0=05cm 9.2.4)
Brn =2 —2;=00—-0.0=0.0cm
Yi =ty —1; =1.5—-2.0=-05cm
vi=1 —t =10—-15=-05cm
Ym =1r; =1 =20 —-10=1.0cm

(0.5) = 0.167cm

[SSHE

and r=10+ %(1.0)=1.50m z=
A= %(1.0)(0.5) = 0.25cm?
Substituting the results from Eqgs. (9.2.4) into Eq. (9.2.3), we obtain

05 0 05 0 0 0
102l 0 —05 0 -05 0 10|

Bl= — — 9.2.5
L8] 05| 011 O 011 0 011 0 ( )
-05 —-05 -05 05 1.0 O
For the axisymmetric stress case, the matrix [D] is given in Eq. (9.1.2) as
1—v 1% % 0
E v 1—v v 0
[D]= —————| Vv v 1—-v 0 (9.2.6)
1+ wv)d-—2v) 1—2v
0 0 0

2
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9.2 Solution of an Axisymmetric Pressure Vessel

Withv = 0.3 and E = 200 GPa, we obtain

1-03 0.3 0.3 0
0.3 1-0.3 0.3 0
X109
[D] = 200 10 0.3 0.3 1-03 0 (9.2.7)
(1 + 0.3)[1 — 2(0.3)] | = 203)
0 0 0 f

or, simplifying Eq. (9.2.7),

07 03 03 0

03 07 03 0 |N
D] = 384.6 X 10° — 9.2.8
L] 03 03 07 0 |m? ( )

0O 0 0 02
Using Eqgs. (9.2.5) and (9.2.8), we obtain

(0317 —0.117 —0.073 —0.10 |
—0.15 —035 —0.15 —0.10
(102)384.6  109| 0383 0183 0227 —0.10

0.50 -0.15 -035 -0.15 0.10 9.2.9)
0.033 0.033 0.077 0.20
030 070 030 0

[BI"[D] =

Substituting Egs. (9.2.5) and (9.2.9) into Eq. (9.2.2), we obtain the stiffness matrix for
element 1 as

i=1 j=2 m=5

3625  19.66 —21.11 154 —19.57 —21.2
19.66 4078 —7.52 22.65 —21.12 —63.43
—21.11 =752 4820 —2564 —13.59 33.16 N (9.2.10)
154 2265 —2564 4078 1513 —6343|m
~19.57 —21.12 —13.59 1513 37.69 598
—212 —6343 3316 —6343 598 126.86

(k] = (10°)

where the numbers above the columns indicate the nodal orders of degrees of freedom in
the element 1 stiffness matrix.
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9 | Axisymmetric Elements

2
W Figure 9-12 Element 2 of the discretized cylinder

For element 2 (Figure 9-12), the coordinates are; = 2.0,z; = 0.0,r; = 2.0,z; = 1.0,
rm =1.5,and z,, = 0.5@( = 2, j = 3, and m = 5 for element 2). Therefore,

a; = (2.0)(0.5) — (1.0)(1.5) = —0.5 cm?
a; = (1.5)0.0) — (0.5)(2.0) = —1.0 cm? 9.2.11)
am = (2.0)(1.0) — (0.0)(2.0) = 2.0 cm?

B =10-05=05cm B;=05-00=05cm
Bn=00-10=-10cm 7y =15-20=-05cm
y;=20-15=05cm 7, =20-20=00cm

and 7 =1.833cm Z=05cm A = 0.25 cm?

Using Egs. (9.2.11) in Eq. (9.2.2) and proceeding as for element 1, we obtain the stiffness
matrix for element 2 as

i=2 j=3 m=235

57.14 —30.7  34.99 855 —79.25 22.14

—30.7 4975 —855 —27.68 302 —22.14

3499 —855 57.14 30.7 —79.25 —22.14 |N (9.2.12)
8.55 —27.68 30.7 4953 —-30.2 -22.14|m

—79.2 302 —=79.25 =302 144.25 0

1454 —14.54 —14.54 —14.54 0 44.28

[k®] = (10°)

‘We obtain the stiffness matrices for elements 3 and 4 in a manner similar to that used
to obtain the stiffness matrices for elements 1 and 2. Thus,

i=3 j=4 m=5

4836  25.68 —21.05 7.57 —13.55 —33.20
25.68 40.76 —1.52  22.65 —15.11 —63.38
—21.05 —1.52 3268 —19.65 —19.58 21.15|N (9.2.13)
7.57 2265 —19.65 40.76  21.15 —63.38 |m
—13.55 —15.11 —19.58 21.15 3780 —6.06
| —33.20 —63.38  21.15 —63.38 —6.06 126.67 |

K9] = (10°)
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9.2 Solution of an Axisymmetric Pressure Vessel

and

i=4 j=1 m=5

27.68 —14.61 13.62 051 —4427  14.10
—14.61 3169 —0.51 —17.62 24.17 —14.10
13.62  —0.51  27.68 1461 —4427 —1410|N  (92.14)
051 —17.62 14.61 31.69 —24.16 —14.10 |m

—4427 2417 —4427 2416 11260 0
1410 —14.10 —14.10 —14.10 0 28.20

[k®] = (10%)

Using superposition of the element stiffness matrices [Egs. (9.2.10) and (9.2.12) through
(9.2.14)], where we rearrange the elements of each stiffness matrix in order of increasing
nodal degrees of freedom, we obtain the global stiffness matrix as

[ 6393 3427 —2111 154 0 0 13.62  —051 —63.84 —353 |
3427 7147 -752 2265 0 0 051 —17.62 —4528 —71.53
2111 —7.52 10534 —5634 3499 855 0 0 -928 5530
154 2265 —5634 9053 —855 —27.68 0 0 4533 —85.57
K1 106, 0 0 3099 855 1055 5638 —21.05 754 —9280 —55.34|N
0 0 855 —27.68 5638 9059 —152 2265 —4531 —8552|m
1362 051 0 0 —2105 —152 6396 —3426 —63.85 3525
051 -17.62 0 0 757 2265 —3426 7245 4532 —77.48
—63.84 —4528 —92.84 4533 —92.80 —4531 —63.85 4532 33234 0
353 7753 5530 —85.57 —5534 —8552 3525 —7748 0 326.01

(9.2.15)
The applied nodal forces are given by Eq. (9.1.36) as
27(0.01)(0.01
F, =Fy = %(1) = 0.0003141 N (9.2.16)

All other nodal forces are zero. Using Eq. (9.2.15) for [K] and Eq. (9.2.16) for the nodal
forces in Eq. (9.2.1), and solving for the nodal displacements, we obtain

u = 0.0967 X 107 mm w; = —0.0071 X 10~° mm

uy; = 0.0658 X107 mm wy = 0.0104 X 107 mm

uz = 0.0658 X 107 mm w3 = —0.0104 X 1072 mm (9.2.17)
us = 0.0967 X 107 mm wsq = —0.0075 X 1072 mm

us = 0.0731 X 107 mm ws = 0.00417 X 1072 mm

The results for nodal displacements are as expected because radial displacements at the
inner edge are equal (1; = u4) and those at the outer edge are equal (4, = u3). In addition,
the axial displacements at the outer nodes and inner nodes are equal but opposite in sign
(w; = —wyq and wp = —wz3) as a result of the Poisson effect and symmetry. Finally, the
axial displacement at the center node is zero (ws = 0), as it should be because of symmetry.
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9 | Axisymmetric Elements

By using Eq. (9.1.22), we now determine the stresses in each element as
{o} = [D][Bl{d} (9.2.18)

For element 1, we use Eq. (9.2.5) for [B], Eq. (9.2.8) for [D], and Eq. (9.2.17) for {d} in
Eq. (9.2.18) to obtain

o, = —0.1695N/m? o, = —0.00638 N/m?

oy = 0.4711 N/m? 7. = —0.05199 N/m?

Similarly, for element 2, we obtain

o, = —0.0525 N/m?> o, = —0.0373 N/m?
oy = 0.345 N/m? 7. = 0.00 N/m?

For element 3, the stresses are

o, = —0.1685 N/'m? o, = —0.00625 N/m?
oy = 0.471 N/m? 7. = 0.05185 N/m?

For element 4, the stresses are

o, = —0.235N/m? o, = 0.07465 N/m?
g9 = 0.713N/m? 7., = 0.00 N/m?

Figure 9-13 shows the exact solution [10] along with the results determined here and
the results from Reference [5]. Observe that agreement with the exact solution is quite
good except for the limited results due to the very coarse mesh used in the longhand
example, and in case 1 of Reference [5]. In Reference [5], stresses have been plotted at
the center of the quadrilaterals and were obtained by averaging the stresses in the four
connecting triangles.

(EED Applications of Axisymmetric Elements

Numerous structural (and nonstructural) systems can be classified as axisymmetric. Some typ-
ical structural systems whose behavior is modeled accurately using the axisymmetric element
developed in this chapter are represented in Figures 9—14, 9-15, and 9-17.

Figure 9-14 illustrates the finite element model of a steel-reinforced concrete pressure
vessel. The vessel is a thick-walled cylinder with flat heads. An axis of symmetry (the z axis)
exists such that only one-half of the r-z plane passing through the middle of the structure need
be modeled. The concrete was modeled by using the axisymmetric triangular element devel-
oped in this chapter. The steel elements were laid out along the boundaries of the concrete
elements so as to maintain continuity (or perfect bond assumption) between the concrete and
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9.3 Applications of Axisymmetric Elements

P
Axis of Case |
symmetry
Case 2
r,u Case 3
(a) Finite element models (from Reference {5])

Legend
—  Exact solution [10]
0.90 + O — Casel
| g — Case2
0-80 i — Case3
0.70 T e — Section 9.2 average-of-four-
0.60 4 triangle stresses
x — Section 9.2 element
0.50 -+ centroid stresses
NE 0.40 o
Z 030+ X
S o020
§ 0.10 + Radius (cm)
= 1.0 12 14 1.6 1.8 2.0
o
Z

(b) Resulting stresses

W Figure 9-13 Finite element analysis of a thick-walled cylinder under internal pressure

the steel. The vessel was then subjected to an internal pressure as shown in the figure. Note
that the nodes along the axis of symmetry should be supported by rollers preventing motion
perpendicular to the axis of symmetry.

Figure 9-15 shows a finite element model of a high-strength steel die used in a thin-
plastic-film-making process [7]. The die is an irregularly shaped disk. An axis of symmetry
with respect to geometry and loading exists as shown. The die was fixed along the top surface
as it was mounted to a stiff platen. The die was modeled by using simple quadrilateral axisym-
metric elements. The locations of high stress were of primary concern. Figure 9—16 shows a
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3

z

Axis of symmetry 1 ft = 0.305 m

4//—50f[4—+-20ft—> 1 psi = 6.9 kPa
Y
37 ft |
/7.1
b /
t Ereduced T € Concrete
p =500 psi | |
Veone, = 0.15 - | MERIDIONAL
VC()"C. _ 0‘25 . STEEL
steel T M-
75 ft = 5x10%psi REINFORCEMENT
Epner = 30 X 10° psi ) . L
Eint =30 X IOZ psizr‘ I S::eclumfe%
Epren = 287X 10 psl_ reinforcement "
Ereduced = iEcnnc 3
FRERR
—
37 ft
|
r r
(a) Two-dimensional view of a (b) Axisymmetric idealization of the
finite element idealization steel reinforcement
for a prestressed concrete reactor
vessel (PCRV)

B Figure 9-14 Model of steel-reinforced concrete pressure vessel (Reprinted from Nuclear
Engineering and Design Volume 3, Issue 1, Rashid, Yosef R., Analysis of Axisymmetric
Composite Structures by the Finite Element Method, Pages No. 163-182, Copyright 1966,
with permission from Elsevier.)

plot of the von Mises stress contours for the die of Figure 9—15. The von Mises (or equivalent,
or effective) stress [8] is often used as a failure criterion in design. Notice the artificially high
stresses at the location of load F as explained in Section 7.1.

(Recall that the failure criterion based on the maximum distortion energy theory for ductile
materials subjected to static loading predicts that a material will fail if the von Mises stress
reaches the yield strength of the material.) Also recall from Egs. (6.5.37) and (6.5.38), the von
Mises stress o, is related to the principal stresses by the expression

Tn = g\ @) 02—+ () 93.1)
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9.3 Applications of Axisymmetric Elements

| Axis of symmetry
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M Figure 9-15 Model of a high-strength steel die (924 nodes and 830 elements)

Axis of symmetry

52.70 MPa

142.80 MPa

683.35 MPa

| Figure 9-16 von Mises stress contour plot of axisymmetric model of Figure 9-15 (also
producing a radial inward deflection of about 0.375 mm)
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m Figure 9-17 (a) Stepped shaft subjected to axial load and (b) the discretized model

where the principal stresses are given by o, 05, and o3. These results were obtained from the
commercial computer code ANSYS [12].

Other dies with modifications in geometry were also studied to evaluate the most suitable
die before the construction of an expensive prototype. Confidence in the acceptability of the
prototype was enhanced by doing these comparison studies. Finally, Figure 9-17 shows a
stepped 4130 steel shaft with a fillet radius subjected to an axial pressure of 700 N/cm? in
tension. Fatigue analysis for reversed axial loading required an accurate stress concentration
factor to be applied to the average axial stress of 700 N/cm?. The stress concentration factor
for the geometry shown was to be determined. Therefore, locations of highest stress were
necessary. Figure 9—18 shows the resulting maximum principal stress plot using a computer
program [11]. The largest principal stress was 1507.4 N/cm? at the fillet. Other examples of
the use of the axisymmetric element can be found in References [2-6].

In this chapter, we have shown the finite element analysis of axisymmetric systems using
a simple three-noded triangular element to be analogous to that of the two-dimensional plane
stress problem using three-noded triangular elements as developed in Chapter 6. Therefore, the
two-dimensional element in commercial computer programs with the axisymmetric element
selected will allow for the analysis of axisymmetric structures.
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Summary Equations

Stress
Maximum Principal
Niem*2)

1507 412
1356.113
1204 815
1053 516
902 2161
750.91%6
5996212
4483208
297 0243
1457259
-5 572508

Load Case: 1of 1 .

Madmum Value: 1507 41 N.I'(sm"?} e
000 3000 om 8.001 8001

MU Value: -5 5725 1 N(cr )

M Figure 9-18 Three-dimensional visual of shaft of Figure 9-17 showing principal stress plot
(See the full-color insert for a color version of this figure.)

Finally, note that other axisymmetric elements, such as a simple quadrilateral (one with
four corner nodes and two degrees of freedom per node, as used in the steel die analysis of
Figure 9-15) or higher-order triangular elements, such as in Reference [6], in which a cubic
polynomial involving ten terms (ten a’s) for both u and w, could be used for axisymmetric
analysis. The three-noded triangular element was described here because of its simplicity and
ability to describe geometric boundaries rather easily.

SUMMARY EQUATIONS

(All pertain to axisymmetric element.)
Strain-displacement relationships for axisymmetric behavior:

ou u ow ou ow
g = — gy = — e, = — y = — + — 9.1.1e
ar - ) 9z e 9z ar ( )
Stress/strain relationships for isotropic material:
o, l-v v v 8 e,
1% 1—v v
o E e
= v 1-v 0 ) (9.1.2)
o} (1+v)d—-2v) 1= 2v &
trz 0 0 0 T Yrz
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9 | Axisymmetric Elements

Displacement functions for axisymmetric triangle element:

u(r,z) = a; +ar + azz

9.13
w(r,z) = a4 + asr + agz ( )
Shape functions for axisymmetric triangle element:
NA:L(a<+B.r+ 2)
1 2A 1 1 YIZ
1
Nj = a(aj +Bjr + 'y]'Z) (9112)
1
N, = —(ay + Bur + vm
74 (@ + Bur + Ym2)
Gradient matrix:
B 0]
1 0 Yi
Bl=—|q ; 9.1.19
BI= 4% g+ X2 O-119)
r r
i Vi Bi |
and [B] =I[[Bi]1 [B;] [Bull (9.1.21)
Strain—displacement equations in matrix form:
{e} = [BI{d} (9.1.20)
Stress—displacement equations in matrix form:
{o} = [DI[BI{d} (9.1.22)
Element stiffness matrix:
[k] = 2njj[B]T[D][B]r dr dz (9.1.24)
A
First approximation stiffness matrix:
[k] = 2#n7A[B]"[D][B] (9.1.26)
Body force matrix (first approximation):
R
Z
277A | Ry
= 9.1.31
{/fi} 3 2z, ( )
Ry
Zy
R, = w?pr (9.1.32)
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Problems

Surface force matrix on side j—m of element subjected to uniform radial and axial pressure:

0
0
27ri(zm — 25) | Pr

2 P:
Pr
P:

{fs} = (9.1.36)
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PROBLEMS

9.1 For the elements shown (in cm) in Figure P9—1, evaluate the stiffness matrices using
Eq. (9.2.2). The coordinates are shown in the figures. Let E = 210 GPa andv = 0.25
for each element.

9.2 Evaluate the nodal forces used to replace the linearly varying surface traction shown
in Figure P9-2. Hint: Use Eq. (9.1.34).

3
0.2) 3 3
@2 (1,2)
A |
(0.0 2.0 0.0 2,0
; ; 0,0) . S (2,00 (0, 0)1 > 2,0 r
() ( (©)

b)
H Figure P9-1
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9 | Axisymmetric Elements

¥ 3 Do
h
1 2 r

H Figure P9-2

9.3 For an element of an axisymmetric body rotating with a constant angular velocity
o = 20 rpm as shown in Figure P9-3, evaluate the body-force matrix. The coor-
dinates of the element (in cm) are shown in the figure. Let the mass density p,, be

7850 kg /m3,
3,(6.6)
P
| ; ’
4,4 (6, 4)
Axis of symmetry

M Figure P9-3

94 For the axisymmetric elements shown in Figure P9—4, determine the element stresses.
Let E = 210 GPa and v = 0.25. The coordinates (in centimeters) are shown in
the figures, and the nodal displacements for each element are x; = 0.00025 cm,
wp = 0.0005 cm, up, = 0.00125 cm, wp, = 0.0015 cm, u3 = 0, and w3 = 0.

9.5 Explicitly show that the integration of Eq. (9.1.35) yields the j surface forces given
by Eq. (9.1.36).

9.6 For the elements shown in Figure P9-6, evaluate the stiffness matrices using Eq.
(9.2.2). The coordinates (in millimeters) are shown in the figures. Let E = 105 GPa
and v = 0.25 for each element.

3a01.3) 31 3.3) 3, (0,2)
r_
I 2 1 2 1 2 r

0,0) 2,0) (1,0) 3,0 (0, 0) (2,0)
(a) (b) (©)

W Figure P9-4

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.




Problems

B Az z
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2 2
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(a) (b) (c)

m Figure P9-6

9.7 For the axisymmetric elements shown in Figure P9-7, determine the element
stresses. Let E = 105 GPa and v = 0.25. The coordinates (in millimeters) are shown
in the figures, and the nodal displacements for each element are

u = 0.05mm w; = 0.03 mm
u; = 0.0l mm w, = 0.01 mm
uz = 0.0 mm w3 = 0.0 mm

z -

(0, 50) :
3 (30, 50) 1.2)

s A2
3
2
I 2 - r ! 2 - 1 r
(0,0) (50, 0) (0. 0) (60, 0) (0, 0) (2.0
(a) (b) (c)

m Figure P9-7

9.8  Can we connect plane stress elements with axisymmetric ones? Explain.
9.9 Is the three-noded triangular element considered in Section 9.1 a constant strain
element? Why or why not?
9.10  How should one model the boundary conditions of nodes acting on the axis of symmetry?
9.11 How would you evaluate the circumferential strain, &y, at » = 0? What is this strain
in terms of the a’s given in Eq. (9.1.15). Hint: Elasticity theory tells us that the radial
strain must equal the circumferential strain at r = 0.
9.12 What will be the stresses o, and o at r = 0? Hint: Look at Eq. (9.1.2) after consid-
ering Problem 9.11.

Solve the following axisymmetric problems using a computer program.
9.13 The soil mass in Figure P9-13 is loaded by a force transmitted through a circular
footing as shown. Determine the stresses in the soil. Compare the values of o, @
using an axisymmetric model with the o, values using a plane stress model. Let
E =20 MPa and v = 0.45 for the soil mass.
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24 kN total force

L LA

Soil mass

W Figure P9-13

E =32 GPa and v = 0.15 for the concrete, and let E = 200 GPa and v = 0.25 for
the steel liner. The steel liner is 50 mm thick. Let the pressure p equal 3.2 MPa. Use
a 6 mm radius in the re-entrant corners.

@ 9.14 Perform a stress analysis of the pressure vessel shown in Figure P9-14. Let

Model of a nuclear reactor

Concrete

1 33 cm t
| 7.5 cm radius hole

e @-{f 19 cm—
=

Steel liner

\

0.4 m P —
1.25m

VLl 0.6 m

| 0.75m |
B Figure P9-14
9.15 Perform a stress analysis of the concrete pressure vessel with the steel liner shown in
Figure P9—15. Let E = 30 GPa and v = 0.15 for the concrete, and let £ = 205 GPa

and v = 0.25 for the steel liner. The steel liner is 50 mm thick. Let the pressure p
equal 700 kPa. Use a 10 mm radius in the re-entrant corners.
9.16 Perform a stress analysis of the disk shown in Figure P9—16 if it rotates with constant
@ angular velocity of w = 50 rpm. Let E = 210 GPa, v = 0.25, and the mass density
p = 72.44 kKN/m?3 (mass density, p = p,, /(g = 9.81 m/s?). (Use 8 and then 16 ele-
ments symmetrically modeled similar to Example 9.4. Compare the finite element
solution to the theoretical circumferential and radial stresses given by

+ + 3vr? + 2
00:38va2a2(1_1 3w)’ Gr=38va202(l_r_)

3 + va? a?

9.17  For the die casting shown in Figure P9—17, determine the maximum stresses and their
locations. Let £ = 210 GPa and v = 0.25. The dimensions are shown in the figure.
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9.18 For the axisymmetric connecting rod shown in Figure P9-18, determine the stresses
@ o, o, 0y, and 7,,. Plot stress contours (lines of constant stress) for each of the
normal stresses. Let E = 210 GPa and v = 0.25. The applied loading and boundary
conditions are shown in the figure. A typical discretized rod is shown in the figure
for illustrative purposes only.

42 mm radius

-—25 mm——‘ 15 mm |L 50 mm
1 1]
10° 25 mm
soooN 29 mm

5000 N

Axis of symmetry /
15 mm. I
180 mm
m Figure P9-18
9.19 For the thick-walled open-ended cylindrical pipe subjected to internal pressure shown
in Figure P9-19, use five layers of elements to obtain the circumferential stress, oy,

and the principal stresses and maximum radial displacement. Compare these results
to the exact circumferential stress and radial displacement equations given by

a2 + Pob2 272
oy = (M) + [ij )

b2 _ Cl2 }’2(b2 _ a2)

1 2p2
Ar = m[(l - e - mb) + SO _Po)}

where

P, = inner pressure, By = outer pressure (set to zero in this problem)

a = inner radius of vessel, b = outer radius of vessel, » = any radial location

Let E =205 GPaandv = 0.3.

9.20 A steel cylindrical pressure vessel with flat plate end caps is shown in Figure P9-20
with vertical axis of symmetry. Addition of thickened sections helps to reduce stress
concentrations in the corners. Analyze the design and identify the most critically
stressed regions. Note that inside sharp re-entrant corners produce infinite stress
concentration zones, so refining the mesh in these regions will not help you get
a better answer unless you use an inelastic theory or place small fillet radii there.
Recommend any design changes in your report. Let the pressure inside be 1000 kPa.

9.21 For the cylindrical vessel with hemispherical ends (heads) under uniform internal
pressure of intensity p = 3.2 MPa shown in Figure P9-21, determine the maximum
von Mises stress and where it is located. The material is ASTM—A242 quenched
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M Figure P9-21

and tempered alloy steel. Use a factor of safety of 3 against yielding. The inner
radius is @ = 2.5 m and the thickness r = 50 mm
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9.22 For the cylindrical vessel with ellipsoidal heads shown in Figure P9-22a under
loading p = 3.2 MPa, determine if the vessel is safe against yielding. Use the same
material and factor of safety as in Problem 9.21. Now leta = 2.5m, b = 1.25 m,
and thickness # = 50 mm Which vessel has the lowest hoop stress? Recommend the
preferred head shape of the two based on your answers.

e =

- a
- | d¢

(a) (b)
m Figure P9-22

For modeling purposes, the equation of an ellipse is given by b2x2 + a’y? = ab?,
where a is the major axis and b is the minor axis of the ellipse shown in Figure P9-22(b).

9.23 The syringe with plunger is shown in Figure P9-23. The material of the syringe is
glass with E = 69 GPa, v = 0.15, and tensile strength of 5 MPa. The bottom hole is
assumed to be closed under test conditions. Determine the deformation and stresses
in the glass. Compare the maximum principal stress in the glass to the ultimate
tensile strength. Do you think the syringe is safe? Why?

45N
T ]
|
|
i
i
i
f i
15 mm ! Plunger
|
i v
25 mm
20 mm
90 mm Liquid
— Glass syringe
8 mm

W Figure P9-23
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Problems

9.24 For the tapered solid circular shaft shown in Figure P9-24, a semicircular groove
has been machined into the side. The shaft is made of a hot rolled 1040 steel alloy
with yield strength of 500 MPa. The shaft is subjected to a uniform axial pressure
of 28 MPa. Determine the maximum principal stresses and von Mises stresses at
the fillet and at the semicircular groove. Is the shaft safe from failure based on the
maximum distortion energy theory?

R=12.5mm R=25mm

ey /

|
| |
| |
75 mm | | 25 mm@ 33 28 MPa
| |
| |
|

L~
¢

I 75 mm | 75 mm | 50 mm |

NN

W Figure P9-24

9.25 A steel hole punch is shown in Figure P9-25a. Investigate the proper material for
a hole punch. Tell me what material you used and why? Model the punch without
the side groove (Figure P9-25b) and with the side groove (Figure P9-25c¢). Deter-
mine the von Mises stress distribution throughout the punch for both cases. Are the
punches safe under the loading shown?

21 MPa [-4]™ 1825 mm
(a) (b)
W Figure P9-25

9.26 A drawing of a cannon is shown in Figure P 9-26a. It is in the shape of a truncated
cone. The material of the cannon is a bronze with yield strength of 255 MPa. The
uniform thickness of the cannon wall is 7.5 centimeters. The cannon is tapered from
25 centimeters outer diameter at the left end to 20 centimeters at 155 centimeters
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484 9 | Axisymmetric Elements

from the left end and then tapered back out at the breach (right) end. Figure P 9-26b
shows the dimensions to be used for the finite element model. The pressure inside
during firing can reach 138 MPa. Determine the largest von Mises stress and show
its location on a proper stress plot. Based on the maximum distortion energy theory,
will the cannon material yield? Use a small fillet radius of 2.5 centimeters at the
transitions at points C and F shown in Figure P 9-26b. You may want to neglect any
other small details, such as the left end knob and the stiffener rings.

| 162.5 cm

(a) Cannon

__(0,11.25, 162.5)
D

(0,10, 155)

C

N

(0,25, 162.5)
E

2.5cmrad atc

2.5 cm rad

\
0,0,2.5) GD/ F
25 anI: 1

(b) Simplified cannon cross-section for axisymmetric modeling
(dimentions shown in centimeter units)

B
A(O, 0, 0) (0, 12.5,0)

m Figure P9-26
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Problems

9.27 A simplified model of a flywheel as shown in Figure P9-27 is considered as a
uniform thin disk with center hole for mounting on a shaft. Assume the flywheel
with inner radius of hole of 2.5 centimeters and outer radius of the flywheel of
10 centimeters. Assume the flywheel is made of 1045 high carbon steel. The
flywheel shaft is turning at 2000 rpm. Determine: (a) the highest circumferential
stress in the flywheel and its radial location. Compare this value to that obtained
using analytical equations for a rotating thin hollow disk. (b) What speed can the
flywheel tolerate before yielding based on the maximum distortional energy theory
(MDET)? (c) If the flywheel is instead made of 6061-T6 aluminum alloy, what
maximum speed can the flywheel tolerate based on MDET?

/— Motor

Shaft

Flywheel

m Figure P9-27
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CHAPTER

Isoparametric Formulation

CHAPTER OBJECTIVES

At the conclusion of this chapter, you will be able to:
m Formulate the isoparametric formulation of the bar element stiffness matrix.

m Present the isoparametric formulation of the plane four-noded quadrilateral (Q4)
element stiffness matrix.

m Describe two methods for numerical integration—Newton-Cotes and Gaussian
Quadrature—used for numerical evaluation of definite integrals and to demonstrate
their application to specific examples.

m Present a flowchart describing how to evaluate the stiffness matrix for the plane
quadrilateral element by a four-point Gaussian quadrature rule.

m Solve an explicit example showing the evaluation of the stiffness matrix for the plane
quadrilateral element by the four-point Gaussian quadrature rule.

m lllustrate by example how to evaluate the stresses at a given point in a plane quadri-
lateral element using Gaussian quadrature.

m Evaluate the stiffness matrix of the three-noded bar using Gaussian quadrature and
compare the result to that found by explicit evaluation of the stiffness matrix for the
bar.

m Describe some higher-order shape functions for the three-noded linear strain bar, the
improved bilinear quadratic(Q6), the eight and nine-noded quadratic quadrilateral
(@8 and Q9) elements, and the twelve-noded cubic quadrilateral (Q12) element.

m Compare the performance of the CST, Q4, Q6, Q8, and Q9 elements to beam element.

Introduction

In this chapter, we introduce the isoparametric formulation of the element stiffness matrices.
After considering the linear-strain triangular element in Chapter 8, we can see that the devel-
opment of element matrices and equations expressed in terms of a global coordinate system
becomes an enormously difficult task (if even possible) except for the simplest of elements such
as the constant-strain triangle of Chapter 6. Hence, the isoparametric formulation was devel-
oped [1]. The isoparametric method may appear somewhat tedious (and confusing initially),
but it will lead to a simple computer program formulation, and it is generally applicable for
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10.1 Isoparametric Formulation of the Bar Element Stiffness Matrix

two- and three-dimensional stress analysis and for nonstructural problems. The isoparametric
formulation allows elements to be created that are nonrectangular and have curved sides. Fur-
thermore, numerous commercial computer programs (as described in Chapter 1) have adapted
this formulation for their various libraries of elements.

We first illustrate the isoparametric formulation to develop the simple bar element stift-
ness matrix. Use of the bar element makes it relatively easy to understand the method because
simple expressions result.

We then consider the development of the isoparametric formulation of the simple quadri-
lateral element stiffness matrix.

Next, we will introduce numerical integration methods for evaluating the quadrilateral
element stiffness matrix and illustrate the adaptability of the isoparametric formulation to
common numerical integration methods.

Finally, we will consider some higher-order elements and their associated shape functions
and compare their performance to the beam element.

B[P 1soparametric Formulation of the Bar Element
Stiffness Matrix

The term isoparametric is derived from the use of the same shape functions (or interpolation
functions) [N] to define the element’s geometric shape as are used to define the displacements
within the element. Thus, when the shape function is u = a; + a,s for the displacement, we
use x = a; + ays for the description of the nodal coordinate of a point on the bar element and,
hence, the physical shape of the element.

Isoparametric element equations are formulated using a natural (or intrinsic) coordinate
system s that is defined by element geometry and not by the element orientation in the glob-
al-coordinate system. In other words, axial coordinate s is attached to the bar and remains
directed along the axial length of the bar, regardless of how the bar is oriented in space. There
is a relationship (called a transformation mapping) between the natural coordinate system s
and the global coordinate system x for each element of a specific structure, and this relation-
ship must be used in the element equation formulations.

We will now develop the isoparametric formulation of the stiffness matrix of a simple
linear bar element [with two nodes as shown in Figure 10-1(a)].

Step 1 Select Element Type

First, the natural coordinate s is attached to the element, with the origin located at the center
of the element, as shown in Figure 10-1(b). The s axis need not be parallel to the x axis—this
is only for convenience.

1 L 2 1 L 2
X, u
—
(a) (b)

W Figure 10-1 Linear bar element in (a) a global coordinate system x and (b) a natural
coordinate system s
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10 | Isoparametric Formulation

We consider the bar element to have two degrees of freedom—axial displacements #; and
u; at each node associated with the global x axis.

For the special case when the s and x axes are parallel to each other, the s and x coordinates
can be related by

X =Xx, + %s (10.1.1a)

where x, is the global coordinate of the element centroid.
Using the global coordinates x; and x; in Eq. (10.1.1a) with x, = (x; + x,)/2, we can
express the natural coordinate s in terms of the global coordinates as

s =[x — (x1 +x2)/21[2/(x2 — x1)] (10.1.1b)

The shape functions used to define a position within the bar are found in a manner similar
to that used in Chapter 3 to define displacement within a bar (Section 3.1). We begin by relating
the natural coordinate to the global coordinate by

x =a +as (10.1.2)
where we note that s is such that =1 < s =< 1. Solving for the ¢;’s in terms of x; and x;, we
obtain

1
= E[(l —s)x; + 1+ 5)x2] (10.1.3)
or, in matrix form, we can express Eq. (10.1.3) as
X1
{x} =[N, N3] (10.1.4)
X2
where the shape functions in Eq. (10.1.4) are
1—y5 1+s
N, = N, = 10.1.5
1 5 2 5 ( )
The linear shape functions in Egs. (10.1.5) map the s coordinate of any point in the element
to the x coordinate when used in Eq. (10.1.3). For instance, when we substitute s = —1 into

Eq. (10.1.3), we obtain x = x;. These shape functions are shown in Figure 10-2, where we can
see that they have the same properties as defined for the interpolation functions of Section 3.1.
Hence, N represents the physical shape of the coordinate x when plotted over the length of the
element for x; = 1 and x, = 0, and N, represents the coordinate x when plotted over the length
of the element for x, = 1 and x; = 0. Again, we must have Ny + N, = 1.

These shape functions must also be continuous throughout the element domain and have
finite first derivatives within the element.

Step 2 Select a Displacement Function

The displacement function within the bar is now defined by the same shape functions,
Egs. (10.1.5), as are used to define the element shape; that is,

{u) = [N, Nz]{Zl} (10.1.6)
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10.1 Isoparametric Formulation of the Bar Element Stiffness Matrix

u= Nju;+Nou, -

Node 1 1”1 Node 2

s=—1 s=0 s=1
(©

m Figure 10-2 Shape function variations with natural coordinates: (a) shape function /Nj,
(b) shape function N, and (c) linear displacement field u plotted over element length

When a particular coordinate s of the point of interest is substituted into [N], Eq. (10.1.6)
yields the displacement of a point on the bar in terms of the nodal degrees of freedom u; and
uy as shown in Figure 10-2(c). Since u and x are defined by the same shape functions at the
same nodes, comparing Eqs. (10.1.4) and Egs. (10.1.6), the element is called isoparametric.

Step 3 Define the Strain-Displacement and Stress/Strain Relationships

‘We now want to formulate element matrix [ B] to evaluate [k] for the bar element. We use the
isoparametric formulation to illustrate its manipulations. For a simple bar element, no real
advantage may appear evident. However, for higher-order elements, the advantage will become
clear because relatively simple computer program formulations will result.

To construct the element stiffness matrix, we must determine the strain, which is defined
in terms of the derivative of the displacement with respect to x. The displacement u, however,
is now a function of s as given by Eq. (10.1.6). Therefore, we must apply the chain rule of
differentiation to the function u as follows:

du _ dudx (10.1.7)

We can evaluate (du/ds) and (dx/ds) using Eqgs. (10.1.6) and (10.1.3). We seek (du / dx) = &,.
Therefore, we solve Eq. (10.1.7) for (du/dx) as

()
du _ \ds (10.1.8)

— = (10.1.9a)
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10 | Isoparametric Formulation

and using Eq. (10.1.3) for x, we have
— === (10.1.9b)

because x, —x; = L.
Using Eqgs. (10.1.9a) and Eq (10.1.9b) in Eq. (10.1.8), we obtain

_[LL 1))m
{sx}—[ 7 LHuz} (10.1.10)

Since {e} = [B]{d}, the strain—displacement matrix [B] is then given in Eq. (10.1.10) as

1 1
Bl=|—— — 10.1.11
[B] [ L L] ( )
We recall that use of linear shape functions results in a constant [ B] matrix, and hence, in a
constant strain within the element. For higher-order elements, such as the quadratic bar with
three nodes, [ B] becomes a function of natural coordinate s [see Eq. (10.5.16)].

The stress matrix is again given by Hooke’s law as

{o} = E{e} = E[B{d}

Step 4 Derive the Element Stiffness Matrix and Equations

The stiffness matrix is
L
[k] = jo [BI'[D][B]A dx (10.1.12)

However, in general, we must transform the coordinate x to s because [B] is, in general, a
function of 5. This general type of transformation is given by References [4] and [5]

[l rear = [ pesaas (10.1.13)

where [J] is called the Jacobian matrix. In the one-dimensional case, we have |[J]| = J . For
the simple bar element, from Eq. (10.1.9b), we have

dx L
[[/]] s > (10.1.14)
Observe that in Eq. (10.1.14), the Jacobian determinant relates an element length (dx) in the
global-coordinate system to an element length (ds) in the natural-coordinate system. In gen-
eral, | [J]lis a function of s and depends on the numerical values of the nodal coordinates. This
can be seen by looking at Eq. (10.2.22) for the quadrilateral element. (Section 10.2 further
discusses the Jacobian.) Using Eqgs. (10.1.13) and (10.1.14) in Eq. (10.1.12), we obtain the
stiffness matrix in natural coordinates as

L 1
[k] = Ej_l[B]T E[BIA ds (10.1.15)
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10.1 Isoparametric Formulation of the Bar Element Stiffness Matrix

where, for the one-dimensional case, we have used the modulus of elasticity £ = [D] in
Eq. (10.1.15). Substituting Eq. (10.1.11) in Eq. (10.1.15) and performing the simple integration,
we obtain

_AE| 1 -1
[k] = i [_1 J (10.1.16)

which is the same as Eq. (3.1.14). For higher-order one-dimensional elements, the integration
in closed form becomes difficult if not impossible (see Example 10.7). Even the simple rect-
angular element stiffness matrix is difficult to evaluate in closed form (Section 6.6). However,
the use of numerical integration, as described in Section 10.3, illustrates the distinct advantage
of the isoparametric formulation of the equations.

Body Forces

We will now determine the body-force matrix using the natural coordinate system s. Using
Eq. (3.10.20b), the body-force matrix is

) = [JJINIT1X, ) av (10.1.17)
v
Letting dV = A dx, we have
Lo
(o) = AJ [ INT {Xp) dx (10.1.18)
Substituting Egs. (10.1.5) for Ny and N, into[ N] and noting that by Eq. (10.1.9b),dx = (L /2) ds,
we obtain
1—ys
! 2 L
Uhh=Af 1, 5, (X5 ds (10.1.19)
2
On integrating Eq. (10.1.19), we obtain
{fs} = ALZX” {i} (10.1.20)

The physical interpretation of the results for {f;,} is that since AL represents the volume of the
element and X, the body force per unit volume, then ALX, is the total body force acting on
the element. The factor % indicates that this body force is equally distributed to the two nodes
of the element.

Surface Forces
Surface forces can be found using Eq. (3.10.20a) as

(£} = [[INT(T) ds (10.1.21)
S
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10 | Isoparametric Formulation

Assuming the cross section is constant and the traction is uniform over the perimeter and along
the length of the element, we obtain

L
() = [ INJIT{T ) dx (10.1.22)

where we now assume 7 is in units of force per unit length. Using the shape functions N; and
N, from Eq. (10.1.5) in Eq. (10.1.22), we obtain

11—y
_ ! 2 L
Ui =1, 4 TS ds (10.1.23)
2
On integrating Eq. (10.1.23), we obtain
L1
= {Tx}g{l} (10.1.24)

The physical interpretation of Eq. (10.1.24) is that since {7, } is in force-per-unit-length units,
{T,} L is now the total force. The % indicates that the uniform surface traction is equally dis-
tributed to the two nodes of the element. Note that if {7} were a function of x (or s), then the
amounts of force allocated to each node would generally not be equal and would be found
through integration as in Example 3.12.

Isoparametric Formulation of the Plane Quadrilateral
(Q4) Element Stiffness Matrix

Recall that the term isoparametric is derived from the use of the same shape functions
to define the element shape as are used to define the displacements within the element.
Thus, when the shape function is u = a; + a»s + ast + ayst for the displacement, we use
X =a; + ays + ast + ayst for the description of a coordinate point in the plane element.

The natural-coordinate system s-¢ is defined by element geometry and not by the element
orientation in the global-coordinate system x — y. Much as in the bar element example, there is
a transformation mapping between the two coordinate systems for each element of a specific
structure, and this relationship must be used in the element formulation.

We will now formulate the isoparametric formulation of the simple linear plane quadrilat-
eral element stiffness matrix (also recall it is called the Q4 element because it has four corner
nodes only). This formulation is general enough to be applied to more complicated (higher-
order) elements such as a quadratic plane element with three nodes along an edge, which can
have straight or quadratic curved sides. Higher-order elements have additional nodes and use
different shape functions as compared to the linear element, but the steps in the development
of the stiffness matrices are the same. We will briefly discuss these elements after examining
the linear plane element formulation.
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10.2 Isoparametric Formulation of the Plane Quadrilateral (Q4) Element Stiffness Matrix

Edger = |
‘ 1
=111 1 (LD
4 3
1
-
1
1 2
(=1,-1) 1,-1 X, u
(a) (b)

M Figure 10-3 (a) Linear square element in s-f coordinates and (b) square element mapped
into quadrilateral in x — y coordinates whose size and shape are determined by the eight nodal
coordinates xi, y1, . .., ya. (P(x,y) is a point in the element)

Step 1 Select Element Type

First, the natural s-f coordinates are attached to the element, with the origin at the center of the
element, as shown in Figure 10-3(a). The s and 7 axes need not be orthogonal, and neither has
to be parallel to the x or y axis. The orientation of s- coordinates is such that the four corner
nodes and the edges of the quadrilateral are bounded by +1 or —1. This orientation will later
allow us to take advantage more fully of common numerical integration schemes.

We consider the quadrilateral to have eight degrees of freedom, uy, vy, . . . , us, and v4 asso-
ciated with the global x and y directions. The element then has straight sides but is otherwise
of arbitrary shape, as shown in Figure 10-3(b).

For the special case when the distorted element becomes a rectangular element with sides
parallel to the global x — y coordinates, the s-f coordinates can be related to the global element
coordinates x and y by

X =Xx. + bs y=y. + ht (10.2.1)

where x. and y, are the global coordinates of the element centroid.
We begin by assuming global coordinates x and y are related to the natural coordinates s
and ¢ as follows:

X =a; + as + ast + ayst

(10.2.2)
y =as + aegs + azt + agst
and solving for the g;’s in terms of xj, x2, X3, X4, y1, Y2, ¥3 and y4, we obtain
1
x = Z[(l -1 —tx; + 1+ 50— H)x,
+A+s5A+Hx3 + A =5+ )xg]
’ ! (10.2.3)

1
A=A =0y + A +90 =0y,
+ (1491 +0y; + (1= )1+ 1)ya]

<
Il
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10 | Isoparametric Formulation

Or, in matrix form, we can express Egs. (10.2.3) as

X1
N
X2
N 0O N, 0O N3y O Ng O
oo 2 . : 2 (10.2.4)
y 0 Ny O N, O N3 O Ny || x3
Y3
X4
Ya
where the shape functions of Eq. (10.2.4) are now
1 -0 — 1+ —
N, = ( st 1) N, = ( sl( 1)
(10.2.5)
A+s)1+71) Q=951+

The shape functions of Egs. (10.2.5) are linear. These shape functions are seen to map the s and
t coordinates of any point in the square element of Figure 10-3(a) to those x and y coordinates
in the quadrilateral element of Figure 10-3(b). For instance, consider square element node 1
coordinates, where s = —1 and + = —1. Using Eqgs. (10.2.4) and (10.2.5), the left side of
Eq. (10.2.4) becomes

X =X Y= (10.2.6)

Similarly, we can map the other local nodal coordinates at nodes 2, 3, and 4 such that the
square element in s- isoparametric coordinates is mapped into a quadrilateral element in global
coordinates x;, y; through x4, ys4. Also observe the property that Ny + N, + N3 + Ny = 1 for
all values of s and 7.

We further observe that the shape functions in Eq. (10.2.5) are again such that N, through
N4 have the properties that N; (i = 1, 2, 3, 4,)is equal to one at node i and equal to zero at all
other nodes. The physical shapes of N; as they vary over the element with natural coordinates
are shown in Figure 10—4. For instance, N, represents the geometric shape for x; =1, y; =1,
and x»,y2,x3,v3,Xx4 and y, all equal to zero.

Until this point in the discussion, we have always developed the element shape functions
either by assuming some relationship between the natural and global coordinates in terms of
the generalized coordinates (a;’s) as in Egs. (10.2.2) or, similarly, by assuming a displace-
ment function in terms of the g;’s. However, physical intuition can often guide us in directly
expressing shape functions based on the following two criteria set forth in Section 3.2 and used
on numerous occasions:

YNi=1 (=12...n
i=1

where n = the number of shape functions corresponding to displacement shape functions N;,
and N; = 1 atnode i and N; = 0 at all nodes other than i. In addition, a third criterion is based
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m Figure 10-4 Variations of the shape functions over a linear square element

on Lagrangian interpolation when displacement continuity is to be satisfied, or on Hermitian
interpolation when additional slope continuity needs to be satisfied, as in the beam element of
Chapter 4. (For a description of the use of Lagrangian and Hermitian interpolation to develop
shape functions, consult References [4] and [6].)

Step 2 Select Displacement Functions

The displacement functions within an element are now similarly defined by the same shape
functions as are used to define the element geometric shape; that is,

Uy
Vi
2%
{u}: Ny O N, 0O N3 0 Ny O |[|m 1027)

0 N, 0 Ny 0 N3 0 Ny us
V3
Uy

V4

where u and v are displacements parallel to the global x and y coordinates, and the shape func-
tions are given by Egs. (10.2.5). The displacement of an interior point P located at (x, y) in the
element of Figure 10-3(b) is described by «# and v in Eq. (10.2.7).

Comparing Egs. (6.6.6) and (10.2.7), we see similarities between the rectangular element
with sides of lengths 2b and 2/ (Figure 6-20) and the square element with sides of length 2. If
we letb = 1and h = 1, the two sets of shape functions, Egs. (6.6.5) and (10.2.5), are identical.
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Step 3 Define the Strain—Displacement and Stress/Strain Relationships

Recall for the Q4 rectangle element described in Section 6.6 and Eq. (6.6.7b), that the strains
are given in global coordinates by

gy =ay tayy,
&y, = a7 + agx,

Yo = (a3 + ag) + asx + agy

So we observe that g, varies with the y coordinate but not with the x coordinate, and &, varies
with the x coordinate but not with the y coordinate as shown in Figure 10-5. So the normal
strain g, not vary along the length of the element. This element then will not accurately model
a varying moment in a beam unless many elements are used throughout the length and depth
of the beam, as demonstrated in Table 6-1.

We now want to formulate element matrix [ B] to evaluate [k] for a general shaped quad-
rilateral. However, because it becomes tedious and difficult (if not impossible) to write the
shape functions in terms of the x and y coordinates, as seen in Chapter 8, we will carry out the
formulation in terms of the isoparametric coordinates s and ¢. This may appear tedious, but it is
easier to use the s- and 7-coordinate expressions than to attempt to use the x- and y-coordinate
expressions. This approach also leads to a simple computer program formulation.

To construct an element stiffness matrix, we must determine the strains, which are defined
in terms of the derivatives of the displacements with respect to the x and y coordinates. The
displacements, however, are now functions of the s and ¢ coordinates, as given by Eq. (10.2.7),
with the shape functions given by Eqs. (10.2.5). Before, we could determine (9 f /dx) and
(0f /dy), where, in general, f is a function representing the displacement functions u or v.
However, u and v are now expressed in terms of s and ¢. Therefore, we need to apply the chain
rule of differentiation because it will not be possible to express s and ¢ as functions of x and y
directly. For f as a function of x and y, the chain rule yields

of _ofox | 9fdy
as dx ds dy as

(10.2.8)
of _fox | o0f dy

ot dx ot dy ot

In Eq. (10.2.8),(af / ds),(0f / dt), (dx / ds), (dy/ ds), (dx / dt), and (9y / dt) are all known using
Egs. (10.2.7) and (10.2.4). We still seek (0 f / dx) and (0 f / dy). The strains can then be found;

H]]]]]m]ﬂ]]:my’v

m Figure 10-5 Normal strain variations through the Q4 element
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for example, €, = (du/ dx). Therefore, we solve Egs. (10.2.8) for (9 f / dx) and (9 f / dy) using
Cramer’s rule, which involves evaluation of determinants (Appendix B), as

of ay ox of

ds 0s ds  ds

af ay ox of
af _ ot ot af _ at ot (10.2.9)
dx ax dy dy ax  dy

as s ds  ds,

dx dJy Jx dy

o o at o

where the determinant in the denominator is the determinant of the Jacobian matrix [J]. Hence,
the Jacobian matrix is given by

ax dy
ds ds
Jl = 10.2.10
(/] ax ay ( )
Jt ot

We now want to express the element strains as

{e} = [Bl{d}

where [B] must now be expressed as a function of s and ¢. We start with the usual relationship
between strains and displacements given in matrix form as

0 g
e, dx
eyt =10 %) {’:} (10.2.12)
’ny & &
Jdy  dx

where the rectangular matrix on the right side of Eq. (10.2.12) is an operator matrix; that
is, d( )/dx and d( )/dy represent the partial derivatives of any variable we put inside the
parentheses.

Using Egs. (10.2.9) and evaluating the determinant in the numerators, we have

0 Lf 202500 ]
dx  |[JIL or ds ds ot
0 _ Ll i) a0 ]

y WL as o ar os

where |[J]] is the determinant of [J] given by Eq. (10.2.10). Using Eq. (10.2.13) in Eq. (10.2.12)
we obtain the strains expressed in terms of the natural coordinates (s-f) as

(10.2.13)
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aya0) _ aya0) 0
e Jt ds ds ot
si L 0 9x30) _ 9x30) {“} (10.2.14)
[[/]] ds ot at os v
Vay axa()  axa() aya() _ aya()
ds ot Jt ds Jt ds ds ot

Using Eq. (10.2.7), we can express Eq. (10.2.14) in terms of the shape functions and global
coordinates in compact matrix form as

{e} = [D']IN]{d} (10.2.15)

where [D’] is an operator matrix given by

9y90) _ 9y90)
Jat ds ds ot
- L 0 ax30 _ ax 0)

[[J]] ds ot ar ds
dxa() dxa() dya() dya()
ds ot Jdt ds  Odt Os ds ot

0

(10.2.16)

and [N] is the 2 X 8 shape function matrix given as the first matrix on the right side of
Eq. (10.2.7) and {d} is the column matrix on the right side of Eq. (10.2.7).
Defining [B] as

[B] = [D] [N]
3X8) (3X2) (2X8) (10.2.17)

we have [B] expressed as a function of s and 7 and thus have the strains in terms of s and . Here
[B] is of order 3 X 8, as indicated in Eq. (10.2.17).

The explicit form of [B] can be obtained by substituting Eq. (10.2.16) for [D'] and
Eqgs. (10.2.5) for the shape functions into Eq. (10.2.17). The matrix multiplications yield

1
[B(s, ] = m[[&] [B2] [Bs] [B4]] (10.2.18)

where the submatrices of [B] are given by

a(Nis) — b(N;;) 0
[B;i] = 0 c(N;y) —d(N;y) (10.2.19)
¢(Niy) —d(Nis) a(Nis) —b(Niy)

Here i is a dummy variable equal to 1, 2, 3, and 4, and
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10.2 Isoparametric Formulation of the Plane Quadrilateral (Q4) Element Stiffness Matrix

1
a= Z[y1(s — DAyl =)y +s) +yad —9)]

1
b= Z[yl(t —D+yl—1) +y3;(1 +1) +ys(—1—1)]

) (10.2.20)
c= Z[xl(t — 1D +x(d—1) +x3(1 +1) +x4(=1—1)]
1
d= Z[xl(s =D +x(=1—5) +x3(1 +5)+x4(1 —9)]
Using the shape functions defined by Egs. (10.2.5), we have
Ny s = i(t -1 Ny, = i(s -1 (and so on) (10.2.21)

where the comma followed by the variable s or ¢ indicates differentiation with respect to that
variable; that is, N ; = dN; /ds, and so on. The determinant |[/]| is a polynomial in s and ¢
and is tedious to evaluate even for the simplest case of the linear plane quadrilateral element.
However, using Eq. (10.2.10) for [J] and Egs. (10.2.3) for x and y, we can evaluate |[J]| as

0 1—1t t—s s —1

1 t—1 0 s+1 —s—1t
J= ~ (X7 Y, (10.2.22)
/1] 8{} g1 0 P41 {r:}
1—s s+t —t-—1 0
where (X7 =[x x2 x3 Xx4] (10.2.23)
31
Y2
and v} = (10.2.24)
3
Y4

We observe that |[J]] is a function of s and ¢ and the known global coordinates xi, X2, . . . , ys.
Hence, [ B] is a function of s and ¢ in both the numerator and the denominator [because of |[J]|
given by Eq. (10.2.22)] and of the known global coordinates x; through ys.

The stress/strain relationship is again {o'} = [D][B]{d}, where because the [ B] matrix is a
function of s and ¢, so also is the stress matrix {o}.

Step 4 Derive the Element Stiffness Matrix and Equations

We now want to express the stiffness matrix in terms of s-f coordinates. For an element with
a constant thickness /, we have

[k] = j j [BI"[DI[BIh dx dy (10.2.25)
A
However, [B] is now a function of s and ¢, as seen by Eqs. (10.2.18) through (10.2.20), and so
we must integrate with respect to s and ¢. Once again, to transform the variables and the region
from x and y to s and 7, we must have a standard procedure that involves the determinant of
[/]. This general type of transformation [4, 5] is given by

jj Flx, y) dx dy = jj f(s, D|[J|ds dt (10.2.26)
A A

Copyright 2017 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



10 | Isoparametric Formulation

where the inclusion of |[J]]in the integrand on the right side of Eq. (10.2.26) results from a
theorem of integral calculus (see Reference [5] for the complete proof of this theorem). We
also observe that the Jacobian (the determinant of the Jacobian matrix) relates an element area
(dx dy) in the global coordinate system to an elemental area (ds df) in the natural coordinate
system. For rectangles and parallelograms, J is the constant value / = A /4, where A represents
the physical surface area of the element. Using Eq. (10.2.26) in Eq. (10.2.25), we obtain

[k] = ﬁljil[B]T[D][B]hl[J]l ds dr (10.2.27)

The |[/]| and [B] are such as to result in complicated expressions within the integral of Eq.
(10.2.27), and so the integration to determine the element stiffness matrix is usually done
numerically. A method for numerically integrating Eq. (10.2.27) is given in Section 10.3. The
stiffness matrix in Eq. (10.2.27) is of the order 8 X 8.

Body Forces

The element body-force matrix will now be determined from

i} (X} h|[J]| ds dt

j j (10.2.28)
8 X 1) 1(8><2) 2 X 1)

Like the stiffness matrix, the body-force matrix in Eq. (10.2.28) has to be evaluated by
numerical integration.

Surface Forces

The surface-force matrix, say, along edge r = 1 (Figure 10-6) with overall length L, is

o N T h%ds

(4 x1) -1 (10.2.29)
4 XxX2)2X1
fs3s ,
f3e 1|{Ns 0 Ny O »nl L
. - h=ds (10.2.30)
e T w0 ) [ (13
fsar
t
Pt
—unle 1111 ta
4 3
S
1 2
(=L =D (1, -1

m Figure 10-6 Surface traction: ps and p; acting at edge t = 1
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10.2 Isoparametric Formulation of the Plane Quadrilateral (Q4) Element Stiffness Matrix

because N; = 0 and N, = 0 along edge ¢t = 1, and hence, no nodal forces exist at nodes 1
and 2. For the case of uniform (constant) p; and p, along edge ¢ = 1, the total surface-force
matrix is

L
sk =hZ10000.0 pe pi ps pl" (10.2.31)

Surface forces along other edges can be obtained similar to Eq. (10.2.30) by merely using the
proper shape functions associated with the edge where the tractions are applied.

EXAMPLE 10.1

For the four-noded linear plane quadrilateral element shown in Figure 10-7 with a uniform
surface traction along side 2-3, evaluate the force matrix by using the energy equivalent
nodal forces obtained from the integral similar to Eq. (10.2.29). Let the thickness of the
element be 2 = 0.25 cm.

y (cm)

4 3

0,10
©.10) (12.5, 10)

T, =14 MPa uniform

2
1 (20, 0)

x (cm)

M Figure 10-7 Element subjected to uniform surface traction
SOLUTION:
Using Eq. (10.2.29), we have
1 p L
(£} = J-_][NS] (T dr (10.2.32)

With length of side 2-3 given by

L= \/(12.5 —20)> + (10 — 0)> =/56.25 + 100 = 12.5¢cm (10.2.33)

Shape functions N, and N3 must be used, as we are evaluating the surface traction along
side 2-3 (at s = 1). Therefore, Eq. (10.2.32) becomes

T
= ! T £ = LN 0 N 0 Ps £
() = [ N7 (70 de jl{ 0 N 0 Nl |ph3d (0239

evaluated along s = 1
The shape functions for the four-noded linear plane element are taken from Eq. (10.2.5) as

_At9=n _s—i-sitl o (A1) sttt
_ _ S = _

N>
4 4 4 4

(10.2.35)
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10 | Isoparametric Formulation

The surface traction matrix is given by

(T} = {ps} - {14'0}x106 (10.2.36)
Pt 0

Substituting Eq. (10.2.33) for L and Eq. (10.2.36) for the surface traction matrix and the
thickness 4 = 2.5 mm into Eq. (10.2.32), we obtain

N, 0
I L 110 Ny |[14 _ (12.5><102)
) = N {TYh=dt = X100 X (2.5X1073) x| ——————|dr
() = [ NI T e =110 {0} ( ) .
0 Ns
evaluated along s = 1 (10.2.37)
Simplifying Eq. (10.2.37), we obtain
14N, N,
(i) = 15625 [ 0 di = 2.187x10° ' 01 4 (10.2.38)
’ BRI RENA ' ~1| N3 -
0 0

evaluated along s = 1
Substituting the shape functions from Eq. (10.2.35) into Eq. (10.2.38), we have

(s —t—st+1]
4
a 0
() =2187x108 [ 0 e (10.2.39)
4
- 0 -

evaluated along s = 1

Upon substituting s = 1 into the integrand in Eq. (10.2.39) and performing the explicit
integration in Eq. (10.2.40), we obtain

- - - -1
_ 2
2 050 — =
4
_ 3 (! 0 _ 3 0
() =2187x10° [ 2 | di=2187%10 , (10.2.40)
050 + =
4
L 0 . L 0 d-1

Evaluating the resulting integration expression for each limit, we obtain the final expression
for the surface traction matrix as

0.50 — 0.25 -0.50 — 0.25 1
0 0 0

1 =2.187 X103 —2.187 X103 =2.187x103| © |N (10241)
Ul 0.50 + 0.25 -0.50 + 0.25 1
0 0 0
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10.3 Newton-Cotes and Gaussian Quadrature

Or in explicit form the surface tractions at nodes 2 and 3 are

Jias 2187

Farl 10 Iy (10.2.42)
Js3s 2187

S5 0

E[i%) Newton-Cotes and Gaussian Quadrature

In this section, we will describe two methods for numerical evaluation of definite integrals,
because it has proven most useful for finite element work.

We begin with the simpler more common integration method of Newton-Cotes. The
Newton-Cotes methods for one and two intervals of integration are the well-known trapezoid
and Simpson’s one-third rule, respectively. We will then describe Gauss’ method for numerical
evaluation of definite integrals. After describing both methods, we will then understand why
the Gaussian quadrature method is used in finite element work.

Newton-Cotes Numerical Integration

We first describe the common numerical integration method called the Newton-Cotes method
for evaluation of definite integrals. However, the method does not yield as accurate of results
as the Gaussian quadrature method and so is not normally used in finite element method eval-
uations, such as to evaluate the stiffness matrix.

To evaluate the integral

I=Jilydx

we assume the sampling points of y(x) are spaced at equal intervals. Since the limits of inte-
gration are from —1 to 1 using the isoparametric formulation, the Newton-Cotes formula is
given by

1 n
I = J;ly dx = hz C,'y,' = h[C()y() + Clyl + C2y2 + C3y3 + ...+ Cnyn] (]031)
i=0

where the C; are the Newton-Cotes constants for numerical integration with i intervals (the
number of intervals will be one less than the number of sampling points, n) and 4 is the interval
between the limits of integration (for limits of integration between —1 and 1 this makes 7 = 2).
The Newton-Cotes constants have been published and are summarized in Table 10-1 fori = 1
to 6. The case i = 1 corresponds to the well-known trapezoid rule illustrated by Figure 10-8.
The case i = 2 corresponds to the well-known Simpson one-third rule. It is shown [9] that
the formulas for i = 3 and i = 5 have the same accuracy as the formulas fori = 2 andi = 4,
respectively. Therefore, it is recommended that the even formulas with i = 2 and i = 4 be
used in practice. To obtain greater accuracy one can then use a smaller interval (include more
evaluations of the function to be integrated). This can be accomplished by using a higher-order

Newton-Cotes formula, thus increasing the number of intervals i.
It is shown [9] that we need to use n equally spaced sampling points to integrate exactly a
polynomial of order at most n — 1. On the other hand, using Gaussian quadrature we will show
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504 10 | Isoparametric Formulation

1 n
Table 10-1 Table for Newton-Cotes intervals and points for integration, J_ly(x) dx = hz Ciyi

i=0
Intervals, No. of
i Points,n Cy (&) C, C; Cy Cs Cs
1 2 12 12 (trapezoid rule)
2 3 1/6 4/6 1/6 (Simpson’s 1/3 rule)
3 4 1/8 3/8 3/8 1/8 (Simpson’s 3/8 rule)
4 5 7/90 32/90 12/90 32/90 7/90
5 6 19/288 75/288 50/288 50/288 75/288 19/288
6 7 41/840 216/840 27/840 272/840 27/840 216/840 41/840

y

—

é\

I
I
I
I
I
I
I
I
I
I
I
1
1

—_——_——————

0

M Figure 10-8 Approximation of numerical integration (approximate area under curve) using

2
i = linterval, n = 2 sampling points (trapezoid rule), for / = Ely(x) ax = hz Ciyi
i=0

that we use unequally spaced sampling points n and integrate exactly a polynomial of order at
most 2n — 1. For instance, using the Newton-Cotes formula with n = 2 sampling points, the
highest order polynomial we can integrate exactly is a linear one. However, using Gaussian
quadrature, we can integrate a cubic polynomial exactly. Gaussian quadrature is then more
accurate with fewer sampling points than Newton-Cotes quadrature. This is because Gaussian
quadrature is based on optimizing the position of the sampling points (not making them equally
spaced as in the Newton-Cotes method) and also optimizing the weights W; given in Table 10-2.

1 n
Table 10-2 Table for Gauss points for integration from minus one to one, J._ly(x) ax = ZW,y,-
i=1

Number of Associated
Points Locations, x; Weights, W;
1 x; = 0.000... 2.000
2 x1,X2 = +0.57735026918962 1.000
3 x1,x3 = +0.77459666924148 % =0.555...
x, = 0.000... %=0.888...
4 x1 x4 = =0.8611363116 0.3478548451
xp x3 = =0.3399810436 0.6521451549
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10.3 Newton-Cotes and Gaussian Quadrature

After the function is evaluated at the sampling points, the corresponding weights are
multiplied by these evaluated functions as is illustrated in Example 10.3.

Example 10.2 is used to illustrate the Newton-Cotes method and compare its accuracy to
that of the Gaussian quadrature method subsequently described.

EXAMPLE 10.2

Using the Newton-Cotes method withi = 2 intervals (n = 3 sampling points), evaluate the
1 1
integrals (a) I = Ll[xz + cos(x/2)]dx and (b) [ = J,1(3x — x)dx.

SOLUTION:
Using Table 10-1 with three sampling points means we evaluate the function inside the inte-
grand at x = —1, x = 0, and x = 1, and multiply each evaluated function by the respective

Newton-Cotes numbers, 1/6, 4/6, and 1/6. We then add these three products together and
finally multiply this sum by the interval of integration (k2 = 2) as follows:

1 4 1
I=2—vg+ —y + — 10.3.2
|:6YO 6}’1 6)’2} ( )

(a): Using the integrand in part (a), we obtain

yo = x2 + cos(x/2) evaluated at x = —1, etc. as follows:
yo = (—=1)? + cos(—1/2 rad) = 1.8775826

yi = (0)* + cos(0/2) =1

v = (1)? + cos(1/2 rad) = 1.8775826

(10.3.3)

Substituting yo — y» from Eq. (10.3.3) into Eq. (10.3.2), we obtain the evaluation of the
integral as

I= 2[%(1.8775826) + %(1) + é(1.8775826)] =2.585

This solution compares exactly to the evaluation performed using Gaussian quadrature sub-
sequently shown in Example 10.3 and to the exact solution. However, for higher-order func-
tions the Gaussian quadrature method yields more accurate results than the Newton-Cotes
method as illustrated by part (b) as follows:

(b): Using the integrand in part (b), we obtain

Yo =30 — (=) =

[SSHIFN

y1=30—0=1
=3 -0=2
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10 | Isoparametric Formulation

Substituting yo — y, into Eq. (10.3.2) we obtain I as

1=2 l(i) + i(1) + l(2) = 2.444
6\3 6 6
The error is 2.444 — 2.427 = 0.017. This error is larger than that found using Gaussian
quadrature [see Example 10.3(b)].

Gaussian Quadrature

To evaluate the integral
1= jl d. (10.3.4)
=) ydx 3.

where y = y(x), we might choose (sample or evaluate) y at the midpoint y(0) = y; and multi-
ply by the length of the interval, as shown in Figure 10-9, to arrive at / = 2y, a result that is
exact if the curve happens to be a straight line. This is an example of what is called one-point
Gaussian quadrature because only one sampling point was used. Therefore,

I= jil y(x) dx = 2y(0) (10.3.5)

which is the familiar midpoint rule. Generalization of the formula [Eq. (10.3.5)] leads to

I = ley dx = iw,»y,- (10.3.6)
i=1

That is, to approximate the integral, we evaluate the function at several sampling points n, mul-
tiply each value y; by the appropriate weight W, and add the terms. Gauss’s method chooses the
sampling points so that for a given number of points, the best possible accuracy is obtained. Sam-
pling points are located symmetrically with respect to the center of the interval. Symmetrically
paired points are given the same weight W;. Table 10-2 gives appropriate sampling points and
weighting coefficients for the first three orders—that is, one, two, or three sampling points (see
Reference [2] for more complete tables). For example, using two points (Figure 10-10), we simply
have I =y, + y, because W; = W, = 1.000. This is the exact result if y = f(x) is a polynomial
containing terms up to and including x3. In general, Gaussian quadrature using n points (Gauss
points) is exact if the integrand is a polynomial of degree 2n — 1 or less. In using » points, we
effectively replace the given function y = f{x) by a polynomial of degree 2n — 1. The accuracy of
the numerical integration depends on how well the polynomial fits the given curve.

m Figure 10-9 Gaussian quadrature using one sampling point
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+0.5773 . ..
—0.5773 . ..

X
X2

|

|

! Vi)

1 |

1 |
-1 X, x 1

M Figure 10-10 Gaussian quadrature using two sampling points

If the function f(x) is not a polynomial, Gaussian quadrature is inexact, but it becomes
more accurate as more Gauss points are used. Also, it is important to understand that the ratio
of two polynomials is, in general, not a polynomial; therefore, Gaussian quadrature will not
yield exact integration of the ratio.

Two-Point Formula

To illustrate the derivation of a two-point (n = 2) Gauss formula based on Eq. (10.3.6), we have
1
1=y dx =Wy + Wayr = Wi(xn) + Way(xa) (10.3.7)

There are four unknown parameters to determine: Wy, Ws, x|, and x,. Therefore, we assume a
cubic function for y as follows:

y=Cy + Cix + Cox? + C3x3 (10.3.8)

In general, with four parameters in the two-point formula, we would expect the Gauss formula
to exactly predict the area under the curve. That is,

1 2
A= ] (Co+Cix + Cox? + Gy dx = 2Cp + % (103.9)

However, we will assume, based on Gauss’s method, that W, = W, and x; = x, as we use two
symmetrically located Gauss points at x = =a with equal weights. The area predicted by
Gauss’s formula is

Ag = Wy(—a) + Wy(a) = 2W(Cy + Cra?) (10.3.10)

where y(—a) and y(a) are evaluated using Eq. (10.3.8). If the error, e = A — Ag, is to vanish
for any Cy and C,, we must have, using Egs. (10.3.9) and (10.3.10) in the error expression,

% _o=2-2w or W=1 (10.3.11)
aCo
and 9 _0=2_22W or a- \ﬁ =0.5773... (10.3.12)
9C, 3 3

Now W = landa = 0.5773 ... are the W;’s and a;’s (x;’s) for the two-point Gaussian quadra-
ture given in Table 10-2.
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EXAMPLE 10.3

1 1
Evaluate the integrals I = J_l[xz + cos(x/2)] dx and (b) I = J_1(3x — X)dx using three-
point Gaussian quadrature.

SOLUTION:

(a) Using Table 10-2 for the three Gauss points and weights, we have x; = x3 = £0.77459...,
x2 = 0.000...,W; = Ws = 3, and W, = . The integral then becomes

I = [(—0.77459)? + cos(— 0.77459 radj > + [02 + cos 9}§
2 9 219

+ |:(O.77459)2 + 005(0'772459 radﬂg

=1.918 + 0.667 = 2.585

Compared to the exact solution, we have I¢x,e = 2.585.

In this example, three-point Gaussian quadrature yields the exact answer to four
significant figures.

(b) Using Table 10-2 for the three Gauss points and weights as in part (a), the integral
then becomes

[ = [37077459) — (—0.77459)]3 + 3% — 0]% + [3(077459) — (0.77459)]%
= 0.66755 + 0.88889 + 0.86065 = 2.4229(2.423 to four significant figures)

Compared to the exact solution, we have /¢y, = 2.427. The erroris 2.427 — 2.423 = 0.004.
]

In two dimensions, we obtain the quadrature formula by integrating first with respect to
one coordinate and then with respect to the other as

I= ‘Elﬁlf(s, £ ds dt = ﬁl{ZWif(si, t):| dr

=W [ZWif(si, t,-)} = 22 WWf(si, 1))
j i

i

(10.3.13)

In Eq. (10.3.13), we need not use the same number of Gauss points in each direction (that is,
i does not have to equal j), but this is usually done. Thus, for example, a four-point Gauss rule
(often described as a 2 x 2 rule) is shown in Figure 10-11. Equation (10.3.13) withi = 1, 2
and j = 1, 2 yields

I =WWif(s1, 1) + WiWLf(si, 1) + WaWif(s2, 1) + WaWa f(s2, 1) (10.3.14)

where the four sampling points are at s;, ; = =0.5773... = *1/+/3, and the weights are all
1.000. Hence, the double summation in Equation (10.3.13) can really be interpreted as a single
summation over the four points for the rectangle.
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10.4 Evaluation of the Stiffness Matrix and Stress Matrix by Gaussian Quadrature

s=-05773...(i=1 ! s=05773...(i=2)
/
' i
Sp, b 5y I
SR I S 0.5773...(j=2)
12 | 4
| I
i |
|
| | 5
! i
(S| t|) (527t])|
———,———— = =-05773...(G=1)
1 I
| |

M Figure 10-11 Four-point Gaussian quadrature in two dimensions

In general, in three dimensions, we have

1= ﬁlﬁlﬁlf(s, t,2) ds dt dz ="y 2 Y WiW;Wi f(s;. tj, zx)  (103.15)
i

k

B[] Evaluation of the Stiffness Matrix and Stress Matrix
by Gaussian Quadrature

Evaluation of the Stiffness Matrix

For the two-dimensional element, we have shown in previous chapters that

k1 = [[1BG I [DIBCx, y)lh dx dy (104.1)
A

where, in general, the integrand is a function of x and y and nodal coordinate values.

We have shown in Section 10.2 that [k] for a quadrilateral element can be evaluated in
terms of a local set of coordinates s-t, with limits from minus one to one within the element,
and in terms of global nodal coordinates as given by Eq. (10.2.27). We repeat Eq. (10.2.27)
here for convenience as

1l
(k1= J_ B, 01 [DYBGs, DN[LJ1|h ds di (10.4.2)

where |[J]|is defined by Eq. (10.2.22) and [B] is defined by Eq. (10.2.18). In Eq. (10.4.2), each
coefficient of the integrand [B]” [ D][B]|[J]| must be evaluated by numerical integration in the
same manner as f (s,7) was integrated in Eq. (10.3.13).

A flowchart to evaluate [k] of Eq. (10.4.2) for an element using four-point Gaussian
quadrature is given in Figure 10—12. When we use the four-point rule for the four-noded quad-
rilateral (Q4 element), this is called “full integration” as full integration refers to the number
of Gauss points required to integrate the polynomial terms in an element’s stiffness matrix
exactly when the element has a regular shape, such as the rectangular element. Furthermore,
the Q4 fully integrated linear element then requires two integration points in each direction.
The four-point Gaussian quadrature rule is relatively easy to use. Also, it has been shown to
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10 | Isoparametric Formulation

Read in four Gauss points and weight functions
8 ;=20.5773 LW, Wisi =1, 1L

!

| Zero [K9)] |

!
| DOT 1,4 |<—

| Lets=s,t=t; |

!

| Compute |17 (s. D], [B(s. ], [D] |

!

| Compute [k] = [BI7[D][BI]|[J]jh |

:
[ 1=+ taww, —

m Figure 10-12 Flowchart to evaluate [k‘®)] by four-point Gaussian quadrature

yield good results [7]. In Figure 10-12, in explicit form for four-point Gaussian quadrature
(now using the single summation notation with i = 1, 2, 3, 4), we have
(k] = [B(si, t)I" [DIBCs1, N[ (1, 1) FWAW;
+ [B(s2, )" [DI[B(s2, t)]|[J (52, 02)]| AW, W,
+ [B(s3, t)]" [DI[B(s3, 13)]|[J (53, 13)]| W3 W3
+ [B(ss, ta)I"[DIB(sa, t)1[[J (54, ta)]| AWaWy

(10.4.3)

where sy =1 = —0.5773, s, = —0.5773, t» = 0.5773, s3 = 0.5773, 13 = —0.5773, and
sy =t4 = 0.5773 as shown in Figure 10-11, and W} = W, = W5 = W, = 1.000.

EXAMPLE 10.4

Evaluate the stiffness matrix for the quadrilateral element shown in Figure 10—13 using the
four-point Gaussian quadrature rule. Let £ = 200 Gpa and v = 0.25. The global coordinates
are shown in centimeters. Assume 2 = 1 cm.

t
y 3.4 | 69
4 3
s
1 2

3,2 5,2

X

M Figure 10-13 Quadrilateral element for stiffness evaluation
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10.4 Evaluation of the Stiffness Matrix and Stress Matrix by Gaussian Quadrature

SOLUTION:

Using Eq. (10.4.3), we evaluate the [k] matrix. Using the four-point rule, the four points are
(also see Figure 10-11).

(51, 1) = (—0.5773, —0.5773)
(52, 12) = (—=0.5773, 0.5773)

(10.4.4a)
(s3, 13) = (0.5773, —0.5773)
(s4, t4) = (0.5773, 0.5773)
with weights W = W, = W3 = W, = 1.000.
Therefore, by Eq. (10.4.3), we have
[k] = [B(—0.5773, —0.5773)|"[D][B(—0.5773, —0.5773)]
X |[J(=0.5773, —0.5773)]| (1)(1.000)(1.000)
+ [B(—0.5773, 0.5773)]" [D]1[B(—0.5773, 0.5773)]
X |[J(=0.5773, 0.5773)] (1)(1.000)(1.000)
+ [B(0.5773, —0.5773)]"[D][B(0.5773, —0.5773)]
X |[J(0.5773, —0.5773)]| (1)(1.000)(1.000)
+ [B(0.5773, 0.5773)]"[D1[B(0.5773, 0.5773)]
X |[J(0.5773, 0.5773)]| (1)(1.000)(1.000) (10.4.4b)

To evaluate [k], we first evaluate |[J]| at each Gauss point by using Eq. (10.2.22). For
instance, one part of |[J]] is given by

[[J(—0.5773, —0.5773)]| = é[:«; 5 5 3]

0 1 — (=0.5773) —0.5773 — (=0.5773) —0.5773 — 1
% —0.5773 -1 0 —0.5773 +1 —0.5773 — (=0.5773)
—0.5773 — (—0.5773) —(=0.5773) — 1 0 —0.5773 +1
1 —(—0.5773) —0.5773 + (—0.5773) —0.5773 — 1 0
2
2 _
S 1.000 (10.4.4¢)
4
Similarly,

[[7(—0.5773, 0.5773)]| = 1.000
[[7(0.5773, —0.5773)]| = 1.000 (10.4.4d)
I[J(0.5773, 0.5773)]| = 1.000

Even though |[J]| = 1 in this example, in general, |[J]| # 1 and varies in space.
Then, using Egs. (10.2.18) and (10.2.19), we evaluate [B]. For instance, one part of [B] is

1
B(—0. —0. = B B B B
[B(—0.5773, —0.5773)] /(—05773, _0_5773)“[[ 1] [B2] [B3] [B4ll
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10 | Isoparametric Formulation

where, by Eq. (10.2.19),

aNl,S—le,, 0
[B1] = 0 ¢Ny,; — dNy (10.4.4e)

CNl,t - le’s ales - bNL,

and by Egs. (10.2.20) and (10.2.21), a, b, ¢, d, N1 5, and N, are evaluated. For instance,

1
a= Z[M(S =D +y(=1=19) +y(1+s)+yal —s)]
1
= 1{2(—0.5773 — 1) + 2[—1— (=0.5773)]} + 4[1 + (=0.5773)] + 4[1 — (—0.5773)]
= 1.00 (10.4.41)
with similar computations used to obtain b, ¢, and d. Also,
1 1
Ny s = Z(t -1 = Z(—0.5773 — 1) = -0.3943
(10.4.4¢)

1 1
Ny, = Z(s -1 = Z(—0.5773 — 1) =—-0.3943

Similarly, [B,], [ B3], and [ Bs] must be evaluated like [B, ], at (—0.5773, —0.5773). We then
repeat the calculations to evaluate [B] at the other Gauss points [Eq. (10.4.4a)].
Using a computer program written specifically to evaluate [B] at each Gauss point and

then [k], we obtain the final form of [B(—0.5773, —0.5773)] as

[B(—0.5773, —0.5773)] =

~0.1057 0 0.1057 0 0 —0.1057 0 —0.3943

—0.1057 —0.1057 —0.3943 0.1057 0.3943 0 —0.3943 0

0 03943 0 0.1057 03943 03943  0.1057 —0.3943
(10.4.4h)

with similar expressions for [B(—0.5773, 0.5773)], and so on.
From Eq. (6.1.8), the matrix [D] is

. Lv 0 21333 5333 0
(D] = v 10 | =]5333 21333 0| x10°Pa  (10.4.40)
1-v 0 o Lo 0 0 80
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10.4 Evaluation of the Stiffness Matrix and Stress Matrix by Gaussian Quadrature

Finally, using Eq. (10.4.4b), the matrix [k] becomes

1466 500 —866 —99 —733 —500 133 99
500 1466 99 133 —500 —733 —99 -—866
—866 99 1466 —500 133 —-99 -—-733 500
—99 133 —-500 1466 99 —866 500 —733
—733 =500 133 99 1466 500 —866 —99
=500 —733 —99 —866 500 1466 99 133
133 —99 =733 500 —866 99 1466 —500
99 —866 500 —733 —-99 133 —-500 1466

[k] = 10* (10.4.4j)

Evaluation of Element Stresses

The stresses {o} = [D][B]{d} are not constant within the quadrilateral element. Because [B] is
a function of s and ¢ coordinates, {o} is also a function of s and ¢. In practice, the stresses are
evaluated at the same Gauss points used to evaluate the stiffness matrix [k]. For a quadrilateral
using 2 X 2 integration, we get four sets of stress data. To reduce the data, it is often practical
to evaluate {o'} ats = 0,7 = 0 instead. Another method mentioned in Section 7.4 is to evaluate
the stresses in all elements at a shared (common) node and then use an average of these element
nodal stresses to represent the stress at the node. Most computer programs use this method.
Stress plots obtained in these programs are based on this average nodal stress method. Example
10.5 illustrates the use of Gaussian quadrature to evaluate the stress matrix atthe s = 0,7 = 0
location of the element.

EXAMPLE 10.5

For the rectangular element shown in Figure 10—13 of Example 10.4, assume plane
stress conditions with £ = 200 GPa, v = 0.3, and displacements u; =0, v; =0,
u; = 0.02 mm, v, = 0.03 mm, uz = 0.06 mm, v3 = 0.032 mm, uy =0, and v4 = 0.
Evaluate the stresses, oy, oy, and 7, ats = 0,1 = 0.

SOLUTION:
Using Eqgs. (10.2.18) through (10.2.20), we evaluate [B] ats = 0,1 = 0.
1
[B] = m[[&] [B2] [B3] [Bull (10.2.18)
(repeated)

[B(0, 0)] = Bi(0, 0)] [B2(0, 0)] [B3(0, 0)] [B4(0, 0)]]

1
170, 0] !
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By Eq. (10.2.22), |[/]] is

0 1 0 -1 2
1 -1 0 1 0 2
JO,0]==-[3 5 5 3
/@, 0l = £ N
1 0 -1 0 4
2
1 2
=_[-2 -2 2 2
8[ N4
4
[J(0, 0] =1 (10.4.5a)

Notice that again [[J]| = 1is equal to A/4 where A = 2 X 2 = 4 cm? is the physical surface
area for the rectangle in Figure 10-13.
By Eq. (10.2.19), we have

ClNi,s - bN," t O
[B/] = 0 cN; ; — dN; g (10.4.5b)
CNi,, —dNi’s aN,-,S —bN,"t

By Eq. (10.2.20), we obtain
a=1 b=0 c=1 d=0

Differentiating the shape functions in Eq. (10.2.5) with respect to s and ¢ and then evaluating
ats = 0,1 = 0, we obtain

Ny = —1 Ny, = —1 Ny s = 1 Ny, = _1
: C ! o (10.4.5¢)
N3 =7 N3 =7 Ny =—7 Ny = 7
Therefore, substituting Egs. (10.4.5¢) into Eq. (10.4.5b), we obtain
~1 9 Lo T -1 0
[Bil=| 0 —% B]=| 0 —5 [Bs]=|0 7 [Bs1=] 0 ¢
1 _1 —1 1 1 1 1 _1
4 4 5 % 4 3 4 4
(10.4.5d)

The element stress matrix {o} is then obtained by substituting Eqs. (10.4.5a) for |[J]| =1
and (10.4.5d) into Eq. (10.2.18) for [B] and the plane stress [D] matrix from Eq. (6.1.8)
into the definition for {o} as

I 03 O
10°/03 1 0
J 510 0 0 035
{0} = [DI[Bl{d} = (210) =009
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10.5 Higher-Order Shape Functions (Including Q6, Q8, Q9, and Q12 Elements)

0
0
-025 0 025 0 025 0 —025 0 0.02
x| 0 -025 0 -025 0 025 0 0.25 8:82 X 1073

025 025 —025 025 025 025 025 025|003
0
0

4.40

{o} = 11.429 MPa
1.978

E[i%3) Higher-Order Shape Functions (Including Q6, 08,
Q9, and @12 Elements)

In general, higher-order element shape functions can be developed by adding additional nodes
to the sides of the linear element. These elements result in higher-order strain variations within
each element, and convergence to the exact solution thus occurs at a faster rate using fewer
elements. (However, a trade-off exists because a more complicated element takes up so much
computation time that even with few elements in the model, the computation time can become
larger than for the simple linear element model.) Another advantage of the use of higher-order
elements is that curved boundaries of irregularly shaped bodies can be approximated more
closely than by the use of simple straight-sided linear elements.

Linear Strain Bar

To illustrate the concept of higher-order elements, we will begin with the three-noded linear
strain quadratic displacement (and quadratic shape functions) shown in Figure 10-14.
Figure 10-14 shows a quadratic isoparametric bar element (also called a linear strain bar)
with three coordinates of nodes, xj, x», and x3, in the global coordinates.

EXAMPLE 10.6

For the three-noded linear strain bar isoparametric element shown in Figure 10-14,
determine (a) the shape functions, Ny, N», and N3, and (b) the strain-displacement
matrix [B]. Assume the general axial displacement function to be a quadratic taken as
u=a +as + a3s2.
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L L
1 2 3 2 2
X1 X3 X2
f——s

M Figure 10-14 Three-noded linear strain bar element

SOLUTION:

(a) As we are formulating shape functions for an isoparametric element, we assume the
following axial coordinate function for x as

X =a + ars + azs? (10.5.1)
Evaluating the a; s in terms of the nodal coordinates, we obtain
x(—D)=a —a ta3=x1 or x=a —a +a3
x(0) =ar =x3 or Xx3 =a (10.5.2)
x()=a +a, +a3s=x, or x; =a +a; +as

Substituting a; = x3 from the second of Egs. (10.5.2), into the first and third of Egs. (10.5.2),
we obtain a; and as as follows:

X1 =x3 —ar +a3

(10.5.3)
X2 — X3 + as + as
Adding Egs. (10.5.3) together and solving for as gives the following:
= +x0 — 2x3)/2
) (10.5.4)

X1 =x3 —ar +((x; +xp —2x3)/2)
a) =x3 —x; +((x; +x2 —2x3)/2)=(x2 —x1)/2 (10.5.5)

Substituting the values for a;, ay, and a3 from Egs. (10.5.2), (10.5.4), and (10.5.5) into the
general equation for x given by Eq. (10.5.1), we obtain

Xo — X X txp — 2x
2 Lo M 2 32
2 2

Combining like terms in xi, x, and x3, from Eq. (10.5.6), we obtain the final form of x as:

X=a +as +as? =x3 + (10.5.6)
-1 +1
= (Lz))xl + %n +(1 = s2)x3 (10.5.7)

Recall that the function x can be expressed in terms of the shape function matrix and the
axial coordinates, we have from Eq. (10.5.7)

X1 X1
—1 +1
)=V Ny N3ldxy! = [(S(sz )) s(s2 ) (- s2)} X (10.5.8)
X3 X3
Therefore the shape functions are
—1 +1
N = % N, = % Ny = (1 — s2) (10.5.9)
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10.5 Higher-Order Shape Functions (Including Q6, Q8, Q9, and Q12 Elements)

(b) We now determine the strain-displacement matrix [B] as follows:
From our basic definition of axial strain we have

u
du du ds
) =—=——=[B 10.5.10
{ex} i dsdr (B] Zz ( )
3

Using an isoparametric formulation means the displacement function is of the same form
as the axial coordinate function. Therefore, using Eq. (10.5.6), we have
u

“ moo My 2, (10.5.11)

_ u
u—u3+7s— ) ) )

Differentiating u with respect to s, we obtain
du  w u ( 1) ( 1)
— == - —tws tus —2uzs=|s— —|u +|s+ =|up +(—25)u3 (10.5.12
Ry 5 1 2 3 5 Ju Yk (—2s)us ( )

We have previously proven that dx /ds = L/2 = I[J]l (see Eq. (10.1.9b). This relationship
holds for the higher-order one-dimensional elements as well as for the two-noded constant
strain bar element as long as node 3 is at the geometry center of the bar. Using this relation-
ship and Eq. (10.5.12) in Eq. (10.5.10), we obtain

du du ds 2 1 1
Z =" = (_j((s — —)ul + (S + —)Mg + (—2S)M3j
dx ds dx L 2 2

(10.5.13)
(2s — 1) (2s + 1) (—4s)
= up + Uus + | — usz
L L L
In matrix form, Eq. (10.5.13) becomes
du  [2s—12s+1 —4s])|"
du _ [ s d S} 0 (10.5.14)
dx L L L
us
As Eq. (10.5.14) represents the axial strain, we have
du 25 —1 2s+1 —45]]" “
u s — s —4s
=—= — =[B 10.5.15
{ex} I [ 7 i i } ) [B]4 uz ( )
usz us
Therefore the gradient matrix [B] is given by
2s —1 2s+1 —4
[B] = [ ’ = —s} (10.5.16)
L L L
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EXAMPLE 10.7

For the three-noded bar element shown previously in Figure 10-14, evaluate the stiffness
matrix analytically. Use the [B] from Example 10.6.

SOLUTION:
From Example 10.6, Eq. (10.5.16), we have

251 2s+1 —4s L
[B]_[ - 3 3 } [/1= 5 (seeEq. (10.19b)  (10.517)

Substituting the expression for [B] into Eq. (10.1.15) for the stiffness matrix, we obtain

(2s — 1)? 2s —D@2s +1) (@2s — 1(—4s)
? 2 I?
1 1
+ - +1)? + 1)(—
k] = EJ‘[B]TE[B]Ads _ AELI 2s+1D2s — 1 2s +1) (2s + 1)(—4s) s
27 2 7 I? e e
(—45)2s — 1) (—45)2s + 1) (—4s)?
I’ 1’ ?
(10.5.18)
Simplifying the terms in Eq. (10.5.18) for easier integration, we have
AE ! 452 —4s + 1 452 —1 —8s2 + 4s
[k] = 3L 452 — 1 452 + 4s +1 —8s> —4s | ds (10.5.19)
“1| —8s2 4 4s —8s2 — 45 1652
Upon explicit integration of Eq. (10.5.19), we obtain
4 4 1"
—s3 =252 +5 —s3 = Bprap
3 3 3
AE 4 4
[k] = — —s53 — 5 —s3 + 252 +5 —§s3 — 252 (10.5.20)
2L 3 3 3
——53 + 252 ——s53 — 2s? Es3
3
L 41 -1
Evaluating Eq. (10.5.20) at the limits 1 and —1, we have
Sosr 2o B |2 2 B
3 3 3 3 3 3
PRIV R SN DU U B R S PORPE
2L 3 3 3 3 3 3
8., 8 16 $., 8_, 16
3 3 3] | 3 3 3 ]
(10.5.21)
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10.5 Higher-Order Shape Functions (Including Q6, Q8, Q9, and Q12 Elements)

Simplifying Eq. (10.5.21), we obtain the final stiffness matrix as

AE 4.67 0.667 —5.33
[k]= —] 0.667 4.67 —5.33 (10.5.22)
—533 —-533 10.67

EXAMPLE 10.8

‘We now illustrate how to evaluate the stiffness matrix for the three-noded bar element shown
in Figure 10-15 by using two-point Gaussian quadrature. We can then compare this result
to that obtained by the explicit integration performed in Example 10.7.

OF—>s
L L
1 2 3 2 2
X ;] X3 ;2 Xy

| Figure 10-15 Three-noded bar with two Gauss points

SOLUTION:
Starting with Eq. (10.5.18), we have for the stiffness matrix
[ @s— 1?2 @s—D@2s+1) (2s — (—4s) |

I? I? I?

L _AEL ;| (25 +D@2s — 1) (25 + 1)2 (25 + 1)(—4s)
k=3 JI[B]TE[B]Ads = _jl B = B ds
(—45)2s — 1) (—45)2s + 1) (—4s)?
JZ 2 2
(10.5.23)

Using two-point Gaussian quadrature, we evaluate the stiffness matrix at the two points
shown in Figure 10-15 (also based on Table 10-2):

s = —0.57735, s, = 0.57735 (10.5.24)
with weights given by

Wi=1 W, =1 (10.5.25)

We then evaluate each term in the integrand of Eq. (10.5.23) at each Gauss point and
multiply each term by its weight (here each weight is 1). We then add those Gauss point
evaluations together to obtain the final term for each element of the stiffness matrix. For
two-point evaluation, there will be two terms added together to obtain each element of the
stiffness matrix. We proceed to evaluate the stiffness matrix term by term as follows:

The one-one element:

2
SWi2s; — ) = (D[2(—0.57735) — 12 + (D[2(0.57735) — 1] = 4.6667
i=1
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The one-two element:

2
S Wi2si—D(2si+1) = (DIR)N(—0.57735) — 1[2)(—0.57735) + 1]
i=1

+ (D[(2)(0.57735) — 1][(2)(0.57735) + 1] = 0.6667

The one-three element:

2
S Wi(—4s5:(25i — 1) = (1)(—4)(—0.57735)[(2)(—0.57735) — 1]
i=1
+ (1)(—4)(0.57735)[(2)(0.57735) — 1] = —5.3333

The two-two element:

2
SWi2s; + 1)? = (DI2)(—0.57735) + 1 + (DI(2)(0.57735) + 12 = 4.6667

i=1

The two-three element:

2
N Wil—4s;(2s; + 1] = ()(—4)(—0.57735)[(2)(—0.57735) + 1]
i=1
+ (1)(—4)(0.57735)[(2)(0.57735) + 1] = —5.3333

The three-three element:

2
SWi1652) = (1)(16)(—0.57735)2 + (1)(16)(0.57735)2 = 10.6667

i=1

By symmetry, the two-one element equals the one-two element, etc. Therefore, from the
evaluations of the terms above, the final stiffness matrix is

4.67 0.667 —5.33
AE
[k]=—] 0.667 467 —533 (10.5.26)
—533 =533 10.67

Equation (10.5.26) is identical to Eq. (10.5.22) obtained analytically by direct explicit inte-
gration of each term in the stiffness matrix.

To further illustrate elements with improved physical behavior, we start with the Q6 ele-
ment, and then to further illustrate the concept of higher-order elements, we will consider the
quadratic (Q8 and Q9) elements and cubic (Q12) element shape functions, as described in
References [3] and [8]. We then compare results in Figure 10-20 for a cantilever beam meshed
with the numerous element types described in this and previous chapters, such as the CST, Q4,
Q6, Q8, and Q9 elements.
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10.5 Higher-Order Shape Functions (Including Q6, Q8, Q9, and Q12 Elements)

Improved Bilinear Quadratic (Q6)

An improved element to remove the shear locking inherent in the Q4 element is to add two
internal degrees of freedom per displacement function (g; — g4) to the Q4 element displacement
functions. This element is then called a Q6 element.

The Q6 element displacement functions contain six shape functions instead of the four
used in the Q4 element displacement functions. These displacement functions are shown as
follows:

4
u=YNu + g —s>)+gd -1
i=1

(10.5.27)

4
v =D Nwi + g3l =57) +gi(l = 1)
i=1

where shape functions N; are given by Eq. (10.2.5)

The displacement field is enhanced by modes that describe the state of constant curvature
(also called bubble modes) that are represented by g; through g4 in Eq. (10.5.27) These correc-
tions allow the elements to curve between the nodes and can then model bending with either s
or ¢ axis as the neutral axis. These modes are shown in Figure 10-16. The magnitude of these
modes is determined by minimizing the internal strain energy in the element. The additional
degrees of freedom are condensed out before the element stiffness matrix is developed. Hence,
only the degrees of freedom associated with the four corner nodes appear. The element can
model pure bending exactly if it is a rectangular shape.

This element appears to be used in computer programs such as Autodesk [11] as you
have the choice of using compatible modes or incompatible modes in the Autodesk program.
However, the compatible modes option is really the Q4 element while the incompatible modes
option is the Q6 element, although not mentioned as such within the computer program. The
incompatible modes option is recommended in most cases and as such yields much better
answers for bending problems as shown in Table 10-3. Because the g;—g4 degrees of freedom
are internal and not nodal degrees of freedom, they are not connected to other elements. There
is then the possibility that the edges of two adjacent elements may have different curvatures
and thus the displacement field along this common edge may be incompatible. Hence, modes
associated with the g degrees of freedom are incompatible, and that is why the element is also
called incompatible. This incompatibility will occur under certain loading conditions, such as
shown in Figure 10-17. For more on this Q6 element, see References [9 and 10].
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